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Foreword 


The translation into English of Academician Fedorov's ex- 
cellent treatise on elastic wave propagation in solids has come at 
an opportune time. His systematic exposition of all aspects of this 
field is most lucid and straightforward. The author has gone to 
considerable pains to develop in his mathematical background a 
consistent tensor framework which acts as a unifying motif through- 
out the various aspects of the subject. 


In many respects his approach will appear quite novel as his 
treatment introduces several concepts and parameters previously 
unfamiliar to the literature of the West. Extensive tables in the 
final chapters illustrate the application of these ideas to the exist- 
ing body of experimental data. 


The book is both extensive and comprehensive in all phases 
of the subject. Workers in the fields of ultrasonic propagation and 
elastic properties will find this treatise of great interest and direct 
concern. 


H. B. Huntington 
Rensselaer Polytechnic Institute 
Troy, New York 
November 1967 


Preface to the American Edition 


In preparing this edition I have corrected various misprints and 
errors appearing in the Russian edition, but I have also incorpo- 
rated some substantial changes and additions, the latter representing 
some results I and my colleagues have recently obtained and pub- 
lished in Russian journals. For example, in section 32 I have 
added a general derivation of the equation for the section of the 
wave surface by a symmetry plane for cubic, hexagonal, tetragonal, 
and orthorhombic crystals. I have also greatly extended, supple- 
mented, and revised the tables, as well as added several new ones. 
The changes in Chapter 9 (Debye temperatures of crystals) have 
been particularly extensive: two sections have been completely re- 
written, and section 51 has been added, which contains the deriva- 
tion of the general explicit formula for the Debye temperature ofa 
hexagonal crystal. 


I am indebted to Plenum Publishing Corporation for provid- 
ing me with the opportunity of bringing my results to the notice of 
the English-speaking world, and I hope that the methods presented 
in this book will find acceptance there. 


F. 1. Fedorov 


Minsk, USSR 


vil 


Preface to the Russian Edition 


This book is based on a course of lectures I presented in the fall 
of 1962 to graduate students and others specializing in crystal 
physics at Moscow University. The material has been consider- 
ably extended and supplemented during preparation for publication. 


The theory of elastic waves in crystals is basic to ultrasonic 
technology, piezoelectronic devices, and many areas in solid-state 
physics of considerable practical and theoretical importance; there 
have recently been many papers on the subject. Surveys have been 
published in other countries (see [24], for example), but these are 
either review articles or single chapters in books on the theory of 
elasticity or the mechanics of solids. I know of no book solely con- 
cerned with a detailed and up-to-date exposition of the general 
theory of elastic waves in homogeneous crystalline solids. 


My object here is to fill this deficiency. The method I have 
adopted is very different from that in all other works on the subject, 
since it is based on the general and systematic use of direct (co- 
ordinate-free) methods from vector and tensor calculus. These 
methods have proved their power in crystal optics [17] and are con- 
venient in the study of the more complex laws governing the prop- 
agation of elastic waves in crystals. The methods are still some- 
what unfamiliar to most physicists, so the second chapter (one of 
the longest) is entirely devoted to a detailed exposition of them. 


Much of the material represents my own original work, in 
which especial attention is given to general methods of solving 
various classes of problems. Less space is given to the elucida- 
tion of specific features for particular crystals in the various 
symmetry classes, and the treatment then is partly illustrative. 


PREFACE 


A much larger book would have resulted from a more extensive 
application to problems that can be solved in this way; but in con- 
sidering particular problems I have tended to expound the method 
in some detail in order to allow the reader to carry through simi- 
lar calculations for himself. 


A particular object has been clarity of exposition. Those 
attending the lectures at Moscow University included workers from 
some leading research laboratories, and their inquiries convinced 
me of the need for the present book. I have endeavored to make the 
book intelligible to scientific and technical workers specializing in 
practical areas of elastic waves in crystals; this has left its mark 
on the general style, which is far from academic. For this reason 
I have on occasion gone into details in the discussion and have 
derived some relationships in more than one way. I also hope that 
the book will be found of value as a textbook for graduate students 
and others specializing in crystal physics. 


Iam indebted to V. A. Koptsik, who read the book in type- 
Script and made some valuable suggestions. I am also indebted to 
T. G. Bystrova for performing the calculations. 
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Chapter 1 


General Equations of the Theory 
of Elasticity 


1. Deformation Tensor 


A body is deformed when forces are applied to it; the distances 
between points in the body subject to the forces are somewhat 
‘different from those between the same points in the absence 
of the forces. The change in distance is due to displacement of 
one relative to another during the deformation. Let Ly (x4) be the 
radius vector of some point in the body (relative to some fixed 
point in space) before the deformation, and let r(x;) be the same 
after deformation. The difference between these vectors is the 
displacement vector of the point and is 


u==fr—fPp, (1.1) 


or in coordinate form 


u=x,— x, i=, 2, 3. (1.2) 


The various points in the body are displaced differentially 
during deformation; equality in the displacement vectors of all 
points would simply mean displacement of the body as a whole, 
so u is a function of the coordinates of the point in the body. The 
deformation is specified completely by giving u as a function of r. 


Consider the deformation-induced change in the separation 
of two points infinitely close together; let the radius vector between 
the two before deformation be dry, and after deformation dr. From 
(1.1) we have that these are related by 


dr = dr,—+- du. (1.3) 


2 GENERAL EQUATIONS OF THE THEORY OF ELASTICITY 
Squaring this vector equation, we have 


(dr)? = (dry)? + 2 dro du—+ (du). (1.4) 


Here dr,du is the scalar product of vectors dr, anddu. Expressed in 
terms of components, (1.4) becomes 


(dx) = (dx!) + 2 ax! dit, > (du). (1.5) 


Here and henceforth we assume summation with respect to the re- 
peated subscripts 1 to 3 (unless this is specifically excepted). 
Then, for example, 


3 
(dx? =dx,dx,= 2 dx? dx ax5 dx?, 
i= 
3 
dx°du,= 2 dx°du,= dx" du, + dx$ du, + dx} dug. 


The components u; of the displacement vector for a point are func- 
tions of the components x? of the radius vector for the point, so 
we may put 


Vu Ou Ou Ou 
du.= eal dx? = u doc? . —_ dx : dx. (1.6) 
‘ Ox’, R Ox! ar OX, e ag OX 3 
Thus (1.5) becomes 
(dx)? = (dx!) + 2 OH xd yo t SHE OME 4 0 4 0 1.7 
t i) ax Rowe OX, Ox, pore ( : ) 


It is clear that the doubly repeated (dummy) subscripts may 
be designated in any convenient way without affecting the expres- 
sions, So we may, for instance, permute i and k in the second term 
on the right in (1.7). The result is 


Ou; 
0 
OX, 


Ou 
dx dx® —=—* dx dy? 
Ra ft) l R° 
OX; 


Similarly, permuting i and Jin the third term, we give (1.7) the 
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form 

(dx) = (Axi)? + 27,, dxi dx}. (1.8) 
Here y;;, denotes 

_ it Ou; Oup Ou; Ou, 


This is a tensor (see Chapter 2) and is called the deformation 
tensor. The right-hand side of (1.9) is unaffected by permuting i 
and k, i.e., 


Tie = Ter (1.10) 


The deformation tensor is therefore symmetric. It resembles any 
other symmetric three-dimensional tensor of second rank in hav- 
ing Six independent components: 415 Y22> Y33> Yi2 = Y21> ¥23 = Y32» Y31 = 
Y13- 


The deformation of a solid is usually small, and this is the 
only case that will be considered here. Then we can neglect the 
third term in (1.9) as being of the second order of small quantities, 
and the expression for the deformation tensor becomes 


Tir =3( sel + Se : (1.11) 


2. Stress Tensor 


Experiment shows that an elastic body returns to its initial 
state when the forces that deformed it are removed, 1.e., it re- 
gains its former shape (if the deformation has not been too large). 
This return to the normal state from the deformed state on re- 
moval of the external forces occurs in response to internal forces 
arising in the deformed body. These are called internal stresses, 
and they are absent from an undeformed body. 


Let f be the volume density of the forces acting within the de- 
formed body; then a volume dV experiences a force fdV, while the 
total force F acting on an arbitrary volume V, within the body is 


4 GENERAL EQUATIONS OF THE THEORY OF ELASTICITY 
given by 


F= [ fav. (2.1) 
v 


We assume that there are no mass (bulk) forces, such as 
gravitation or inertial forces; then the force of (2.1) arises solely 
from the forces exerted on the volume by adjacent parts of the 
body. These forces are applied to the surface of that volume, so 
the resultant force must be expressed as the integral over the sur- 
face. Then, on the one hand, each component Fj equals the integral 


over the volume [fi dV, while on the other hand that same com- 
V 


ponent must be expressed in the form of an integral over the sur- 
face bounding that volume: 


f= f o, dS, (2.2) 


in which o; obviously denotes the component of the force acting on 
unit surface of that volume. But here we must remember that an 
infinitesimal element of the surface is itself a vector quantity: 


dS=ndS, dS,=n,d5. (2.3) 


in which n is unit vector for the exterior normal to the surface. 
The integrand in (2.2) must therefore contain the vector ny, and so 


0; must be put as 
O, == 5;, Mp, (2 4) 


SO 


Fp= og, dS = § 04 dSy. (2.5) 


The set of Oi forms an orthogonal second-rank tensor (see Chapter 
2), because this is a necessary condition for (2.5) to be a correct 


covariant equation, i.e., one whose two sides represent quantities 
of the same type (vectors). 
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Hence in the absence of mass forces we have 
J faV=4 on Sy. (2.6) 
Relations of this type represent Gauss' theorem, according to which 


beds, = [ shav. (2.7) 


The right-hand side of equation (2.6) may thus be put in the form 
{(804,/8X,) dV; equality of the volume integrals must occur for 
any volume, so 


| ele (2.8) 


OX p 


The second-rank tensor oj, is called the stress tensor; (2.5) shows 
that oj,.n, is the i-th component of the force acting on unit area 
whose normal has the direction n, which may lie along one of the 
coordinate axes; e.g., X3, in which case n, =n») =0, ng =1, and ojknk= 
G4 4Ny + OjgNy + OjgN3 =0j3. Similarly, for n|]x;,, oiknKk=0j,. Hence ci, 
may be reckoned as the i-th component of a force acting on unit 
area oriented perpendicular to the x, axis; (2.8) implies that the 
volume density of the forces at all points is specified directly via 
the stress tensor. 


3. Equilibrium Conditions and the Equation 
of an Elastic Medium 


An elastic body in static equilibrium in the absence of mass 
forces must have its internal stresses balanced in each element of 
volume, i.e., we have f=0 or 


7 OS; p aes 
f= Gt =0. (3.1) 


In the general case (mass forces present) we may derive the equa- 
tions of motion of a deformed body from d'Alembert's principle as 
a condition of equilibrium, i.e., by equating to zero the sums of all 
forces, including inertial ones. The external bulk force (the weight) 
per unit volume is pg, in which p is the density of the medium and 
g is the vector for the acceleration due to gravity. The inertial 
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forces per unit volume are o(d’r/ dt’) =—pr=—p(d’u/dt’). The 
condition for equilibrium, which is equivalent to the equations of 
motion, now becomes 


2 
pg — par tf=0 (3.2) 


or in terms of components 


p OA — og, =f, =F (3.3) 
To this equation we must add the requirement that the sums 
of the moments of all forces (including inertial ones) be zero. 
Let K be the density of the bulk force; then the moment of the force 
acting on the volume element dV is [Kr]dV, in which [Kr] is the 
vector product of the force by the radius vector to its point of ap- 
plication; in terms of components this becomes (Kjx]— K] x;)dV, 
and the total moment of the bulk forces is {(Kjx;—K )x;)dV. Simi- 
larly, the moment of the surface force acting on a surface element 
dS is [see (2.2)-(2.4)] (0,X7— o7X4)dS = (Oj kX] — 0)}Xj)dS,;,, while the 
total moment of all forces is P(ojkX]— ODkX{) 4S. Then we have the 
condition that the total moment of all forces is zero as 


J Kx; — K,x;)daV + f (9;,X, — 5,,x,)dS, =0. (3 .4) 


In the present case the bulk mass force is Kj =p(gj— i); 
using (2.7) to convert the surface integral to a volume one, we get 


a 
OX p 


fieue, ose x;)x, = (£; poe x) x1 + (214%: —810))} dV — 0. 


This must be so for any volume within the body, so the integrand 


must be zero; substituting — 80ik/Ox}; for p(gi-—xX;) from (3.3), we 
get 


(ANY OX; 


Sin Uxp oR Ox, Q. (3.9) 


The x, for different k are independent variables, so 8x] /Ox;, = 0 
for /#k, but for 1=k we have 8x4/0x, =0x,/8X» =9x3/8x3=1. Hence 


OX, 
ON p 


= 8) (3.6) 
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in which 6,,7is Kronecker's symbol, which has the properties 
Be 3y, = 0 (RD: 0, =), =], 1. (3.7) 


The set of 6}<7 forms the unit tensor 


1 0 0 
6,)=(0 1 oO}. (3.8) 
00 1 


Properties (3.7) mean that 61), acts as the operator for subscript 
permutation; (3.7) gives ojk6,7 =Cil, i.e., summation with respect 
to one subscript (k) in 67 causes this subscript to be replaced by 
the other (7) in the expression multiplied by 6x7. Hence (3.5) be- 
comes ojj— 07; =9 or 


oT imi 1h (3.9) 


Hence the stress tensor is symmetric, as is the deformation tensor 
of (1.10). 


Very often the force of gravity is small relative to the other 
forces in (3.3); in this book I neglect it and so use the equation of 
motion in the form 

da*x 0 i 
0a = ee (3.10) 
All points in the body have zero acceleration for static equi- 


librium; (3.10) shows this to be necessary in order to comply with 
condition (3.1), 


Ud; p cats 


UX p 


Usually the deformation is produced by external forces ap- 
plied to the surface of the body. LetP (Pj) be the density of these 
surface forces, which means that a force PdS acts on an element 
of surface dS. Of course, P varies in magnitude and direction 
from one point to another, and at equilibrium each element of the 
surface must have the external force P;dS equal to the internal 
stresses 0;,dS,, i.e., ojkdS,=PjdS. Now dS, =nk dS, in which 
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n (ni) is the vector of the exterior normal to the surface; then we 
get 


6,,f, == P;. (3.11) 


These are the boundary conditions at the surface of the body, which 
must be obeyed as well as the equations of equilibrium of (3.1). 


4, Hooke's Law 


By an elastic body we mean one that produces internal 
stresses in response to external forces that cause deformation, 
these stresses tending to remove the deformation; the body re- 
turns to its initial state when the external forces are removed, the 
stress and deformation vanishing simultaneously. Small deforma- 
tions produce small stresses, the two increasing or decreasing 
together; there is a definite relation of stress to deformation, 
which we can establish by assuming that the stress at any point at 
any instant is completely determined by specifying the deformation 
at that point at that moment. This means that we consider only an 
absolutely elastic body, which is an ideal case; but many real 
bodies satisfy this condition sufficiently closely for reasonably 
small deformations. Hence we may put 


Sip = 91 (Yim): (4.1) 


Hooke established three centuries ago the relation of stress 
to deformation for the simplest case; Hooke's law states that the 
stress is proportional to the strain. For the general case we see 
from (4.1) that we have six quantities oj), dependent components 
Ylm, SO a natural extension of Hooke's law is to suppose that we 
have a linear homogeneous relation between these. In fact, if we 
expand each oj, as a function of yj,, as a Maclaurin series, we get 


O94 


a= 90+ (SH) ytiwt es. (4.2) 


We assume henceforth that all the yj, are small, so we need re- 
tain only terms up to the first degree.* On the other hand, the 
absolute elasticity means that the stress becomes zero in the 


* This represents restriction to the linear theory of elasticity. 
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absence of deformation, i.e., Oj, (0)=0. This gives us our linear 
homogeneous relation between the components of the stress and 
deformation tensors: 


Orr = CigimTim: (4.3) 
in which, from (4.2), 
__ { ir 
Cirim — ( | ne (4.4) 


Now o=(0j;) and y=(yjy) are orthogonal second-rank tensors, so 
the set of cjj:7,, forms an orthogonal fourth-rank tensor subject to 
the covariant condition of (4.3), i.e., that the form of this is inde- 
pendent of the choice of cartesian coordinate system (see Chapter 
2). Relation (4.3) is often called the generalized Hooke's law, while 
the CikJm tensor is called the tensor of the elastic moduli or the 
tensor of the elastic constants. 


The left side of (4.3) is unaffected if i and k are permuted, so 
this must be so for the right side also; hence tensor cCj,jJm is Sym- 
metric with respect to permutation of the first two subscripts, 
while (4.4) leads to the same conclusion for the second pair, be- 
cause permutation of land m does not affect the right part. 


5. Energy of a Deformed Elastic Body 


The work done by the external forces in time dt is found by 
considering the change in the displacements of the points in this 
time, du = (6u;) = (8u/dt)dt; then the work of the mass (bulk) forces 
over the entire volume is 


{ ogiudV = fog bu, dV (5.1) 


while the work done by P (surface forces) is 


{ 3uP dS = su,P, dS. (5.2) 


Condition (3.11) allows us to put the latter as 


fp 810;0; 40 dS = th bu 94, dS ,. (5 .3) 
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We use (2.7) to convert the surface integral into a volume one and 
get 


~ 4) ~ n Ot; - . Cou; 
f Ou ;0;, aS, =|/ ae (6u;6;,)dV = [ Gl; ae dV + | vn o,, aV. (5.4) 
The symmetry of the oj), gives 
Obu ; __ 1 / dou, ObuU p — laf ou; | ad} oR 
Sat te = 7 (Get + a) oe = yO (TE) cin = aittiw (5-5) 


Then, with (2.8), we have the sum of these two components of the 
work done by the external forces as 


feaav = f pg fu; av + [ feu,dV + f o81;.dV = 

= | (ogi + fibuj dV + f op btig dV. 2) 

Here OA is the work per unit volume. 
But (3.3) is pgj+fj=Px;, So 

[Pad = f pxju, dV + f ob tin dV. (5.7) 

The kinetic energy per unit volume is 
y__ | 7» | Ou \2 l Cuz \* 

My RE ay Vag) orl a) ve 

and the change in this in time dt is 


sy. OW et OG 
OW = — dt =p yn oie (5.9) 


Now x; =8*uj;/8t’, so the integrand in the first part of (5.7) is 6W: 


feaa = fawav +f o)yh ti, 4V. 


The corresponding relation for unit volume is 


3A = 8W + 9),87,5. (5.10) 
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The law of conservation of energy (first law of thermodynamics) 
implies that 6A together with the incoming heat 6Q must equal the 
sum of OW and dU, the last being the change in the internal energy: 


5A -+tQ — bw + dU. (5.11) 


The symbol dU differs from 6A and 6Q in order to emphasize that 
U is a function of the state of the body, so dU is a total differential. 
The second law of thermodynamics gives us for reversible pro- 
cesses that 


sQ=—Tds, (5.12) 


in which T is the absolute temperature and § is the entropy of the 
body, the latter also being a function of the state, so dS is a total 
differential. Hence 


.A —oW =—dU —TAs. (5.13) 


Of course, 6Q, dU, and dS all refer to unit volume. We put 6¢= 
03,.0Yj}. and get from (5.10) and (5.13) that 


$0 — dU —TdS. (5.14) 


I consider only the case in which the effects in the body are 
(thermodynamically speaking) of two basic types: adiabatic and 
isothermal. There is no exchange of heat with the surroundings in 
an adiabatic process; 6Q=0, and so (5.12) gives dS=0. This case 
occurs in rapid vibrations and so is of the greatest interest to us. 
The right half of (5.14) then equals dU and this is a total differen- 
tial; (5.14) then becomes o3,dyk=dU, so 


Oy = (=), (5.15) 


The subscript S denotes that the partial derivative is to be taken 
with the entropy constant. T=constant for an isothermal process, 
and the right side of (5.14) becomes d(U-TS), which is a total dif- 
ferential of (U-TS), which is called the free energy. By analogy 
with (5.15) we have here 


(9g (U—Fs) 5.16 
cin = | O°tp \ ( 
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In both cases 6¢@ is a total differential, so we may put 


a®@ 
AD = F1p AT ip re (5.17) 


whence it follows* that 


o® 
Crp = OVip ° (9 mi 8) 
Function ® is termed the elastic potential; (5.10) shows that it is 
the density of the potential energy of an elastically deformed body. 


6. Tensor for the Elastic Moduli 


Relation (5.18) is connected with the law of conservation of 
energy and imposes a major additional restriction on the possible 
values for the components of the cj,j,, tensor; from (4.4) and 
(5.18) 


a OG ip om 02 oi: 02 a 
CiRim Him Fm Fie an tim tM _— 
Hence the components of the tensor (see section 4) must sat- 


isfy the following symmetry conditions: 


Cikim — Critm = Cizml = ©imire (6.2) 


i.e., the components are unaltered if a pair of subscripts are per- 
muted internally or with the other pair. 


(5.18) and (4.3) imply that the derivatives of ® with respect 
to the 4, are linear homogeneous functions of the yj, So ® is a 
quadratic function of the y;,. The differential relation of (5.17) 
defines ® apart from an additive constant. We assume that the 
elastic energy is zero in the absence of deformation (yj, =9), in 
which case this constant becomes zero. Hence ® is a homogeneous 
quadratic function of the yjk; Euler's theorem for homogeneous 


*In (5.15) and (5.16), and also in many other cases, we operate 
with yj, and o;;. as though they were independent variables, 
whereas this is actually not so, by virtue of the condition y;,,.= 
Vi: Nevertheless, it is clear that these relationships are cor- 
rect; this may be shown by assuming initially that yi}, * y,j and 
then passing continuously to yk = ViK- 
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functions implies from this that 


O® 
Vit 
or, from (5.18), 
l 
DF Fe Tie: (6.3) 
Then (4.3) enables us to put ® also as 


I 
D =F Cherm Tie Vim (6.4) 


@ is defined in terms of U and S by (5.15) and (5.16), and so the 
CikIm are dependent on whether the process is adiabatic or iso- 
thermal; we have corresponding adiabatic and isothermal elastic 
moduli, which are found as the second derivatives of the ® of 
(6.1) with the entropy and temperature constant, respectively. 


The Aikjm have 34=81 independent components for an arbi- 
trary three-dimensional fourth-rank tensor. The symmetry con- 
ditions of (6.2) reduce the number of independent c;},j,, consider- 
ably. It is convenient in considering various aspects of the Cjkjm 
to pass from the three-dimensional fourth-rank tensor to a six- 
dimensional matrix, whose elements (as for any matrix) are gov- 
erned by two subscripts. This transition is performed by replac- 
ing pairs of subscripts with the values 1, 2, 3 by one taking the 
values 1, 2, 3, 4, 5, 6 as follows, with allowance for the symmetry 
of the pairs: 

(11) 1, (22) «—» 2, (33) <> 3, | (6.5) 
(23) = (32) > 4, (31) = (13) —+ 5, (12) = (21) <> 6. 


The three-dimensional subscripts are indicated by the latin 
letters i, k, /, m=1, 2, 3, while the six-dimensional ones are in- 
dicated by the greek letters a, B, ©, T =1, 2, 3, 4, 5, 6; the previ- 
ous notation is retained for quantities such as Yjks Aik» Cypgpy> Put 
with the new greek subscripts in the six-dimensional representa- 
tion. Hence we have 


Ta Tie: 3, Zig: Cag Cag <” Cieim: (6.6) 


This notation may be made concrete by requiring that the elastic 
energy and Hooke's law take the following form in the six-dimen- 
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sional formulation: 


p = > te Te (6.7) 


ae Casts (6.8) 


Here also we assume summation over the duplicated greek sub- 
scripts from 1 to 6; comparison of (6.3) with (6.7) gives 0qVq= 
Oi Vik, or in expanded form, 
1%, + F2%2 + 313+ F4Ta FH 85T5 + FeT6 = 
811411 H+ P2222 + 233 %33 + 2%2a%22 + 29 Ta TH 2212Ti2- (6.9) 


It is clear that this is satisfied if [see (6.5)] we put 


Vis ee ee SI | (6.10) 
Vers 2 5a {>= Pare Gere 2112" 
Bee Sy a oe a a | (6.11) 
Gs = 993. Gs == 931+ JG = Fy r- 


Substituting these expressions for y,, and ¢ , into (6.8) and com~ 
paring with (4.3), we see that . 


Ca3 = Cirim’ (6.12) 


in which a-~(ik), 8 <~(/m) in accordance with (6.5). Relations 
(6.10)-(6.12) are generally accepted, but we should bear in mind 
that they are not the only ones possible. They have the disadvan- 
tage that the two quantities yj}, and oj;, which are of the same type 
as regards geometrical properties, are differently related to the 
corresponding quantities y, and o,. In principle, it would be more 
regular and logical to have a relation which would apply for any 
symmetric tensor 0k: 


y= Dy = No», D3 = Yay, (6.13) 


Hy = V 2%. GeV 26. Opa V 2 Oy. 


It is clear that these relations, as applied to o and jy, give us 
(6.9) again; but (6.12) is then replaced by a more complicated re- 
lation. The general rule of (6.13) for converting from the oj,, 
Yik> Ciklm to the o,; Yq. Cagis that a quantity with greek sub- 
scripts equal [in the sense of (6.5)] the quantity with latin sub- 
scrips multiplied by (v 2)P in which p is the number of greek 
subscripts (4, 5, or 6). This single general rule is a consequence 
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of the universality of (6.13) and is an undoubted advantage of the 
latter; but the formulas contain the inconvenient factors V2, and the 
simple relations of (6.12) are replaced by more complex ones, so 
in future I shall use (6.10)~(6.12). 


It is clear from this that the number of independent Ciklm 
equals the number of different elements in the six-row symmetrical 
square matrix 


Cn 1 Cig f C14 Cis | Cig 
Cr Cnn £ Cog § Cog Cog | Cog 
re) > a A) OO 
C — (C,5) —. rere r errr re rey) + tee eee ; . (6 14) 
C4 C4 C43 Cay i Cg5 3 Cag 
Cs) € 59 C53 C54 C55 C56 
C6. 2 C63 C64 C65 CEG 


Hence this number does not exceed 21 in the most general case.* 


* There is a long history to the question of the number of independ- 
ent elastic constants (elastic moduli). In the first half of the 
19th century there was a controversy between Stokes and Green 
on the one hand (who believed there were a maximum of 21 in- 
dependent constants) and Cauchy and Poisson on the other (who 
considered that there were at most 15). The difference was due 
to differences in assumptions about the microstructure of the 
crystal lattice and the nature of the forces in it. Voigt's experi- 
ments decided the question in favor of the 21-constant theory. 
Very recently Laval, Raman, and others have expressed the view 
that rotation and torque should be considered in the theory of 
elasticity, as well as deformation and stress; in that case, the 
Oj, and yj; tensors would not be symmetric, so each would con- 
tain 9 independent components. The Cypg matrix would remain 
symmetrical with respect to @ and B (because this follows from 
the basic law of conservation of energy) but would have 9 rows, 
which would raise the maximum number of elastic constants to 
45. The experimental aspect of this problem is not clear; recent 
measurements [1] would not support it. The problem is consid- 
ed in a review [2] which also gives an extensive bibliography. 
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From (6.7) and (6.8) 


y= 5 Conta lp: (6.15) 


Thus @ is quadratic in the six variables y, and must be positive 
under all conditions, since the potential energy is minimal ina 
state of stable equilibrium. Now #=0 in the nature (undeformed 
state), and this is the state of stable equilibrium, so > 0 when 
there is any deformation. Hence the quadratic form of (6.15) is 
positively defined, as is the corresponding matrix cyg. This im- 
plies, in particular, that the diagonal elements Cy,, Co, ..., Cg 
must all be positive. For example, if c,;;< 0, we would get, on 
putting y;# 0, y,=0, a =2, that 6=(1/2)ey7 < 0. 


Positive diagonal elements in (6.14) are necessary but not 
sufficient to give positive definition of (Cag); the necessary and 
sufficient condition for this for a symmetrical real (Cyg) is [3] 
that the sequential principal minors be positive. These minors 
are delineated by the dotted lines in (6.14). Hence the elastic 
moduli of any medium always satisfy the following inequalities: 


Cy Cy 
c¢,, > 0, = Cy1lq) — Cf, > 0 
Cc c > 
a1 29 
Ci Cyn Ca (6.16) 
Co Cx9 Cox > 0, oe #8 lc, | > 0 


Here Icy | denotes the determinant of (Cyg). The condition on & 
obviously should not be dependent on the order in which the Yq are 
numbered, but any alteration in that numbering causes a certain 
identical permutation of the rows and columns of (Cyg)s which can 
bring any principal minor to the top left corner.* Hence the con- 
dition that successive minors be positive is equivalent to the con- 
dition that all principal minors be positive. The diagonal elements 


are the first-order principal minors, which thus implies (as above) 
that these must be positive. 


*A principal minor (of any order) is a minor obtained by striking 
out equal numbers of rows and columns with identical numbers. 
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From (6.16) we have |cyg| #0, so (Cg) has an inverse, 
and the system of (6.8) can be solved for the ye. Let the inverse 
of (Cape) be (Sqp): 


CSC): (6.17) 
This means that 
Sa3€31 = C4383: = O54) (6 18) 


in which 6g, is a six-dimensional Kronecker symbol, whose prop- 
erties are 697=1 for @=7 and 6a7=0 for axt. Hence (6q7) is 
a unit six-row matrix: 


(6,2) = (6.19) 


> Ralies Ta 
oo Cc Oo SO 
oo ee ee 
oOo - CO CO OO 
om OF OC CO 
ae ET CSS Ce eS 


We multiply (6.8) by s;q and use (6.18) to get stg o, ~ Stq@laB VB ~ 
6TBYB=Yr, i-e., the solution is of the form 


Te = Su9,. (6.20) 


We put the last relation in the following form by reverting to the 
three-dimensional quantities yj, Gjm> Siklm; (siklm => Sq): 


(6.21) 


Tire = Siretm?otm: 


As (Cap) is symmetric, (Sq@) is the same: Sap = SBa (see Chapter 
2), and hence the sjkzm tensor has the same symmetry properties 
as the CjkJzm one: 


Strim == Sritm = Siemt = Simir- (6.22) 
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The Sik]Jm are termed the compliance (or flexibility) constants, a 
name which is natural on the basis of (6.21), which shows that the 
Vik increase* with the SikJm for given 07m; 


The relation between the Sap and the Sipjm is not as in 
(6.12); comparison of (6.20) and (6 21) with (6.10) and (6.11) shows 


that 


Saa = 2"Si nim (6.23) 


in which p is the number of the subscripts in excess of 3 that ap- 
pear in a and B. The difference between (6.12) and (6.23) is due to 
the difference between (6.10) and (6.11); a symmetric relation as 
of (6.13) 


6, = (V 2)" Oi. (6.24) 


where by 63, we understand yj; and oj, would replace (6.12) and 
(6.23) by the relation 


Yay =(V 2)" Vipim: (6.25) 


where by dikzm, We understand Cizgm and Siklm; here p is asin (6.23). 
7. Crystal Symmetry 


Crystals are symmetrical bodies whose properties are un- 
altered by certaintransformations, e.g., reflection at a plane or 
rotation around an axis. These are termed the symmetry trans- 
formations ofthat crystal, and the set of these is termed the sym- 
metry of the crystal. This set forms a group, because any trans- 
formation that is reducible to successive use of two of the symmetry 
transformations will notalter the properties of the body and so 
belongs to that set. 


Any possible symmetry transformation of any crystal can be 
reduced to one of two basic types of transformation or to a com- 
bination of these. These basic types are rotation around an axis 
through an angle 27/k= y, (k equal to 2, 3, 4, or 6) and mirror 


* From analogous arguments based on (4.3) we call the CikJm the 
rigidity constants. 
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reflection* ata plane. If the body coincides with itself after rota- 
tion through 27/k, the axis is a k-fold symmetry axis and is de- 
noted by LK or Simply by k. The second basic element is a sym- 
metry plane, which is denoted by P or m; the presence of such a 
plane means that the body coincides with itself after mirror re- 
flection at that plane. 


A body may have symmetry such as to coincide with itself 
when two transformations are performed simultaneously (rotation 
around a k-fold axis and reflection at a plane perpendicular to that 
axis). Here the order of the operations is irrelevant, so these op- 
erations mutually permutate or commutate. In fact, an arbitrary 
point ends up in the same position whichever order is used. This 
is termed a k-fold reflection-rotation axis, which is a new sym- 
metry element only if both transformations together are needed to 
bring the body into coincidence with itself. Hence such an axis is 
not a new element if k is odd; performing the operation k times, we 
turn the body through 27 (which is equivalent to no rotation) and 
reflect it k times (odd), which is equivalent to a single reflection. 
This means that the body coincides with itself after simple reflec- 
tion, so it has a symmetry plane as an independent element; but in 
that case it has an independent k-fold axis. Hence a reflection-ro- 
tation axis of odd order is equivalent to an independent symmetry 
plane and an independent axis of the same order. The only new in- 
dependent symmetry elements (although they are combinations of 
the basic types) are reflection-rotation axes of even order. The 
presence of one of these implies the presence ofa simple sym- 
metry axis of half that order, for rotation through 27 /2k twice and 
double reflection together amount to simple rotation through 27/k. 
The possible reflection-rotation axes are denoted by 4 and 6 in 
Shubnikov's notation, with 2 
as a Special case. We take the 
point where the L’ axis meets 
the P plane as the origin 
(point 0 in Fig. 1) and draw 
from the latter a radius vector 
r to any point A in the body. 


*We disregard the parallel- 
displacement transformation, 
which leaves an infinite 
crystal lattice unaltered. 
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System 


Triclinic 


Monoclinic 


Orthorhombic 


Tetragonal 


Trigonal 


Hexagonal 


Cubic 
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Table I. Crystal Symmetry 


th : 
wo Fedorov Institute name 
class 
Primitive 
Central 


Axial 


Planal 
Planaxial 
Axial 
Planal 
Planaxial 
Primitive gyroidal 
Primitive 
Trigonal 
Axial 
Central 
Planal 
Planaxial 
Primitive 


17 Central 
18 Axial 
19 Planal 


Planaxial 
Primitive gyroidal 


Planogyroidal 
Primitive 

24 Axial 

25 Central 

26 Planal 


Planaxial 
Primitive 
Axial 
Central 
Planal 
Planaxial 


27 
28 
Zo 
30 
31 
32 


Formula 


Then rotation through 7 around the axis changes the sign of OA, 
the projection of r on the symmetry plane, while reflection changes 
the sign of OA», the projection of r on the axis, whereas simultane- 
ous performance of both operations causes the radius.vector itself 
to change sign, i.e., to reverse, as OA". This transformation is 
known as reflection at a point or inversion, while the origin in the 
above case is called a center of symmetry or inversion center. 
Hence 2 is equivalent to inversion, i.e., to the transformation 
r——r (xj ~~ xj). The special symbol C is often used instead of 2. 
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The presence of one symmetry element often results in that 
of others, as we have seen for even-order reflection- rotation axes. 
If there are several symmetry elements, the different combinations 
of these may give rise to a series of new elements. For example, 
if a k-fold axis (k > 2) has a symmetry plane parallel to it, the 
latter cannot be unique, because rotation through 27/k should not 
alter the properties of the body. Hence the presence of one plane 
implies that of (kK—-1) others. This means that we do not have to 
draw up an exhaustive list of the symmetry elements in order to 
describe the symmetry of a body completely; it is sufficient to 
state only the elements sufficient to give all the others by repeti- 
tion or combination. These basic elements are called the generat- 
ing symmetry elements 


The derivation of all the possible symmetry groups will not 
be considered, since this is to be found in textbooks [6]. It is known 
that there are 382 classes of crystal symmetry, which fall into 7 
systems (Table I). The first column gives the name of the system; 
the second gives the number of the class in Groth's notation. The 
third gives the names adopted in the Fedorov Institute in 1935. The 
fourth gives theformula for the symmetry in Shubnikov's symbol- 
ism; the numbers 2, 3, 4, and 6 denote symmetry axes of those 
orders, while 4 is a fourfold reflection-rotation axis, m is a sym- 
metry plane, a point (-) denotes parallelism, and a colon (:) denotes 
perpendicularity. The symbol 3/2 denotes twofold and threefold 
axes meeting at an angle a such that cos a=1/V3. 


The symmetry elements listed in the fourth column are the 
generating elements of their classes and hence completely define 
the symmetry of the class. 


8. Elastic Moduli of Crystals of the Lower 


Systems 


The presence of symmetry imposes certain conditions on the 
Cikim, so the number of independent components become less than 
21. This is most readily seen for an isotropic medium, which has 
the highest possible symmetry. All symmetry groups of crystals 
are subgroups of the three-dimensional orthogonal group, which is 
defined as the set of all rotations and reflections in three-dimen- 
sional space. Symmetry in a crystal means simply invariance of 
the properties with respect to the transforms of some subgroup 
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of the orthogonal group, whereas the properties of an isotropic 
medium are, by definition, invariant with respect to all the trans- 
forms of the orthogonal group. This at once gives us the form of 
the CjkJm tensor for any isotropic medium, since it expresses the 
properties of the medium, and hence it is invariant with respect to 
all the transforms of the orthogonal group. However, there is a 
unique tensor that is unaffected by all orthogonal transforms: this 
is unit tensor, apart from a scalar factor, and so the cj}, should 
be expressed as combinations of the components 6;} of that tensor 
with certain coefficients. There are only three different such com- 
binations, which contain the four subscripts i, k, 1, and m, namely 
d6ikOlm> 61765 km» 6im6 kz» SO the Ciklm tensor must be expressed 
as follows: 


Aw a w in 
Ciptm == ©8194 + 95115 am + QO imo pI 


in which a, b, and c are scalar coefficients. The symmetry of the 
CikJm Means that the right side should not alter when i and k are 
permuted, soa=b; it is readily seen that all the other symmetry 
properties of (6.2) then satisfy the condition, so the most general 
form for the elastic-modulus tensor for an isotropic medium is 


Cikim == ©%1p91m + 28:8 ¢m + imag: (8.1) 
This contains only two independent constants a and c. 


To find the (CyB) of (6.14) that corresponds to (8.1) we must 
use (6.5) and (6.12), whereupon we find that 


Chr == C99 = Cy3 = C20, Cyn = Cg == Cg Cr 


ees ee Crt — Ci2 
Ca4 == C35 == Cog == a =, 


while all the other Cqp are zero. Hence for an isotropic medium 


Cry Cra C9 0 0 0 
Cio Cay Cyo 0 0 0 
Cig Cyn Cy) 0 0 0 
] 
(C43) = 09 9 0 Ca SD 0 0 (8.2) 
l 


| 
00 0 0 0 x (Cy = C12) 
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Consider the changes in the CikJm in response to orthogonal 
transforms. By definition, the cjkJm tensor is orthogonal, as are 
the yj and oj, ones (see [4]), which means that the CikIm Vary in 
accordance with the formulas for the product of the corresponding 
components of four vectors, e.g., pjq,UjVm- Let (S;}) be the 
matrix of some orthogonal transform. The change in the vector 
this produces is given by 


Pi =S,,P,- (8.3) 


Correspondingly the product Pjduyv,,, changes in accordance with 
the formula (pjqkulvm)' =Sij' pit Skk'! dy: S77" uzt Spam! Vm! whence 
we have for the CjkJm 


Cihim = SiS pg Syd (8.4) 


mm "VR ne 
If S=(Sik) belongs to the symmetry group of the crystal, Cikim 
must coincide with cjj,jm, So we get that 


Cirtim = Si Ser Su Smm' Cietim' (8.5) 


which should be obeyed for all i, k, 7, and m as well as for all S 
belonging to the symmetry group of the crystal. 


The set of equations (8.5) constitutes the conditions imposed 
by the symmetry on the elastic moduli. Consider now the S belong- 
ing to the basic symmetry elements of all crystals (section 7). 


Center of symmetry C. The corresponding transfor- 
mation (inversion) alters the signs of all components of any vector, 
which may be put symbolically as 


]=> +1, Q—s =—2, 3-> -3, (8 .6) 


Here the number represents the corresponding component of the 
vector, so 1—-—1 denotes p; —— pj. 


Symmetry plane P. Setting (say) the x, axis perpendic- 
ular to this plane, we find that the third component of any vectors 
changes sign, while the other components should not be affected. 
This is expressed symbolically as 


Pest Dee. BS s=3: (8.7) 


24 GENERAL EQUATIONS OF THE THEORY OF ELASTICITY 


Twofold axis L®. This corresponds to rotation through 
r around, say, the x, axis. The corresponding transformation is 
expressed as 
j>—l1, 2>5>—2, 3—>3. (8.8) 


Transformations corresponding to axes of higher order are con- 
sidered below. 


We must note that invariance under inversion imposes no 
restriction on the components of any even-rank tensor, including 
the CikJm tensor; the transform of (8.6) produces a four-fold sign 
change in each cj,jm, Which thus remains unaltered. This means 
that we need consider only P and LK transformations, and combina- 
tions of these, in order to determine the number of independent 
elastic moduli. 


Triclinic crystals (system of lowest symmetry, Table I) may 
possess only an inversion center, so the number of elastic moduli 
is not reduced by the symmetry. However, we still have various 
choices for the coordinate system, since the orientation of the lat- 
ter relative to the crystal is not specified, and this is defined by 
three parameters (e.g., the Euler angles). Hence a definite choice 
of orientation imposes three conditions on the Cikgmy? With the re- 
sult that the number of independent significant moduli cannot ex- 
ceed 18. Similar arguments apply to other crystals, as we shall 
see; they arise because the Cj;,J,, resemble the components of any 
other tensor that describes a property of the crystal in being de- 
pendent on the orientation of the crystal as a whole as well as on 
the internal structure inherent in that crystal. 


We shall not discuss here the rational choice of coordinate 
system for triclinic or other crystals, since this will be dealt with 
later in relation to the properties of elastic waves (section 18). 


We see from (8.6)-(8.8) that the transformation corresponding 
toa symmetry axis L* || x, differs from reflection in a plane P 1 X3 
by the addition of inversion (section 7); but we have seen that inver- 
sion is of no importance to the cj}.j;, tensor, so a twofold axis is 
precisely equivalent to a symmetry plane perpendicular to it as re- 
gards conditions imposed on the Cik7m» 2nd such a plane is very 
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easy to consider. We have from (8.7) that 

Cintm =(— 1)” Chatm: (8.9) 
in which p is the number of subscripts equal to 3 in the i, k, 7, m. 
This implies that those ci,j, are zero which have a subscript 
corresponding to an L? axis (or toa symmetry plane normal to it) 
appearing an odd number of times. 


A monoclinic crystal of any class has either L? or P, or 
both (Table I). Placing the x3 axis appropriately, we have 


Cy Cyy Cyzg OO 0 Cig 
Cin Cop Cog O O Cog 
c C Cc 0 0 ¢ 
(Cc, i 13 23 33 36 | (8.10) 
° 0 0 0 cy cy, 0 
0 OO O Cy, Cys 0 
Cig fog Cop 0 0 log 


This contains 13 parameters, but not all are significant, for we 
have specified only the x3 axis of the coordinate system, which 
leaves an arbitrary element associated with the choice of the x, 
axis, which allows us to eliminate one modulus (see section 19). 
The number of significant elastic moduli for a monoclinic crystal 
is thus 12. 


An orthorhombic crystal of any class has three mutually 
perpendicular directions parallel to normals to symmetry planes 
or to the equivalent twofold axes (Table I); these directions form 
a natural coordinate system, So the cCjjj;, must have the property 
of (8.9) in respect to each subscript, which implies that the only 
Cikim different from zero are those in which each subscript appears 
an even number of times. This gives us the matrix 


Cy Cy C3 9 DO O 

Cry Cog Cy OY 0 0 

(13 Cog Cyg OO 0) 0 an 
(I=! 9 0 0 cy 0 0 oe 

0 0 0 O es O 

0 0 0 0 0 oe 


All 9 elastic moduli are significant, since the coordinate system is 
completely specified relative to the crystal. 
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9. Elastic Moduli of Crystals of the Higher 
Systems 


A tetragonal crystal of any class has an L’ axis; rotation 
through 90° around x3 | L‘ changes the components of a vector in 
accordance with the scheme 


1>2, 2>5—1, 3-3. (9.1) 
An L‘ axis is simultaneously an L’ axis, so we use (8.10). The 
transformation of (9.1) gives 
Cog = Con12 > — ©1120) = 1g 1 Pl Qg» = C13 Oh C0g+ Cg > C551 
C3g = C3312 > — Cag, == — Cag» C45 == ©9931 > — ©1332 = 54: 


Hence Cy = C45 = 0, Cog = —Cigs Cy = Coz» C13 = Cog» Cag = C55. and (Cg) 
matrix becomes 


[3 13 C33 9 90 0 
(Cag) = 0 0 0 a: 0 0 ’ (9 2) 
0 0 0 0 cy 0 


which contains 7 independent parameters. However, we have con- 
sidered only the symmetry associated with the fourfold axis, but 
the tetragonal system has seven classes (Table I), of which four 
(4-m,4:2,4-m, andm-4:m) havea symmetry plane parallel to 
L‘ or a twofold axis perpendicular to the latter. Taking the L’ axis, 
or the normal to the plane, as the x, axis, a condition analogous to 
(8.9) gives us Cy.=0, so for these four classes the matrix becomes 


Cy Cy C3 9 ODO 0 

Cio Cy Cy 9 DO O 

_ 1413 43 ¢3; 9 O 0 
Fd (9.3) 

0 0 0 0 ¢e, 0 

0 0 0 0 O eg, 


This contains 6 independent moduli, which are all significant, since 
the coordinate has been specified. The other three tetragonal 
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classes (4, 4, and 4:m) have no elements that distinguish a direc- 
tion perpendicular to L’; but hence we can choose x, to simplify 
(Cqg). Consider the transformation of cj. on rotation around 

X3|| L’ through an arbitrary angle y. The corresponding orthogonal 
matrix is 


cose sing QO 
S=|-—sing cos¢g 0 }. (9.4) 
0 QO | 


The transformed element cjg =C4,4. is shown by (8.14) to be express- 
ed by 


C16 tne = SSeS Sam tein (9.5) 
Here (9.4) shows that i, k, 7, and m should be given only the values 


1 and 2. Summing with respect to l, m=1, 2, we get 
'=S,S,,[4sin2 2 
C16 = OuP ik | > sin ? (in22 — Cini) 1 6S in| 


Now we sum with respect to i, k=1, 2 and use the results of (9.2) 
that Co. =Cy, and Cog = — Cyg to get that 


Cig = C45 C08 49 — 7 (ey — Cyy — 2C6g) Sin 49. (9.6) 


Hence, choosing ¢ to be such as to satisfy 


tan fee (9.7) 


C1) — Cig — 2Coe 


we get e120; so (9.2) coincides with (9.3), and all tetragonal 
classes have only six significant elastic moduli, (Cg g) always re- 
ducing to the form of (9.3) on appropriate choice of the coordinate 
system. The difference between classes 11, 12, 14, and 15 on the 
one hand and 9, 10, and 3 on the other (Table I) is only that the 
first have the direction of x, (or X,) directly determined by the 
elements of crystallographic symmetry as being parallel to L? or 
perpendicular to P, whereas the second have the direction of x, 
defined by the condition of (9.7). 


A trigonal crystal has a threefold axis; as usual, we assume 
x,||L°. Matrix (9.4) gives the transformation of coordinates 
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corresponding to a rotation through g around L?. Here the com- 
ponents Vik (tensor of second rank) transform via a formula anal- 
ogous to (8.4): 


Vie = SuPer Tire (9.8) 
This relation may be expanded via (9.4) to get 


Th SiS ie Vie = V1, COS? FH qq SiN? FE Typ Sin 29, 

Tor = Tq SIM PE Yqy COS? P — Typ SIN 2,154 == yy, 

103 == 93 COS Y — I), Sing, (9.9) 
191 == Tes SiN. P+ 7,,C08 9, 


] . 
te =F (t2 %q,) sin 29 + Y,) COS 2. 


Consider the six-dimensional vectors 


[7 (7; 
To G 
1=(1,) = ae Vv =()= tay (9.10) 
14 T4 
1s | 15 
‘| 6 


whose components y,, are related to the Vix by (6.10); then (9.9) 
may be put as 


ee oe (9.11) 


in which U is a six-row matrix of the form 


cos’? sin?g 0 0 0 > sin 20 
sin?g cos*e 0 0 v —+sin 29 
U=U(9)= 0 + @ 0 o |. (9.12) 
0 0 0 cose —sing 0 
0 0 0 sing COS © 0 


—sin2g sin29 0 0 v cos 29 
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Hooke's law of (6.8) now becomes 
oC, (9.13) 


in which o is the stress 6-vector, which is analogous to (9.10), 
while C is the matrix of (6.14); (9.13) in the transformed coordinate 
system takes the form 


of = Cy’, (9.14) 


In which o'=U'o, where U' differs from U in that the og are re- 
lated to the oj; by (6.11), which differs from (6.10). Hence 


cos? sin?te 0 0 0 sin 2p 
sin?p cos?’e 0 0 0 —sin 2p 
0 0 1 0 0 0 
U’ = 0 0 Ocosp —sing 0 |- (9.15) 
0 0 Osing cos 0 
—Fsin 29 x sin 27 0 0 0 cos 2 


Symmetrical normalization of y and o in accordance with (6.24) 
would give U'=U. Equation (9.14) may be put as 


U's =C'Uy 
or, from (9.13), U'Cy=C'Uy, whence we conclude that 


C= C'U. (9.16) 
We multiply the latter from the right by U7! to get 


C’=UCU™. (9.17) 


We get U7! from U by replacing o by -g. The last formula defines 
the transformation matrix C undergoes when the coordinates under- 
go that of (9.4) while the o and y tensors, respectively, undergo 
those of (9.12) and (9.15). We must have C'=C if the transforma- 
tion U belongs to the symmetry of the crystal, i.e., from (9.16) 


CU=U. (9.18) 


This is the condition imposed on matrix C by the crystal symmetry. 
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Condition (9.18) should be obeyed when there is a threefold 
axis if in the U of (9.12) and the U' of (9.15) we put g= @)=27/3= 
120°: substituting in (9.18) for U(q@p), U'(@p) and the C of (6.14), 
and comparing the matrix elements in the two halves, we get the 
conditions imposed on the CyB: For instance, (CU)44=CygUq1 = 
(U'C)41=Uiglai gives 


° . 9 ie <0 . 
C1 COS? Py + C19 Sin? p) — Cyg SiN 2p, == Cy, COS” Py fF Coy SIM? |) + Cg) SIN 2p, 


which implies that cy~=0. Similar calculations on the other ele- 
ments give 


Cy} Cig €13 Cig — C95 0 
C19 Ci, 13 Cy Co5 0 
C13 C13 €33 0 0 0 
C = (¢,3) = Cig —~ Cy, 0 Cay 0 Cos (9.19) 
— Cos Cy, 0 0 C44 C14 
0 0 0 C5. es | 


Here there are 7 independent parameters, but the direction of x, 
has been left undefined. Classes18,19, and.20 (Table I) have an 
additional element L’ 1 L? or P parallel to L’: putting x, along 1 
or along the normal to P, we get from (8.9) that Cox =Cyo3, =0, 
whereas if we treat x, in this way we get Cy, =Cj,93=0. This leaves 
only 6 independent parameters. But the same result is obtained 
for classes 16 and 17, which lack additional symmetry elements, 
as we may See by considering the transformation of c,, and Cos on 
rotation around x; || L® through some angle @ [see (9.4)]. As in 
(9.5), we find, using (9.19), that * 


/ ° 
C14 = ¢C,, 008 3p c,, sin 39, 


9.20 
Cos = — €,, Sin 39 + ¢,, cos 39. 
It is clear that the choice tan 3p~=cys/c,4 makes c5, zero, while 
tan 3~=— Cy4/Co5 Bives Cy,=0, So Suitable choice of the coordinate 
system gives the same expression for (C,g) for all classes of the 
trigonal system. We shall use this matrix in the form 


* The same relationships may be derived from (9.17). 
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C1} Cio C13 Cra Q ') 
C19 Cy C43 C1, O 0 
C13 Cig Cag 0 O 0 
C == (C,3) = CH — Cy, 0 Cay 0 0 (9 21) 
_ 2 QO Cag C14 
1 
‘ - O lig (Cy — C49) 


As for the tetragonal system, C contains 6 independent parameters 
but it differs from (9.3). 


A baseless division into two groups of the classes in the 
tetragonal and trigonal systems is used in many works, including 
[5]; one group has six independent moduli, while the other has 
seven. It has been shown [12]* (in agreement with the above argu- 
ment) that the difference between these groups vanishes when the 
coordinate system is properly chosen, so the general form of the 
tensor for the elastic moduli is completely determined by the sys- 
tem. All crystals as regards elastic properties are divided into 
7 systems, not 9. 


A hexagonal crystal has either a reflection-rotation sixfold 
axis or a simple one; as regards elastic properties, this is equi- 
valent to simultaneous presence of identically direct twofold and 
threefold axes. The first axis gives the (Cy@) of (8.10), which is 
characteristic of a monoclinic crystal, while the second axis gives 
(9.21), which is characteristic of a trigonal crystal. We can write 
down at once the matrix having the properties of both of these: 


Cy Cyq C43 OO 
Cry Cy Cy O 
0 


C13 C13 33 


C=C) = |6 (9.22) 


) 

© 

ie) 
be 
rs 


which contains 5 independent moduli. 


? 


* This has been shown [83] in another way, via the group properties 


of tensors, as the coincidence of the number of independent elas- 
tic moduli in all classes of the tetragonal and trigonal systems. 
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The other possible symmetry elements in the hexagonal sys- 
tems (classes 23-27) add nothing to these restrictions. 


Direct verification shows that the C of (9.22) satisfies (9.18) 
for any @: CU=U'C, which means that the elastic properties ofa 
hexagonal crystal do not alter on rotation through any angle around 
L®, so L® is an axis of infinite order as regards the elastic proper- 
ties; but in that case all directions in a plane perpendicular to 
xq || L®° are equivalent. Such a medium is naturally termed trans- 
versely isotropic; a hexagonal crystal is an example. A medium 
of this type may also be produced by subjecting an isotropic medi- 
um to subjecting an isotropic medium to some oriented field, e.g., 
an electric field. 


There remains the cubic system. Class 28 of this has three 
mutually perpendicular twofold axes and also a threefold axis lying 
along a body diagonal of the cube. We set the x;, x), and x3 axes 
along the twofold axes, which gives us the C of (8.11), which is 
characteristic of an orthorhombic crystal. The threefold axis 
makes these axes all equivalent, the coordinates transforming one 
into another on rotation around L?, so the elements of the C of 
(8.11) should not alter in response to any permutation of the sub- 
scripts 1, 2, 3. This implies that 


Cyan => ©9900 = Cragg Cyn e2 == C0233 = Caza = ©0323 == 3333 == Crare 
or 


C1 = Con = Cay, C19 = Cy = C93 C4q = Cos = C66: 


Matrix (8.11) then becomes 


Cy, Cyyp Cyn «(CO 0 0 

C Cc c 0 0 0 
Ci as) "1e? “P12 O11 

0 0 0 0 Cy, O 

0 0 0 0 0 


C44 


This contains 3 independent moduli ¢,;, Ciy, C44. All other cubic 
classes have the same C, since they also contain the elements of 
class 28 and impose no further restrictions on the CyB: 


Comparison of (9.23) with (8.2) shows that a cubic crystal 
differs (as regards elastic properties) from an isotropic medium, 
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because (Cqgg) contains three independent moduli instead of two, 
whereas there is no difference as regards optical properties (e.¢., 
optical activity). The reason is that the elastic properties are 
governed by a tensor of high (fourth) rank for the cj,jm, whereas 
the tensor €;, for the dielectric constant (which governs the optical 
properties) is only of second rank. 


We may convert from a cubic crystal to an isotropic medium 
by requiring that C does not change on rotation through any angle 
around an axis in any direction. In fact, it is sufficient to require 
that the C of (9.23) should satisfy (9.18) for any g other thana 
right angle. For instance, we put g=7/4 and calculate both sides 
of (CU)4g=(U'C)1,_ to get that cy, =(Cy4— Cy)/2, i-e., (9.23) coincides 
with matrix (8.2) for an isotropic medium. 


Finally I consider briefly the restrictions imposed by the re- 
quirement that the elastic energy be positive; the condition was 
formulated in general form in section 6 as (6.16). I considered 
only the more symmetrical crystals, because (6.16) scarcely 
simplifies for the less symmetrical ones. 


The complete necessary and sufficient conditions for a tri- 
gonal crystal are given by (9.21) and (6.16) as 


C1 > [lr] (err + etn) O33 > 2eTg» (Cry — C2) Cag > 2%, (9.24) 
Those for a tetragonal crystal are given by (9.3) as 


CS [C19], (Cpe ie) Cee Cy SOU; Ce: (9.25) 


Those for a hexagonal crystal give, from (9.22), the same 
result as for a tetragonal crystal, apart from the last inequality. 
For a cubic crystal we have from (9.23) that 


C1 > lOrol)  Cyyp + Sep > 0, Cy > 0. (9.26) 


The conditions for an isotropic medium are as for a cubic crystal, 
apart from the last inequality. 


Chapter 2 


Elements of Linear Algebra 
and Direct Tensor Calculus 


10. Vectors and Matrices in n-Dimensional Space 


Since linear algebra and direct tensor calculus are widely used in 
what follows, some details of the appropriate techniques are given 
here for the convenience of the reader. While no attempt is made 
at completeness or mathematical rigor, the material present is 
nonetheless of value in that some of the relationships given here 
are not to be found in the accessible literature, at least not in the 
form used here. 


In a linear n-dimensional space* we specify the components 
of a vector ug (8 =1, 2, 3, -.-.,n). Performing on this vector a 
linear homogeneous transformation, we obtain a new vector whose 
components are V,: 
= Ay tyt Ajpla + - +» Ajanta 
oo At elec ane ne n’ (10.1) 


VU, = aye iis oak Anat ne 
or 


v,=Ajgu, (a, B= 1,2,..., 0). (10.2) 


* A linear space is a set of elements termed vectors such that a 
sum of these, or the result of multiplying one by a number, also 
belongs to that set, these operations satisfying the axioms of 
commutation, association, and distribution (see [8] for details). 
Here we envisage only real linear spaces. 
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Here and subsequently we envisage summation with respect to the 
repeated subscripts within the range of values open to them. The 
set of transformation coefficients forms a square table called a 
matrix: 


7 : 
Avy eee Al 


Ay Ag) +++ Ady (10.3) 


Aa) = as 
Ai oenca A 


Ant 
The Ayg are the elements of the matrix A, which as a whole may 
be considered as the symbol for a linear operation or transforma- 
tion, which from any vector u (ug) produces another vector v (Vg). 
Then (10.1) may be put in the symbolic form 


U= Au. (10.4) 


This form has advantages over (10.1) and (10.2) in various respects. 
Firstly, u, v, and A appear as Single objects, which usually corre- 
sponds to their physical (mechanical or geometrical) meaning. For 
example, v and u might be the vectors for the moment of a force 
and the angular acceleration in real physical three-dimensional 
space, or the electrical induction and the field strength, while A 
would correspond respectively to the tensor for the moments of 
inertia or for the dielectric constant. The components Uq and v¢ 
are simply the coefficients in the expansion of vectors u and v 
with respect to some specified system n of linearly independent 
vectors that form the basis of the space. In real three-dimensional 
space these would be the projections of vectors u and v on the axes 
of a rectangular cartesian coordinate system. Hence the compo- 
nents of fixed u and v may vary in accordance with the choice of 
basis (coordinate system), and so a given physical property ex- 
pressed by a vector may be represented by different sets of num- 
bers (components) in view of the arbitrary element in the choice 
of basis. It will appear from what follows that the same applies 

to the elements A wB , because these also are dependent on the 
choice of basis. Clearly, such a position is not entirely satisfac- 
tory; but (10.4) frees us from this disadvantage, for it does not 
contain Ug, Vg, or Age - 


Moreover, (10.4) is simpler and more obvious than (10.1). It 
is also found that some of the properties of vectors and matrices 
can be used in performing various operations with resort to the 
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components, which thus obviates the choice of any particular basis. 
Such calculations arc frcqucntly simpler and lcss laborious than 
oncs in terms of components. A distinctive fcaturc of this book is 
that the main exposition is given by direct (coordinate-frec) mcth- 
ods, which do not involve the usc of components. The objcct of this 
chapter is to survey this method, which is utilized elewhere in the 
book. 


Although (10.2) and (10.4) express csscntially the samc rcla- 
tion, there are cssential differences bctwecn them. The ug, vq, 
and Avg of (10.2) are ordinary numbers, so all thc laws applicable 
to numbers apply to them also (commutation, association, distribu- 
tion, etc.);in particular, we can intcrchange thc factors on the 
right in (10.2) without rendering it wrong: 


U, = Uggs (10.5) 


On the other hand, such an operation is impermissible in (10.4), 
because u, v, and A are not ordinary numbers but more complex 
objects, namely ordered sets of numbers.* All the same, suitable 
definitions allow us in (10.5) to retain the meaning while permuting 
the quantities on the right. 


We introduce the following general conditions: if vectors or 
matrices stand together without any signs between them, this de- 
notes convolution, i.e., summation of both quantities over similar 
subscripts. For example, if two vectors stand together, the ex- 
pression has the meaning: 

UV = U,V, (10.6) 


and represents the scalar product of the two vectors. Another ex- 
ample is (10.4), whose meaning is revealed by (10.2). The repeated 
8 subscripts involved in the summation of (10.2) are termed dummy, 
while the a are free; the former may be denoted in any convenient 
way, since they are used up in the summation, e.g., Aggug = ayy Un - 
If an expression contains several such pairs of subscripts, each 
pair must be denoted by a different letter to avoid misunderstanding. 
As regards the free subscripts, the following rule will be used 
everywhere in what follows: the set of free subscripts on the left 
must be the same as the set on the right. 


* These sets in general are hypercomplex numbers. 
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Rule for dummy subscripts: These must always be 
adjacent in conversion from the subscript form to the direct form 
or vice versa. 


Rule for free subscripts: These must always be 
identical in the right and left halves. 


Consider some examples of the use of these rules. The rela- 
tion 
v= uA, (10.7) 


in which v and u are vectors and A is a matrix* is to be put as 
follows in terms of subscripts: 


VU, = U;A,,: (10.8) 


We have already seen that we can place the factors in (10.8) in 
either order. Comparison of (10.8) with (10.5) shows that A wp has 
been replaced by ABy: in general, AgZ ~ ABa: so (10.5) does not 
agree with (10.8). From (10.3) we see that the first subscript in 
Aqgp defines the line in which Ag@ Hes, while the second defines 
the column; hence interchange of the subscripts is equivalent to 
interchange of the rows and columns. This operation is called 
transposition, the product being a transposed matrix. Transposi- 
tion will be denoted by ~ over the symbol for the matrix. Hence by 
definition 


An Ay (10.9) 


Then (10.8) may be put as 


VU, = An tt = A alts (10.10) 


Here both subscripts are in accordance with the above two rules, 
so we may convert directly to the coordinate-free form as 


v= Al. (10.11) 


* A vector is taken as any quantity dependent on a single subscript, 
while a matrix is a quantity governed by two subscripts, all sub- 
scripts taking the same set of values. 
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But (10.10) is the same as (10.8), so (10.11) coincides with (10.7). 
Hence 


uA== Au. (10.12) 


Obviously, double transposition leaves any matrix unaltered, which 
is expressed by 


A= A. (10.13) 


Thus if we put B=A, then B-A, so (10.12) becomes 


uB—= Bu. (10.14) 


Relations (10.12) and (10.14) are true for arbitrary A and B; both 
have the general property that any matrix multiplied from the left 
(right) by a vector gives the same result as the transposed matrix 
multiplied from the right (left) by the same vector. In other words, 
we can transfer the vector from left to right in a product of a vec- 
tor by a matrix if the latter is replaced by the transposed matrix. 


A very important particular type of matrix is a symmetric 
matrix, which coincides with its transposed form. For such a 
matrix A 


(10.15) 


The opposite case is an antisymmetric matrix, which changes sign 
on transposition. For such a matrix B 


B=—B, By=—B,,. (10.16) 
The last equation implies that the diagonal elements, which have 
@ =f, are zero in such a matrix. From (10.12) we have fora 
symmetric matrix (and only for such a matrix) that 


uA=Au, (A=A) (10.17) 


for any vector u. Similarly, for an antisymmetric matrix with any* 


* There are certain u that allow (10.17) and (10.18) to be obeyed 
although (10.15) and (10.16), respectively, are not. 
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vector u we have 


uB=—Bu (B=—B). (10.18) 


The sum of matrices is defined as the matrix whose elements 
equal the sums of the corresponding elements of the constituent 
matrices. 


Multiplication of a matrix by a number is equivalent to multi- 
plication of all elements by that number. 


Any matrix C may be represented as the sum of a symmetric 
matrix and an antisymmetric matrix: 


C=A+B, A=z(C+C)=A, B=Z(C—C)=—B. (10.19) 


We multiply (10.2) by wy (and sum with respect to q): 
UV, We == AysllsW,. (10.20) 


To pass to the direct form we should place the factor on the right 
in accordance with the rule for dummy subscripts, i.e., as 

Wy A a Bue ; on the left the rule is obeyed for any order of the factors. 
The result is 


UW = WU = WAN == WA, pty. (10.21) 


From (10.9) we may put Aggugwy =A golgWg =ug ABaW , So as well 
as (10.21) we have 


~ 


UW = LAW. (10.22) 


For a symmetric A and any u and w 


uAw = wAu (A= A). (10.23) 


The expression A,,2uUgW, is the bilinear form of ug and wg, the 
Aqgp being the coefficients of this form. We see from (10.21) and 
(10.22) that this form may be written in two ways, which differ in 
the order of the vectors and in transposition of the form matrix A. 
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We transform the vector v in (10.4) via a matrix B to get 


w = Bu= BAn. (10.24) 


Transferring to subscripts via the above rules, we have 


W, = B,,U, = By, Ajalty. (10.25) 


Ja‘ "a 


We put 
C=- Bal, C..=-B,,A (10.26) 


"ya “ ap" 


Clearly, vector w is derived from vector u by a linear transforma- 
tion via matrix C, which is termed the product of matrices B and 
A; (10.26) gives a definition of the product of two matrices. In 
general, BA ~ AB, so the product of matrices is dependent on the 
order of the factors; but in particular cases we may have 


BA= AB. (10.27) 
Then it is said that matrices A and B commute one with the other. 


We also see from (10.26) that the product of three or more matrices 
is associative: 


(AB)C = A(BC). (10.28) 


Transposition of both parts of (10.26) gives 


BA— AB. (10.29) 
From (10.28) we get for the product of three matrices that 
CBA =C(BA)= BAC= ABC. (10.30) 
Hence the result of transposing the product of any number of 
matrices is equal to the product of the transposed matrices in re- 


verse order; (10.29) shows, in particular, that if A=A, B=B, then 
this still does not imply that BA is a symmetric matrix, since 
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BA=AB BA. The product of two symmetric matrices will be a 
symmetric matrix only if these commute; any matrix commutes 
with itself, so any integral power of a symmetric matrix is also 
a symmetric matrix. For antisymmetric matrices the even pow- 
ers are symmetric, while the odd ones are antisymmetric. 


The matrix of the form 


i 26) 0 way, 04 
Oe TP Thane oan 
“10 0 | 0 (10.31) 
0 Or sca 


is termed unit matrix; its elements coincide with the values of 
Kronecker's symbol: EqgR@=6q8 (6ap=1 for w=, daB=9 for w <B). 
Any vector u is unaltered by multiplication from right or left by 
unit matrix:* 


bil Su, (10.32) 


The same is true for multiplication of any matrix A by unit matrix: 


EA= AE— A. (10.33) 


Hence multiplication by E in no way differs from that by one. Sim- 
ilarly, multiplication of any vector or matrix by a number k gives 
the same result as multiplication by the matrix 


R0Q...0O 1Q0o0...0 
ORO... O 010...0 
0O0erk...0;=kR|]0 0 1 O|—ekE. (10.34) 
000...k 000... 1 


A matrix such as (10.34) is called scalar. No distinction will be 
drawn between a number k and the corresponding scalar matrix. 
For example, the sum of a matrix A and a scalar matrix kE may be 
written as A+k instead of A+kE. 


Denoting the determinant of matrix A by | A|=|Aggl, we see 
that the matrix is not unique if | A] = 0. If |A] =0, the matrix is 


* Conversely, a matrix is unit matrix if it leaves a vector unaltered. 
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unique. The general theory of linear algebraic equations [16] indi- 
cates that system (10.1) and (10.2) may be solved for the ug (con- 
sidered as unknowns) if A is not unique; the ug are expressed 
linearly and homogeneously in terms of the Vy, Which may be put 
as 


U, == BaV,, w= By, (10.35) 


in which B is some matrix, which is reciprocal with respect to A, 
this being expressed by 


=] 
B= A. (10.36) 


Conversely, A is reciprocal with respect to B, i.e., A=B7!, because 
(10.4) serves to solve (10.35) for v. Hence 


(Aly) = A. (10.37) 


We should always remember that the matrix reciprocal to A exists 
when, and only when | A|# 0. Multiplying both parts of (10.35) by 
matrix A, we get, with (10.4), that 


ABv = Au =v. (10.38) 


This must be so for any vector v, as is clear from the derivation, 
so matrix AB does not alter any vector, and hence it is, by defini- 
tion, unit matrix: AB=E or AA~!=1. Here 1 has been written in- 
stead of unit matrix, as noted above. We may, from (10.36) and 
(10.37), also put B-7! B=1; these relationships are true for any 
matrices A and B that are not unique, and hence for any matrix § 
of this class we have 


-1_ erle __ 
SS: eS8 “S—1. (10.39) 


In terms of subscripts this is 
S.gSiy = Sis! Soy = Bay: (10.40) 


These relations may be considered as the definitions of S-!, whence 
we readily see that 


(AB) '=B'A™, (10.41) 
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In fact, (AB)(B-!A~') =A(BB!)A7!+ AA! =1. Similarly, it is easily 
shown that 
(ABC) '=C'B"A™, (10.42) 


etc. Hence the matrix reciprocal to the product of several matrices 
equals the product of the matrices reciprocal to the cofactors taken 
in the reverse order. Transposing both parts of (10.39), we get 
from (10.29) that 


rene 


(S)'=s"', (10.43) 


i.e., a matrix the reciprocal of the transposed one is obtained by 
transposing the reciprocal matrix. 


Suppose we perform a linear transformation of the basic in 
an n-dimensional space in which are defined the vectors u, v, w, ... 
and the matrices A, B, ..... This means that in place of one system 
of n linearly independent vectors we take another system of n 
linearly independent vectors, each vector in the second system be- 
ing a linear combination of the vectors in the first. To the linear 
transformation of the basis there corresponds a linear transforma- 
tion of the components of each vector specified in that space. A 
very important point is that the components of any vector undergo 
the same linear transformation on this change of basis, whose 
matrix we denote by 8. Let the components of u, v, w ... in the new 
basis be denoted by primes; then we have the following relations 
between the new and old components: 


, t ¢ 
Ug = Sq3l3, UV, = SipUa, wW,= S44W3, eee OLC., 


or in coordinate-free form* 
u’== Su, v'=Sv, w’=Sw. (10.44) 


Matrix S is bound not to be unique; if |S|=0, the various rows of 

S would not all be linearly independent, and this would mean that 

we had converted in n-dimensional space from n linearly indepen- 
dent vectors to a smaller number of other linearly independent vec- 
tors, which cannot be the basis of a complete space. 


* Note that u' denotes the same vector as u, but with other compo- 
nents referred to a new frame of reference. The prime to u in- 
dicates precisely this feature. 
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A change of basis must produce certain changes in any matrix 
A appearing in a relationship such as (10.1) or (10.2) (i.e., perform- 
ing a linear transformation of one vector into another); the matrix 
elements must alter. Denoting the new elements by primes, we 
may put vy, =A QB UB in the new basis, or 


ee Ur (10.45) 


Substituting from (10.44), we have Sv=A'Su, or multiplying both 
sides by S~/ (which is real, since | S| = 0), 


v=S 'A'Su. (10.46) 


A comparison with (10.4) shows that S-!A'Su=Au. The last is 
true for any u, so S-!A'S=A. Multiplying both parts of this 
from the left by S and from the right by S7!, and using (10.39), 
we get 


A’ = SAS", (10.47) 


This shows how the matrix is altered when all the vectors are af- 
fected by the transformation of (10.44). The conversion from A to 
A' in (10.47) is a congruent transformation; matrices A and A' are 
inversely congruent or equivalent. 


In a particular case, matrix A may commute with matrix S 
(SA =AS); then (10.47) [see (10.39)] becomes 


A’ == ASS"! = A. (10.48) 


Hence a matrix A that commutes with S is not altered by this trans- 
formation; conversely, if A'= A, we have AS=SA from (10.47) after 
multiplying from the right by S, so A commutes with 8. Hence 
commutation of A with S is the necessary and sufficient condition 
for invariance of matrix A with respect to the corresponding trans- 
formation of the basis. 


These properties relating to transformation of the basis have 
in essence been used already in section 9 of Chapter 1 indiscussing 
the elastic-modulus matrix for various crystals. 
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The sum of all the diagonal elements (the trace) plays a 
major part in many operations with matrices; the trace of A is 


denoted by At: 


At = Aja (10.49) 
Consider the trace of the product of two matrices: 
(AB), = (AB), = A,B, = B.A; == (BA),, — (BA),. (10 .50) 


This trace is independent of the order of the matrices, and from 
(10.50) we may put the trace of the product of three matrices as 
(ABC), = ((AB) C), = (C AB), = (BCA). (10.51) 


The following is true in general: the trace of the product of any 
number of matrices is unaltered by permutation of the factors. 
Further, the trace of a transposed matrix equals that of the initial 
one, because diagonal elements are unmoved by transposition: 


Ay = At. (10.52) 


An important property of the trace is that it is unaffected by 
a congruent transformation, such as (10.47); from (10.47) and 
(10.50), 


A, = (SAS™"), = (S7'S.AY = At. (10.53) 
Thus the trace is an invariant of the matrix in respect of any con- 


gruent transformation. This is the only invariant of a matrix that 
is expressed as a linear combination of its elements. 


The trace of a matrix sum is equal to the sum of the trace of 
the components, which is implied by the linearity of the trace: 


(A+ B),.=A,+ 8. (10.54) 


Multiplication of matrix A by a number k multiplies all the elements 
by k, including the sum of the diagonal ones: 


(kA), = RA. (10.55) 


The trace of an antisymmetric matrix is zero, because all diagonal 
elements are zero. The trace of the product of symmetric and 
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antisymmetric matrices is also zero; for, let A =A, B= —B; then 
(10.29), (10.50), (10.52), and (10.55) give 


(AB), =(AB), = (BA), =(—B A): = — (BA = —(AB). 


But (AB)+ equals itself with the sign reversed, so 


(AB), = A,,8,=0 (A=A, B=—B). (10.56) 


11. Three-Dimensional Tensors and Dyads 


The previous section dealt with vectors and matrices ina 
space with an arbitrary number of dimensions. Here we restrict 
the discussion to three-dimensional space, in which a rectangular 
cartesian system is used as basis. A vector in this space is re- 
presented by a directed part of a straight line, while the compo- 
nents of it are the orthogonal projections on the coordinate axes. 
A three-dimensional vector is denoted here by bold face, e.g., u, 
while the components are denoted by the same letters with latin 
subscripts, e.g., U= (Uj) =(Uy, Uy, Us). The components of a given 
vector are, in general, affected by reflection and rotation, the new 
components being expressed in terms of the old ones by linear 
homogeneous transformations. All transformations of components 
involving rotation or reflection have the property that the sum of 
the squares of the components (the square of the length) is unal- 
tered. Linear transformations of this type are called orthogonal 
transformations. Let S=(Sj,,) be the matrix of an orthogonal trans- 
formation; then the transformed components Wy are expressed as 
follows * 


Up = Syyty, 9 Ww == Su. (11.1) 
Orthogonality in S means that for any u the scalar square w = uj. = 
ULU;, is equal to the square ul” = uly. To find the condition imposed 
by this property on S, we substitute in ul? =u’ expression (11.1) for 
u'. This simple calculation may be done directly (without resort 
to subscripts); as we have seen in the previous Section, we should 
insure a suitable order for the quantities in a product subject to 


* Here and subsequently the prime in u' means that the components 
are primed: u'= (uj). 
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the condition that quantities standing together are considered as 
convoluted with respect to adjacent subscripts. Hence it would be 
wrong to write u'? as SuSu, since such an expression has no definite 
meaning. In fact, the first of the vectors u inthis has S adjacent to 
right and left, so from the basic condition of (10.6) it must be con- 
voluted with both. But u, being a vector, has only one subscript, 
when means that this is impossible. To write down correctly the 
direct form for u" we must first alter somewhat the form given to 
the first factor inu'. From (10.14), 


ul = Su = uS, (11.2) 


in which § is the transposed form of S. Then the orthogonality 
condition may be put as 


4 


a” =u! uw! = uSSa= uw? =ulu. (11.3) 


Here the 1 denotes unit matrix. The equality applies for all u, so 
we must have 


SS = 1. (11.4) 


This is the orthogonality condition for S; comparison with (10.39), 
the definition of reciprocal matrix, shows that an orthogonal matrix 
may be defined via the condition 


§ == $7) (11.5) 


Hence a transposed orthogonal matrix equals the reciprocal matrix. 
Then, multiplying by S from the left, we have that (11.4) is accom- 
panied by the condition 


SS == 1, (11.6) 


which, however, is not independent, because it is implied by (11.4) 
and (10.39); conversely, (11.4) follows from (11.6) and (10.39). 


We form the determinants of the matrices in both parts of 
(11.6). The determinant of a matrix product equals the product of 
the determinants of the matrices: |SS]=|S|-|S]. Further, ‘Sis 
IS| , and finally, the determinant of the unit matrix on the right is 
equal to one. Hence 
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JS[P=1, [S{— +1. (11.7) 


The positive sign in (11.7) corresponds to orthogonal transforma- 
tions termed pure rotations, while the negative Sign corresponds to 
rotation with reflection. 


An orthogonal second-rank tensor is a square three-line ma- 
trix whose elements transform as do the corresponding products of 
the components of two vectors in response to an orthogonal coor- 
dinate transformation. Let a= (j},) be a tensor; then, by definition, 
each of its components* aj; should alter as does the product UjVk. 
But (11.1) shows that uiv) =SjjujSknVp=SilSKnUlVp, SO 

== 5 .75,/0 (11.8) 


il~ kn in’ 


From (10.9), this may be put as 


=S, aS = (SaS),,. 


Ll“iIn~ nk 


or 
a’ = SxS, (11.9) 


But § is an orthogonal matrix, so from (11.5) 


ase SIS. (11.10) 


The definition of a second-rank orthogonal tensor accords with the 
general rule (10.47) for the transformation of matrices in response 
to change of basis. 


By analogy with the above, an orthogonal tensor of rank n 
may be defined as a set of 3% components ak, ky...Ky that for orthog- 
onal coordinate transformations behave as does the product of the 
components of n vectors, Uk ;Vk5-+-Wky- An example is the fourth- 
rank tensor for the elastic moduli Cj,jrn, (Chapter 1), whose com- 
ponents transform via the formula 


* A second-rank tensor is a matrix with a certain law of alteration 
for the components in response to coordinate transformations. 
The aj, are distinguished from the elements of a matrix by 
(usually) being called the components of the tensor. 
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Chem = Si Spe SS mm evr” (11.11) 


, 
ERbin 


which we have already used in (8.5). 


By definition, the product ujv, transforms as do the compo- 
nents of a second-rank tensor, so the set of quantities 


Arp —= U;UpR (11.12) 


may be considered as a form of tensor, which is called a dyad; far 
from all tensors may be represented as dyads, for if we put (11.12) 
in expanded form 


“VU, 4,U_ 403 
@ == (U;Vp) =| UV, UnVy gy |, (11.13) 


U,V, U3, U3V, 


we see that all rows (and columns) are inversely proportional, so 
this is a tensor of a very simple type; but it plays a basic part in 
the theory of tensors, because we shall see that any tensor can be 
represented as the sum of several dyads. 


We put (11.12) in the coordinate-free form 


Aa=U-U, Gp (UL - V);_, = UjV,. (11.14) 


If the point between u and v had been omitted, the general condition 
of section 10 would have made this the scalar product uv =ukvk, 
i.e., a pure number; hence the point in (11.14) plays a vital part, as 
showing that the components of u and v standing together are not 
summed with respect to identical subscripts but appear indepen- 
dently. We shall use this point in all cases where we need to stress 
the quantities (vectors, tensors, matrices) standing together are 
not convoluted with respect to adjacent subscripts .* 


* The point is used in the opposite sense in many works of refer- 
ence; here our point is disjunctive, in the sense that the quantities 
separated by the point enter independently, whereas many workers 
use the point as the symbol of convolution, i.e., an operation of 
combining together here denoted simply by putting the symbols 
side by side. For example, in [4] the scalar product of two vec- 
tors is put as u-v, while a dyad is put as uv. Convolution of two 
vectors with a matrix, as in the wAu of (10.21), would then be put 
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The u of (11.14) is the first (left-hand) vector of the dyad, 
while v is the second (right-hand) one; (11.13) shows that the sub- 
Scripts to the components of the first vector coincide with the num- 
bers of the rows in the tensor, while those of the second coincide 
with the column numbers. Transposition of a dyad is equivalent to 
permutation of the vectors in the dyad: 


Aaxu-VU=90 -t. (11.15) 
The trace of the dyad is 


a, == (U4 + 0), = U,V, = UV (11.16) 


and equals the scalar product of the constituent vectors. We have 
a=a if the dyad is a symmetric tensor, i.e., 


We multiply this equation scalarly from the left by any vector w such 
that wu 0 and wv ~ 0. In the present notation, the result of this 
multiplication is obtained simply by writing in w on the left in both 
parts of (11.17): 


WU - VU = WO: i, (11.18) 


Then wu and wv are the scalar products, i.e., numbers. Let 
wv/wu=k; then (11.18) becomes 


vo = ku. (11.19) 


Here k and u are put side by side (no point) because k (a pure num- 
ber) cannot be convoluted with the vector u. (11.19) shows that a 
dyad is symmetric only when the vectors in it are inversely pro- 
portional (collinear). 


asw-.A-u, etc. This notation is widely used, but its inconvenience 
is obvious. If we were to be logical, all products, e.g., the A'= 
SAS7! of (10.47) would have to be written as A'=S-A -S7!, because 
here we have convolution with respect to adjacent subscripts. 
Products with convolution are incomparably more common than 
dyads in vector-tensor relationships generally, so it would be es- 
sential (without any real need) to infect all formulas with spot 
plague. The relationships would then lose a great deal in com- 
pactness and legibility. My notationis free from these disadvantages. 
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Multiplication of (11.14) from the right by any vector gives a 
vector parallel to u: 


aw=—n-vw=—ku, kR=0WwW. (11.20) 
Hence multiplication by a dyad projects any vector on one particu- 
lar direction. A dyad is therefore called a linear tensor. 


The sum of two dyads gives a tensor of more general form: 
acu). gM) +1 yl). 9/2), (11.21) 


Multiplication of this tensor by any vector w gives 


aw =u). oy + yu). gay — kyu + kyu), (11.22) 


i.e., w is converted to a linear combination of the vectors u"!) and 
u”), But the possible linear combinations of two independent vec- 
tors define a plane parallel to these, so (11.21) is termed a planal 
tensor. Here it is supposed that the first vectors u) and u®) of the 
dyads are not inversely parallel, and that the second ones v") and 
v’) are also not parallel, i.e., are linearly independent. 


Consider finally the tensor equal to the sum of three dyads: 
aaa. gy) -- ul) . yl) — i) © g@B)— yl? . gl, (11 23) 


This reduces to (11.21) if there is a linear relation between the 
ul), or v(k); for instance, let u!) = kul!) + kyu), Then 


aul. gt ye). gy + (kia + kewl) - 9), (11.24) 


The scalar factors k; and ky in the dyad may be assigned to either 
of the constituent vectors: k(u-v)=ku-v=u-kv, so (11 .24) may be 
put as 


which is a planal tensor. Thus (11.23) gives a new type of tensor 
only if all the u(K) and all the v(K) are linearly independent, in 
which case (11.23) is called a complete tensor. 


The sum of four or more dyads in three-dimensional space 
does not give a tensor more general than (11.23), for in sucha 
space there cannot exist more than three linearly independent vec- 
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tors. All the first (or all the second) vectors of the dyads may 
thus be expressed as linear combinations of not more than three 
vectors; a calculation analogous to (11.24) and (11.25) shows that 
the sum of any number of dyads may be reduced to a sum of not 
more than three. This shows that (11.23) is the general expression 
for any second-rank three-dimensional tensor, though the repre- 
sentation of any tensor in the form of (11.23) is known in advance 
not to be unique, for any triplet of linearly independent vectors may 
be taken as the u(k) or as the v(K). The corresponding conversion 
merely requires us to express the uk (or the v(K)), as linear com- 
binations of the new vectors and then to group as one dyad all the 
dyads having the same first (or second) vector. Hence there are 
infinitely many expressions for any tensor as a sum of three dyads. 


12. The Levi-Civita Tensor and Its Applications 


Consider a third-rank tensor ©j,j having the properties 
G13 = 1s Set = — Ee = — ente- (12.1) 


The latter two equations imply also that ej, = — eikj, so the tensor 
is antisymmetric with respect to permutation of any pair of sub- 
scripts. This is unit completely antisymmetric tensor of the third 
rank, or the Levi-Civita tensor. It and unit tensor (the Kronecker 
symbol 6j) play a special part among three-dimensional tensors; 
the conditions of (12.1) imply that any component of this tensor is 
zero if it has two subscripts the same, so the 33-97 components 
are all zero except those with all three subscripts different, which 
are equal to +1 or -1, depending on whether 123 is converted to 
ikl via an even or odd number of transpositions,* so we have 


(12.2) 


E193 == 93, = &312 = 1, &g)3 == © 39 = &393 = — 1. 


The product of two Levi-Civita tensors may be expressed as 
follows in terms of the components of 6j, (unit tensor): 


erpReeimn — Oj °"lm +; a aca 


“ > 


= 6 6,6 (12.3) 


it” jmkn +64 Om Din el +953 pm%in x 310° jm kt — 319 jn em — Yim jirka 


* Transposition = permutation of two subscripts. 
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This may be demonstrated by considering the case when any two 
subscripts from ijk or from lmn coincide; the properties of Eijk 
show that this gives zero on the left. We obtain the same result 
on the right, since, for example, the first two rows of the deter- 
minant coincide for i=j, while the second and third columns coin- 
cide for m=n, and so on. Interchange of any two of ijk causes in- 
terchange of the corresponding columns of the determinant, while 
interchange in Jmn causes column interchange. The sign of the 
determinant is thereby reversed. Finally, from (12.1) 


On 62 «1g 
Cal, Gan @ 
Ey 932103 = | 99, 922 FQ 


63, 939 435 


Hence the two parts of (12.3) coincide for this combination of the 
subscripts, while both parts alter identically in response to all 
permutations of the subscripts, so equality always occurs. 


Let us put n=k in (12.3); 6j, has the properties Oe = 385 
OjkOkd = Gj: etc., which gives, after simple computations: 


0:1 Orn 
im meer 2im” jx — i Ss . (12 4) 


“ 
Crpreimk = 21; 


Convoluting with respect to the pair of subscripts j and m, we get 
Ei jes ja = 204). (12.5) 

Convoluting with respect to i and I, we get 
Cre ei pe = Si yp = | = 6. (12.6) 


The last result is obvious, for on the left we have the sum of the 
squares of all the Eijk: of which only six are different from zero 
and equal +1, as (12.2) shows. 


Consider €),, 04] @2m 3p» in which Qj; are the components 
of an arbitrary tensor. From (12.3) we have 


6 815 

ese! s 
“imu iF 2m%3n = Epma® 173% 4223, =| Sn 82 m3 | 11% 2m Fa: 
610 «8 


n3 
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We multiply the first line of the determinant by ayy, the second by 
Qom> and the third by O3n> O11 O11 = M115 6 ]2 O11 — W195 etc., SO 


Ay AyQ yy 


Epmn% 1% 9% 3 = Bo, Aq gg == la}. (12.7) 


231 239 «= ay 


Hence the Levi-Civita tensor allows us to put the expression for 
the determinant of any tensor in the form of (12.7). If in (12.7) we 
take a different sequence for the first subscripts of the tensor com- 
ponents (€.8., EJmn21A1m@3n), this leads to permutation of the 
rows of the determinant (here the first two rows), which gives 

+|a| or -|a| depending on whether the sequence of the first sub- 
scripts in aj,ajmakyp> i.e., (i, j, 2) is derived from (1, 2, 3) by an 
even or odd permutation. But ejjk gives us the required sign di- 
rectly, so we can replace (12.7) by the somewhat more general ex- 
pression 


ErmnXi1%jm% pn = [a Erk: (12.8) 


Now we can elucidate how the Levi-Civita tensor changes in 
response to orthogonal transformations of the cartesian coordinate 
system. By definition [see (11 8)] the ejj,, being the components of 
an orthogonal tensor, must then alter as follows: 


Ci jk = Sy SymSpentiunn (12.9) 


in which S is the matrix of the orthogonal transformation. Com- 
parison of (12.9) and (12.8) shows that 

Ei in = Slr yy: (12.10) 
In section 11 we saw that |S|=1 for pure rotations, so the Levi- 
Civita tensor is unaltered by such transformations. A process in- 
cluding reflection gives |S|=—1, and (12.10) shows that all compo- 


nents of the Levi-Civita tensor reverse sign. 


We multiply (12.8) by ejj_ to get a further relation defining 
the determinant of a three-dimensional matrix via the Levi-Civita 
tensor: 


(12.11) 


] 
|a| —~ 6 CR eimnait*jm@ Ra: 
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Multiplication of (12.8) by Eijs gives 


l 5 
oD © 1 js©imn™i1% jmF en = | o.| ORs: (12 12) 
Consider matrix @, whose components are of the form 
= l 
od eee Cris "1mntitsjm- (12 .13) 
Then (12.12) may be put as 
Ot antng = |2/ Sa5- (12.14) 
In coordinate-free form this becomes 
aa = |a|. (12.15) 


If w has a reciprocal (i.e., |a@| ~ 0), we multiply from the left by 
a! to get 
as=lalant, (12.16) 


The q@ defined by (12.13) or (12.16) is inverse (under multiplication) 
with respect to q; (12.16) is meaningful only for | wa] # 0, but all 
the properties of @ implied by this relation persist also for the 
general case, so we will use (12.16) widely in deriving various 
properties of the inverse matrix. 


The determinant of a matrix B multiplied by a number k is 
|k3| = |B]. (12.17) 
But | q@| is a number, so we have from (12.16) 
Ja} = Ja[3 fan] = fal?, (12.18) 


because | a” !| =| a@|~!, which follows from aq™!=1. The matrix 
inverse to the reciprocal one is given by (12.16) as 


aT fant (ay t= = a)", Ce) 


i.e., the operations of passing to the reciprocal and inverse ma- 
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trices are commutative. For q@, the doubly inverse matrix, we have 


a = |a| (a)! = Ja|* ja['a = Jala. (12.20) 


The inverse matrix of ka is 
ea == |Ra|(ka)"' =k |a| -a-! = ha, (12.21) 


From (10.43) we see that 
0 (12.22) 
The inverse matrix of the product of two matrices is given by 
(12.16) and (10.41) as 
af = |a8| (a8)"' = |8| 87! Jala’ = Ba. (12.23) 
Hence (10.41) applies, the rule for the matrix reciprocal to the 
product of two matrices. 


Also, (12.11) gives us the expression for the determinant of 
the sum of two matrices, which is of importance in what follows: 


Ja+ 8] = x Er jE imn (Git + Bit) (him + Bim) en + Ben 


Expanding the brackets and using (12.11), we have 
ja + Bl = Je] + |b) +41 +Ko 
in which 
kK, = z Ey je Etmn (41% jmBan HF tien jm + 2 jm%enPit): (12.24) 


and K, differs from K, by permutation of aw and. All three terms 
in (12.24) are equal, as may be seen by altering the notation for the 
dummy subscripts and using the properties of the Levi-Civita 
tensor; so from (12.13) 


! 7 - 
Ky a 2 Er jpEimnXitZ jm en = ree = (28),. 


Interchanging a and B we get K,=(Ba)t=(a@8)t. Finally 
Jz +B] = Jol + (3) + Bn + IBI- (12.25) 


The Levi-Civita tensor allows us to put the vector product of 
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two vectors as 
[UO], = E;p,4,U;- (12.26) 


This expression may be verified directly: [uv]q= €4k2 UkV] =€&123U2V3 
E 139UgV> =UpV3—U3V2. The right-hand side of (12.26) may be consid- 
ered as the result of multiplying a vector v by a second-rank ten- 
sor u*, whose components are defined as follows: 


UX = Ep Hy. (12.27) 
The properties of the ¢;,; make u* antisymmetric: 
Xa (12.28) 


The definition of (12.27) shows that the components of this tensor 
are expressed linearly and homogeneously in terms of those of the 
vector u. Tensor u* is termed the dual of vector u. In expanded 
form we have (12.27) as 


0 —u, Uy 
— lo uy 0 


Hence the Levi-Civita tensor allows us to relate any vector to an 
antisymmetric second-rank tensor, a relationship that is rever- 
Sible, since any such tensor (y= — ») may be expressed in terms of 
a vector u via 


] 
bi > EreiTie- (12.30) 


Expanding this, we get 
Hy = Tso Uo = Y13e 3 == Yor (12.31) 


Comparison of (12.29) with (12.31) shows that y=u*. The same re- 
sult is obtained if we multiply both parts of (12.30) by Emin: From 
(12.3) follows emin€ikl = — emni€kli = Oml9 nk7Smknl, So that 
emindi = (1/2)(SmJonk — SmkOng)y R= (1/2 Ynm)© Yinn? Since Ynm= 
Yn Comparison with (12.27) shows that YmnUinn, So (12.27) im- 
plies that 


Oe = TF Seti ir. (12.32) 
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The u=(uj;) defined by (12.30) is termed the dual of y; the operation 
is linear, as the definition implies, which means that 


(au + bv)* = au” + bo%™, (12.33) 


in which a and b are Scalar factors. 


The determinant of u* is zero, because ux is antisymmetric. 
The determinant of any matrix is unaffected by transposition, i.e., 
jux| =|] =|-u*|. But |ka| =k?}al, so |-uX|=(-1)?|ux| =— }u*], 
i.e., JuX|=—]ux|=0. These arguments are correct for any anti- 
symmetric matrix with an odd number of rows and columns, whose 
determinant is therefore zero. 


x 
Tensor u% allows us to put (12.26) as [uv]j=Ujlvj, or 


{uo] = uy, (12.34) 


This equality may also be considered as a definition of tensor u* 
dual to uif it is true for any v. Instead of (12.34) we may also put 


[wv] = uo. (12.35) 


Consider the product of the two matrices u* and v*. Using (12.27) 
and (12.4), we get 


ay xX — yXxanK — aa 
(u o ye a Ui Or, The": aT Thad bd =< 
(imp — Sinem) LRU = Villa — UAV ain (12.36) 
or in direct form 
uxuX—U-u - VU. (12.37) 


Multiplying both parts of this from the right by an arbitrary vector 
w and using (12.34), we get 


uso%w = u% [vw] = [4 [vw] ] = 9-uw—ou-w. (12.38) 


This is a proof for a double vector product known from elementary 
vector algebra. For the particular case v-u we have from (12.37) 


that 


uu ° “u— wu. (12.39) 
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The expression for the tensor dual to the vector product fuv|* is 
derived from (12.34) and (12.38). For any vector A 


(uv)X A= [[uv] A] = [A[va] ]—(@-a—u-0)A, 


SO 


(uv]X =0-u—Uu-9., (12.40) 


The product u*v*w%, of three tensors may be put in two ways: 
u*(vXwX) =(uXv*)w%* on the basis of the associative principle. 
From (12.34) and (12.37), 


uxoXwx = [uw] -0— UX -wo=—0- [uw] —ou:- w~%. (12.41) 


A useful formula is obtained by expanding the product of four ma- 
trices aX¥cXb*d*, which also can be put in two ways: 


a™ (c* 6%) d* = (a%c*) (0% a"). 
From (12.37) we obtain after simple steps that 


[ab] - [cd] = [ab] [cd)-+ad-c-b+6c¢-d-a—ac-d-b—bd-c-a. (12.42) 
In particular, 
[ab] - [ab] = [ab)?-+- ab: (a. 6+ 6-a)—a’?-b-b—6?-a-a. (12.43) 


Formulas involving vector products known from elementary vector 
algebra are 


[ab] (cd) = ac - bd — ad - be, (12 .44) 
[ab]? = a*b? — (ab)’. (12.45) 


eiisalaas (12.43), with (12.45), gives us for the particular case a=n,, 
b=n, nj =ng=1, nn) =0, that 


[1,1] + [any] = 1 —n,-n, — ny - ny, (12 .46) 


or 
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in which 
n,=([nyn|, nn,=d,, (1 k=1, 2, 3). (12.48) 


Formula (12.47) gives the expression for unit tensor in terms of a 
triple of inversely orthogonal unit vectors nj;.* 


Consider the expression for the tensor inverse to ux. From 
(12.13), (12.27), and (12.4) we get 


_ l 1 
~4 es os KK. a 
(u \ns = 9 © 1s mn” ii Un ae) ©1778 tet Re etmn® j pm" p 


l 
= 7 Gjx8s1 — 8718 gs) He Orp8ny — bray) 4p 


l 
=a (ub, —_ 58 7) (4)5n; — Un®4;) = Unt, 
or 
ux = u-tt. (12.49) 


Tensor a in a[uv] may be extracted from the vector product; 
from (12.13), (12.26), and (12.4) we can put 


as l 
(a [uv] ), = F i js©tmn% it jmEspq4 pg = 


+ 
= TE pmn Bip9jq — Piq2 pp) Vit jmp Vq = 


] 
= 5 Stmn (514, C70 go> Og {V gh pm) = Eymn (UA), (V4) 9 
or 
a [uv] —[ua, va] == (au, av). (12.50) 


For aw symmetric or antisymmetric 


a[uv] =-[2u, av] (a= £4). (12.51) 


If w is such that | a| #0, we can, from (12.16), put (12.50) as 


qn! [uo] = [au, av). (12.52) 

* The subscript to the quantity in bold type, nj, serves to distinguish 
the vectors; it should not be confused with the subscript to the 
same letter in ordinary type, which serves to distinguish com- 
ponents of a single vector n. 
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Here we put a /=8, a=87', 1/|a| =| BI, to get from (10.43) 


8B (uv) = |8|[6-'w, B-'o]. (12.53) 


In section 11 we noted that a general tensor may be expressed 
as the sum of not more than three dyads; now we show that any 
tensor q@ can be represented as the sum of three dyads, in which the 
first or second vectors may be three arbitrary linearly independent 
vectors a, (kK=1, 2, 3). We introduce the three vectors 


— __ Exim [G14 pn] * 
* 2a, [a2a3] Cavaay: 
or 
a, — 1a) | ay = atu) a, = 1e8e) | V=a, [@,a,]. (12.55) 


The independence of the a, implies that V=aj;[a.a3] #0. It is 
easily seen that 


@,Q, = 8p). (12.56) 


We call the triplets ay. and a, inversely reciprocal one to another. 
Let 


2A, -- 0,3 (12.57) 


then tensor q may be put as 
a—=b,-a,=6,-a,+ by: a, +-b;: a3. (12.58) 


In fact, (12.56) implies that waj =b;, - aja7 =by.d.7=by, as (12.57) 
Shows should be the case. Only one tensor can satisfy (12.57); if 
there were another tensor q' such that a'ay=b] , we would have 
(a—a')az =0 for 27=1, 2, 3; but in that case the tensor a—a' would 
give zero on multiplication by any vector, because the latter can 
always be put as a linear combination of three independent vectors 
ay. But a tensor that gives zero on multiplication by any vector 


* (12.54) remains true if a, and a, are interchanged. 
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must itself be zero,* so there is only one tensor that satisfies 
(12.57). 


If we use the same a, to define vectors bk via 


0, = Oy. (12.59) 
then we get, instead of (12.58), 


ae Op: (12.60) 
If @=a, then bj. =by. 


Hence any tensor may be put as the sum of not more than 
three dyads, in which the left-hand (or right-hand) vectors may be 
three arbitrary linearly independent vectors. 


(12.47) gives a representation of unit tensor as a sum of dyads 
constructed from three inversely orthogonal unit vectors, while 
(12.58) and (12.60) imply that unit tensor may be represented via 
any three linearly independent vectors a,. It is sufficient to put 
a@=1 in (12. 58) and (12.60) in order to find these representations; 
then bk =bi = a; and we get 


l=, -G,=G,°Q,, (12.61) 
or, in expanded form 
p me 21 [2243] + 4p [2301] + aa: [4142] (12.62) 
= a, [a2a3] 
since 
a [243] - a, -+ [a3a,)-a2-+ [a,a3)- a3 ; (12.63) 
a, {a2a3) 


As for (12.25), we can obtain an expression for the tensor in- 
verse to the sum of two tensors qa and £; from (12.13) 


(2 (0+ Bas= eins (a1. Pi) (8 ten B im) 


*We consider here for simplicity vectors and tensors that are 
zero, whereas it would be more accurate to speak of zero vec- 
tors (vectors all of whose components are zero). 
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expanding and using (12.3), we get simply 
a-G=a+6+aR-+Pa—a6 —PataPr—(apn. (12.64) 
Hence we have 
(a 8) = ar + Br arB, — (@Pr- (12.65) 


We multiply (12.64) from the left by a+fand get (12.25) on the left, 
in accordance with (12.15); comparison with the result of multiply- 
ing the right-hand side of (12.64) by a+ gives us the identity 


(a? — o,2)(8 — Br) + (a8 — (aB)_) «+ Ba —(B2), = 0. (12.66) 


Multiplication by a+ from the right gives us the analogous iden- 
tity 


(8 — By) (a? — aa) + (a8 — (aB),) @ + 28 — (af) == O. (12.67) 


We saw in section 11 that all tensors fall into three groups: 
linear (dyads), planal (sums of two dyads), and complete (sums of 
three independent dyads).* The following are some properties of 
these types. The determinant of the dyad of (11.13) is zero, be- 
cause all the rows and columns are proportional; (12.13) readily 
shows that the tensor inverse to the dyad is also zero. This is also 
clear from the fact that (12.13) shows that the components of the 
tensor inverse to @ are proportional to the second-order minors 
of tensor a, while all such minors of the dyad a:b are also zero, 


because the rows and columns are proportional one to another. 
Thus 


ja-b|==a-6=0. (12.68) 


It is also clear that, conversely, if the tensor inverse to some ten- 
sor a is zero, then a itself is a simple dyad: 

a=a-b for a=0. (12.69) 

Any planal tensor may, as shown in section 11, be represent- 


ed as w~=a,‘b; +a -b; (12.25) and (12.68) give 


* Dyads are considered as independent if the left-hand vectors are 
linearly independent, as are the right-hand ones. 
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yb ay by 0, (12.70) 
In turn, (12.64) gives 
a,-6,+-a,-6,=a,- b,a,- 6, +-a,- bya, - 6b, —a,b,-a,-6,— 
— a,b, +a, - b, + 4,6,» a,b, — (a, - ba, - by),. (12.71) 


The bya in the last term is a scalar and may be extracted from the 
trace, which gives b,a)(a; - b))¢=bja, - a,b), while (12.44) gives the 
last two terms together as equal to [b,b,] [aja.]. Comparison to the 
right side of (12.71) with (12.42) gives 


Hence the tensor inverse to a planal one is a dyad. The important 
conclusion may be put in a somewhat more general form: 


a-a-b for |a|=0, (12.73) 
The conditions |w~|=0 and a = 0, from (12.68), define a planal ten» 
sor. 
A complete tensor is 
a= 4,-6b,=a,- 0, + a,- b,+ ay: by, 

(a, [a,a,] # 0, 6, [0,63] # 0). (12.74) 
The conditions of completeness are given in parentheses and 
amount to linear independence of all left-hand vectors in the dyad, 


as well as of all right-hand ones. The determinant of q is found 
from (12.25), (12.68), (12.70), and (12.72) as 


jz] = |(a@, - 6, + @2- 0)) +3 + 63|=((a, + 0,4 ay 62) a3 + O3), = 
== ([0,03| - [@,@] a3 - 63), = a, [@,@,] - 0, [6,65]. (12.75) 


But | a| #0, so a complete tensor is not unique (in the sense of sec- 
tion 10); conversely, | a| #0 is the necessary and sufficient condi- 
tion for completeness in tensor qa, i.e., for the possibility of re- 
presentation in the form of (12.74). As for any such tensor, the 
complete tensor q@ has a reciprocal a~', which may be put as 


at == 0, ‘ay (12.76) 
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in which b/ and 2) are given by (12.54) and are the vectors recipro- 
cal to the bj, and ak, respectively. Multiplying the @ of (12.74) by 
the w~! of (12.76) from the left and right, and using (12.57) and 
(12.61), we get 


alg = B, Oa, - b, = b, : b,== l. 


The tensor inverse to the complete tensor q@ of (12.74) is most sim- 
ply found from (12.16); (12.75), (12.76), and (12.55) give 


a+ b,-+ a, - bo + a3: b,= 


== [0,63] - [@,43] + [635] - [a,a,] + [6,5] - [a,a,]. (12.77) 


This general formula gives (12.72) a;=0 (or b,=0); a consequence 
of (12.68), (12.72), and (12.77) is that the tensor inverse to a cer- 
tain tensor never can be planal; if it differs from zero, it must be 
a linear tensor or a complete tensor. 


13. Eigenvalues and Eigenvectors 
of a Second-Rank Tensor 


The unit tensor is the sole second-rank tensor which, when 
multiplied by any vector, leaves it unchanged; any other second- 
rank tensor @ on multiplication by a vector a gives another vector b 
which in general differs froma: @a=b,b= a. But, no matter whata 
may be,* there are always several vectors (or at least one) that on 
multiplication by q@ will retain the same direction and change only 
in length. For such a vector the multiplication by the tensor is 
equivalent to multiplication by a number. Let u be a vector with 
this property with respect to a tensor q@; then we have 


au = hu, (13.1) 


in which Ais some number. In components this is 


Oj gly == Au). (13 .2) 


The u that satisfies (13.1) is an eigenvector (principal vector) of 
tensor a, while A is the corresponding eigenvalue (principal value, 


*We assume that 0 #q@<#1. 
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number) of tensor q@. The directions of the eigenvectors are called 


the principal axes of @ The main terms to be used here are eigen- 
vector and eigenvalue. 


The equation (a~—A)u=0 of (13.1) is a system of three linear 
homogeneous equations in the components of the vector u= (u,) 
having the matrix a@—-A =(Wik~A6j},); for the system to have a so- 
lution u# 0 it is necessary and sufficient that the determinant of 
the system be zero, i.e., that 


kA —a| = P(A) =0. (13.3) 


This is the characteristic equation of the matrix q, while the poly- 
nomial P(A) is the characteristic polynomial of matrix @. Formula 
(12.25) allows us to write a general expression for this polynomial 
for a three-dimensional tensor ~. Here we must remember that 
the number A (see section 10) should be considered as multiplied 
by unit tensor. Then |A|=A°, A=A? [see (12.21)] and 


P(j)= |A—al =M— a? +a A — |a| =0. (13.4) 


A very important feature is that this polynomial does not alter in 
response to any congruent transformation S as in (10.47). Let 

a" =Sqs'}; we can always replace A by Sasi, so | A-a'| = 
Isa-a)s'|=|S| -|a-al -|S7|=|a-al, and the polynomial is 
invariant with respect to all congruent transformations. This 
means that the coefficients a,, a4, and | a| of that polynomial are 
also invariant in congruent transformations; they are sometimes 
called the first (aj), second (a), and third (| q@|) invariants of the 
tensor q@. 


There are always three roots to the cubic equation of (13.4), 
including perhaps coincident ones. These roots are the eigenvalues 
of tensor aw. It can be shown that each of the distinct roots of the 
characteristic equation A =A, corresponds to at least one eigenvec- 
tor u that satisfies (w—A,))u=0; now | a—A | =0, so the tensor 
(w—Ay) may be either planal or linear (section 12). In the first 
case, (12.73) shows that ~w—-Ayj=a-b# 0, while (12.15) gives (@—A 9) 
(a—-2Ao) =(@—Ap)a-b=|a—-Ay|=0. Let c=(a—Apo)a; then c -b=0. 

The definition of (11.13) shows that a dyad may equal zero only 
when the left-hand (or right-hand) vector is zero; but bz 0 and 
ax 0, otherwise we would have ~a—A,=0, which means that 
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c=(a—A,)a=0, i.e., u=az0. Thus we may, from (12.73) consider 
that if 


ja —A,| = 9, a—i, #0, (13.5) 
then 
a—)h,—Cu- Bb, (2—),)4a=0, (13.6) 
with 
_ (a—Ao)t 
C= (13.7) 


We can assume that b=u and u’=1 for a symmetrical matrix a, 
and subject to (13.5) 


a—Ay 


(a — ho)t a \ 


u“-u 


In the second case (tensor @w—Av, is linear), the tensor equals 
the dyad:* qa@—A,=a-b#0. In that case any vector u orthogonal to 
b (ub=0) would be a solution to (13.1), i.e., there are infinitely 
many such vectors, so from (12.69) we have that, if 


Ja— A. | =0, a—A, = 0, a—A, =a - OD, ab = (a—Ay)t. (13.9) 

then 
(a —-),)u=0, sb=—0 (13.10) 

and 
aa=(i, +a: b)a= (hk, + ab)a. (13.11) 


For a symmetrical matrix qw and subject to the conditions of (13.9) 


a—h=Ca-a, a?’=1, C==(2 -dh (13.12) 
and 


(a—Aj)u=0, uwa=0; sa—(y-+C)a. (13.13) 


*If ~—A,=90, tensor @ would differ only by a factor Ay from the 
unit tensor, and (13.1) would be satisfied by any vector u. 


EIGENVALUES AND EIGENVECTORS OF A SECOND-RANK TENSOR 69 


This shows that (13.1) always has a solution u = 0, so any tensor 
a must have at least one eigenvector. It also shows how the eigen- 
vectors may be determined if the eigenvalues are known. 


In general, the root of (13.4) (eigenvalue) and the eigenvec- 
tor may both be complex; the latter may be put as u=a+ ib, in 
which a and b are ordinary real three-dimensional vectors. How- 
ever, in this book we consider principally real eigenvectors and 
real eigenvalues, because the stress and deformation tensors are 
real symmetric tensors, and these can readily be shown to have 
only real eigenvalues. For example, let @=a and a@* =a, in which 
the asterisk denotes the complex conjugate. We multiply (13.1) 
from the left by the conjugate vector u*; all operations with com- 
plex vectors are, without exception, the same as those for real 
vectors, the only difference being that the components are com- 
plex numbers. Hence we get 


u’au = hau. (13.14) 
The complex conjugate of this equation is 


uzu* = Mun. (13.15) 


Now @ is a symmetric matrix, sou*qu=uqu* from (10.23). The 
scalar product of two vectors is independent of the order of the 
factors, so u*u=uu* ; hence comparison of (13.14) with (13.15) 
gives A=A*, i.e., the eigenvalues are real. 


The eigenvalues of a real symmetric matrix appear linearly 
and homogeneously in (13.1), so they are defined apart from an 
arbitrary factor, which may be taken as complex; but if a= a=ax*, 
all the eigenvectors of a may always be taken as real, which is 
clear from the fact that the eigenvectors are determined from the 
dyad ~@—A,)=a-b, since w—Ay)=a-b, and these are real, because 
w and Ay are real. 


Appropriate choice of factor enables us always to make a 
real eigenvector a unit one; in fact, if uw = 1, then the vector u'=Cu, 
with C=1/V wu, is a unit vector (u'? =1). Reduction of the length of 
an eigenvector to unity is called normalization, and the resulting 
eigenvector is said to be normalized. 


Let the eigenvectors u,; and uw, of a real symmetric tensor 
a belong to two distinct eigenvalues A; Ag: 
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We multiply the first equation scalarly from the left by uy, the sec- 
ond by u,, and subtract the second from the first. The tensor q@ 1s 
symmetric, SO U,@U, =U, WU, (10.23), , and we get (Ay—A,)uyu,= 0. But 


Ay # Ag, SO 
uu, = 0. (13.17) 


Thus the eigenvectors of a real symmetric tensor are orthogonal 
if they relate to different eigenvalues; hence that tensor has three 
inversely orthogonal eigenvectors if all the eigenvalues are differ- 
ent, and we may always take these vectors as unit ones, which may 
be used as a coordinate system called the system of principal axes 
of the tensor. We denote by ej; this triplet of orthonormalized (or- 
thogonal and normalized) eigenvectors: 


There is no summation with respect to i on the right in the first of 
these equations, although this subscript occurs twice. On the other 
hand, the need for this comment drops out if we note that this sub- 
script occurs only once (i.e., is free) on the left, because a sub- 
script must have the same character in both parts of an equation. 
The ej are uniquely defined by (13.18), because multiplication of 
any one of them by -1 leaves the equations still true, which means 
that any of the e; may be given either of two inversely opposite di- 
rections. Thus we may always choose the e; to satisfy 


[2,2] = 3. (13.19) 


In that case the coordinate system will be right-handed. We can 
now use (12.58), which defines a tensor from the result of multi- 
plying it by three linearly independent vectors. We have from 
(12.54), (12.55), (13.18), and (13.19) that ay, =a = ek, by, =A, ex, 
€,[€,€3] =1, so 


@ == Dy - By =e, + Oy + Ag€g - Co Agey - C3. (13.20) 


If we take the e; as the axes of a coordinate system, we have e, = 
(1, 0, 0), €g=(0, 1, 0), e, =(0, 0, 1), the components of the vectors 
being given in parentheses. We expand the dyads in accordance 
with (11.13) to get the following matrix expression for a tensor a: 
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0 0 
ho 9 |. (13.21) 
0 Ay 


This form for the tensor (matrix) is termed diagonal. The tensor 
takes a diagonal form (is diagonalized in the set of principal axes), 
and the diagonal elements equal the eigenvalues of the tensor. 


Consider now the case of two coincident eigenvalues for a 
real symmetric tensor, e.g., A; =A); then (13.20) gives 


¢ hy (é, ’ é, to 5 ; C5) +h 33 y ey (13.22) 


or in matrix form in the system of principal axes, 


h, 9 0 
a=(0 ih, O 
0 O A, 


It is readily seen that any vector that is an arbitrary linear com- 
bination of the vectors e,; and e, (u=a,e, +a, e,) is an eigenvector of 
(13.22) for the eigenvalue A,; any vector lying in a plane parallel to 
e, and e, remains collinear with itself on multiplication by tensor 
OO. 


Finally, all three eigenvalues of a real symmetric tensor may 
coincide: A, =A, =Ag =A; then from (12.47) and (13.20), 


a=A(@,-@, + @o° p+ 63° @3) = Al =A, (13.23) 
Here qa is a multiple of unit tensor. 


The tensor of (13.22) may be put in more compact and con- 
venient form by the use of (12.47). Adding and subtracting Aj, - es 
on the right, we get 


a ==, f(g — Ay) 5° Co. (13.24) 


This representation clearly distinguishes the direction of eg, all 
directions perpendicular to this being equivalent. Hence if the 
tensor of (13.23) may be termed isotropic, that of (13.24) may be 
termed transversely isotropic; we shall also call it uniaxial [17], 
because in it there occurs a unique direction (axis), namely es. 
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The general real symmetric tensor of (13.20) may be put in 
a different form, which is very convenient and useful. Leta, < A2 < A3; 
on the right in (13.20) we add and subtract A 2(e; - €; + €3 - 3) to get 


a == hy + (hg — Ag) Oy + Cy — (Ag — A) 1 > A 1- (13.25) 


We introduce the scalars 


fis = / a 13.26 
b= | hg — hy . by =| hg Ay me ; 


and the vectors 


c’=k,e,+ ke, = ke, — 2A), (13.27) 


with e'’=c"=1. It is readily verified that these allow the tensor 
of (13.25) to be put in the form 


eee Oe en (c'-c’ +c’-C’). (13.28) 


The tensor of (13.24) is now found as the particular case c'=c" =eg. 
The vectors c' and c" sometimes have a definite geometrical or 
other significance, the decisive feature being the quantity charac- 
terized by the tensor a [9,17]. We call c' and c" the axes of the 
symmetric real tensor q@ (not to be confused with the principal 
axes), and the general real symmetric tensor q@ of (13.20) or (13.28) 
is correspondingly called biaxial. 


Real symmetric tensors may be divided into three groups in 
accordance with the relations between the eigenvalues: 


1. Isotropic (multiples of unit tensor): 


a= a. (13.29) 


2. Uniaxial (transversely isotropic): 


a=a+he-c C=. (13.30) 
3. Biaxial: 
a=a+tb(ce’-c’+-c’-c’), eer = 7. (13.31) 


These tensors are very frequently encountered, so a list of 
their properties is given in Table II, including the eigenvalues and 
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eigenvectors, invariants, and expressions for the mutual and re- 
ciprocal tensors. The last column gives the corresponding data 
for the tensor in the form of (13.20). One consequence clear from 
this is that the trace equals the sum of the eigenvalues, while the 
determinant is the product of the eigenvalues. The invariant a; 
is the sum of the products of pairs of eigenvalues. 


The following is an interesting theorem for the case ofa 
three-dimensional tensor. In (12.15) we replace a byA-—a@ (A an 
arbitrary number), considering that expression as a definition of 
the inverse matrix: 


(A — a)(A —a)= |A— al. (13.32) 


The inverse tensor A— @ may be calculated from (12.64), from 
which we get by simple manipulation 


a—A=h—aSh-t Ata — a) 42. (13.33) 


We substitute this expression into the left-hand side of (13.32) and 
multiply out, while the right-hand side we rewrite from (13.4) as 


13 — da, + Ala —a(a — 3,)] — [2 =: )3 — a,d?-+ ah — |a|. 


This is an identity, because it is true for any number A and tensor 
q@; it implies that 


a — a, ==2(2— 24). (13 .384) 


Multiplying both sides by a and transferring everything to the left- 
hand side, we have 


a? — aa? +- ay = ja| = 0. (13.35) 


Comparison with (13.4) shows that the difference lies in the replace- 
ment of A by a, which transforms the numerical characteristic 
equation of (13.4) for the tensor a to the matrix identity (13.35). 
This is the proof of the Hamilton- Cayley theorem for the case of 
three-dimensional matrices; the theorem states that any matrix 1s 

a root of its characteristic equation, and it applies for a square 
matrix of any order (8]. 


(13.35) shows that any matrix a in three-dimensional space 
satisfies an equation of third degree, so any power of it may be 
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represented as a linear combination of a’, a, and a scalar matrix. 
However, it often happens that a matrix satisfies an algebraic equa- 
tion whose degree is lower than that of the characteristic equation. 
The minimal equation is the algebraic equation of lowest degree 
satisfied by matrix qa, while the polynomial on the left in that equa- 
tion is the minimal polynomial. Consider that polynomial for the 
uniaxial tensor of (13.30) as an example. It is readily seen that 


(1 — a)? = 2 (€ - cP = be -c=b(a— a), 


and so the equation 


a2-— (2a-+ b)a+ a(a+ b)==(a—a)(a—a —b)=0 (13.36) 


is the minimal equation for a uniaxial tensor. The minimal poly- 
nomial in this case is of second degree, whereas the characteristic 
polynomial for the matrix is | A-a|= »° — (3a +b) A? +a(3at 2b)A — 

a’ (a+b) {see (13.4) and Table II], which is of third degree, as for 
any three-dimensional matrix. The minimal polynomial is w—a=0 
for the isotropic tensor of (13.29), i.e., is of first degree. The de- 
gree of the minimal polynomial can never exceed that of the char- 
acteristic equation; in addition, all the distinct eigenvalues of the 
matrix are obliged to be roots of the minimal polynomial. 


Taking the trace of both parts of (13.34), we get the useful 
relation 


a, = > ((%,)? — (22): (13.37) 


A real symmetric tensor @ is used to construct the quadratic 
form 


A= ULM = U0 jpltp- (13.38) 


The numerical value of A may increase without limit if the length 
of u can do the same. We restrict the length of u by the condition 


ur, (13.39) 


which represents a sphere of unit radius in the space of u. Then 
Weierstrass! theorem [11] indicates that A, being a continuous 
function of the variables (uy, Us, U3) that vary within a bounded 
closed region, must attain its greatest and least values within that 
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region. To find these extremal values of A we use Lagrange's 
method of finding a local extremum and construct the function | 
F=A-A (u’—-1), in which A is an undetermined Lagrangian multi- 
plier. We equate to zero the derivatives of F with respect to the 
uy: 


OF 


4) 
reed lathe oe — (aj — l\ |= 


= 8) jp et ein des — 128, = 2 (Aj_4_ — AU) =O. (13.40) 
This calculation may also be done by the direct method (without 
resort to subscripts) if we use the derivative a /du with respect to 
a vector u, which for a scalar B is a vector whose components are 
equal to the derivatives of B with respect to the corresponding 
components of u, i.e., 


8 =(F). (13.41) 


The rules for an ordinary derivative are applied when 8/ éu is 
formed for an expression in which a scalar product of u appears; 


e e O 
since 2. x?=2x, then oy on. Similarly, =- aau=an-+ 
OX Ou ou 


+ pa=2an, if a =o (see (10.17)]. Hence 

OF _ 

Fy = 2 (au — hu) = 0, (13.42) 
which is equivalent to (13.40); but (13.42) is simply (138.1), the 
equation for the eigenvalues and eigenvectors of tensor a. We 
multiply (13.42) scalarly by u and uSe (13.39) to get that 


uate =. (13.43) 


The extremal values of A=uqu subject to u’=1 are thus equal to 
the eigenvalues of the tensor A, so A=uaqu has its absolute mini- 
mum on the sphere u’ =1 for the least (A;) of the three eigenvalues 
Ay Ap =Az Of tensor a, while the largest (A3) of these gives the 
absolute maximum of the form under the same conditions. The 
corresponding eigenvectors u, and u, define the points on uw’ =1 at 
which A has those values. 


As regards X», it can be shown that it gives a minimum in A 
if ue =1, uu, =0 or a maximum if vw =1, uu, =0 [3, 11]. 
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The physical properties described by a tensor are often 
characterized in terms of tensor surfaces. The equation of such a 
surface for a tensor q is 


rer == 1. (13.44) 


This is a surface of second order. We introduce the unit vector n 
having the direction of the radius vector: n=r/|r|, n°?=1, in case 
(13.44) may be replaced by 


(13.45) 


This gives the length of the radius vector as a function of direction; 
if nan becomes zero for certain n, then | r| =~ for these directions, 
and the surface has infinitely remote points. But nan never be- 
comes zero if @ is a positive definite tensor, so the surface of 
(13.44) is finite. An ellipsoid is the general surface of second de- 
gree having all of its points at a finite distance from the origin, 
and hence this is the tensor surface for such a tensor in the gen- 
eral case. Taking tensor q in the form of (13.20) and putting rej; = 
x;, we get from (13.44) that 


hx? dyad hyx? = I. (13.46) 


Comparison with the canonical equation for an ellipsoid, 


2 2 
ait pr ee (13.47) 


shows that the semiaxes equal the reciprocals of the square roots 
of the eigenvalues: a= 1/VA4: D=1/V)\.-e= 1) Va while the directions 
of the principal axes of the ellipsoid coincide with those of the ei- 
genvectors of tensor ~. Two eigenvalues coincide for the uniaxial 
tensor of (13.30); in that case, the tensor surface is an ellipsoid of 
rotation, while the c appearing in (13.30) is the axis of the ellipsoid. 
Finally, the tensor surface is a sphere for the isotropic tensor of 
(13.29). Differential geometry shows [28] that a surface given in 
the form f (xj) =C has the vector N of the normal to it parallel to 
the vector for the gradient of f: 


of 


18 ELEMENTS OF LINEAR ALGEBRA AND DIRECT TENSOR CALCULUS 


or in direct form 


N=kSL. (13.49) 
f 


Applying this to (13.44), we find that the vector for the normal to 
that surface is given very simply by 


N\ler. (13.50) 
14. Tensor Relations ina Plane 


Covariant tensor relations analogous to those above may also 
be derived for two-dimensional space (a plane); some of these do 
not differ in form from those considered above, but many become 
much simpler. In this section I present some of the basic formu- 
las of direct tensor calculus for a plane, which will be used later 
on (Section 24 and elSewhere). 


Firstly we note that nearly all of the results of section 11 
may be transferred to the case of two dimensions; there are some 
obvious changes due to the reduced number ofdimensions. For in- 
stance, (11.13) will become for a two-dimensional (planar) dyad 


_ UV, Ly V> 
+0 =(u;0,) = . (14.1) 


UV, UnVo 


A general tensor in a plane may be represented as a sum of two 
(not three) dyads: 


== UW,» UV, + My: Vo. (14.2) 


This allows us to use nearly all the relationships of section 11 for 
the two-dimensional case. 


On the other hand, the relationships of section 12 are much 
altered. Unit antisymmetric tensor ¢}; in the plane is of second 
rank, in accordance with the number of dimensions, and is defined 
by 


It resembles any second-rank tensor, and differs from fil» in 
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that it may be represented via a square matrix: 


na 14.4 
=(_) 4): (14.4) 


— 8119 en —_ 6 nok! ’ (14.5) 


in which 6, is the two-dimensional Kronecker symbol. In all the 
relations in this section we assume summation with respect to the 
repeated subscripts, but within the limits 1 to 2; hence 6,,.=2, 
although, as before 63;,6,7 =6ij.. Then, convoluting the subscripts 
in (14.5) either partly or completely, we have 


a, = 
pene — Of EteEig = Ete = 2. (14.6) 


These are the two-dimensional analogs of (12.4)-(12.6). It is 
readily seen that, by analogy with (12.7), 


21, M9 


SRV 2k = F122 ek Ay) 2o9 =|¢| (14.7) 

and from (14.5) that 
Ent iten = 1%&re: (14.8) 
Ja, = 5 Eel n Aten: (14.9) 


We multiply (14.8) by ej> and use (14.5) and (14.6) to get 
€1sE Aten == (4 Ops- (14.10) 
By analogy with (12.13) we introduce the matrix 
ny = Ej EnPut (14.11) 
which from (14.10) satisfies (12.14)-(12.16): 


ay, On, =Jald,, a¢=lal. a=lalan}, (14.12) 
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the last of these being meaningful for |w~|#0. The @ tensor of 
(14.11) is termed inverse (under multiplication) with respect to the 
two-dimensional tensor a, by analogy with (12.13).* 
If k is a number, relationships true for two-dimensional ma- 
trices are 
Jea|==R?[2|, kz=kx, fo] =|2], (14.13) 


oe, Gee, eee, ae 


which are derived as for (12.17)-(12.23). We use (14.5) in (14.11) 
to get 


Cs = (81195 — Orn st) 7 1815 — Gas» (14 Al 3) 
or 
@== a; — a. (14.16) 
This implies that 
Oy == 2ay — Oy = at. (14.17) 


We multiply (14.16) by @ and use (14.12) to get 
[x] aa = ac— aya — a’, (14.18) 


Taking the trace, we get 
|o| = + ((ay)? — (2?);). (14.19) 


Then | q@| in two-dimensional space may be represented by for- 
mula (13.37), which expresses a; in three-dimensional space. 


We apply (14.16) to the sum of the two-dimensional matrices 


* The concept of inverse matrix is applicable for a matrix of any 
order: matrix A inverse to A has as its elements Aik the alge- 
braic complements of the corresponding elements of the trans- 
posed matrix A [16]. 
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qa and B: 
a+ B==a-+ B=a,+ 6, — (a+). (14.20) 


This simple expression replaces the cumbrous (12.64) in the two- 
dimensional case. If Bis a scalar matrix (number) k, we have 


at+k=or—a+k=a-tk. (14.21) 
We multiply (14.20) by a+ and use (14.16) and (14.18) to get 
Ja +B] = Car + Br) @ + B) — @ 4-8) = Jof-++|B{+ a8 + Ba. (14.22) 


Hence a8 +Ba=|a+8|- |a|—|8| is always a scalar in two dimen- 
sions. Taking the trace of the latter matrix equation and using the 
result of (14.16), 


(a8); = (Ba); = o,8; — (@B)r, (14.23) 


we get that 
Ja + 8 |=[2|+- 18] + (28), =|o|-+-18)+ a8: — (Be. (14.24) 


This differs from (12.25) only in the absence of the term (wB)t- 


The characteristic equation of a two-dimensional matrix a 
is given by (14.24) as having the following form [compare (138.4)]: 


1, — 2/2? — ah + |a|=0. (14.25) 


The Hamilton-Cayley theorem (section 13) indicates that replace- 
ment of A by a should give a matrix identity; (14.18) shows that 
this is so. From (14.25) we have [see (14.19)] the eigenvalues of 
an arbitrary two-dimensional tensor as 


+V sr —4}a + V 2(2° sam 2 (14.26) 


From (14.16) and (14.18) we have for the dyad tensor a -b that 


a-b=ab—a-b, |a-b|=0 (14.27) 


and from (14.24) we have for the general case of any tensor a= 
ay: b, +A: by that 
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\a, . 0, + a, : b,|= (a, b, a, b.)t — a,0, i a,b. — @,), . a,b,. (14.28) 


By analogy with (13.20), a two-dimensional real symmetric tensor 
may be put as 


a=i,e, Ot Aye2 Co, C6, = Sip. (14 29) 


in which A; and A, are eigenvalues and e; and e, are the corre- 
sponding inversely orthogonal unit eigenvectors. From (12.47) we 
have 


€,:€; te,-e, = 1. (14.30) 


so from (14.29) we get a =Aq + (Ag— Ay) eg * Gp =Azq t (Ay Ag) ey * €4- 
Hence any symmetrical real tensor a in a plane may be put in the 
form of (13.30), which is not so for the three-dimensional case: 


a=at+be-c, c=. (14.31) 
It is readily seen that 
a,=a,—2a+6, |a|=a(a+d); (14.32) 
Pape. Ges (14.33) 
-_ a a(a--b) ° 


The eigenvectors and eigenvalues are determined (Table II) as for 
the three-dimensional case. 


The equation 


rar = | (14.34) 


defines the tensor curve on a plane for a symmetric real tenSor a. 
This curve is an ellipse for a positive definite tensor a, the squares 
of the semiaxes equalling the reciprocals of the eigenvalues of a 
[compare (13.46) and (13.47)]: 


a dt 
tema Ura (14.35) 


The geometrical normal to the curve of (14.34) is given by (13.50) 
as Nllar. 
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Consider the two-dimensional equation 


au —0 (14.36) 


for a symmetric tensor w. There is a nontrivial solution for u 
only {see (14.18)]} subject to the condition 


laj—aaz —=a(a,;—a)=0. (14.37) 


Hence the columns of tensor a=a;— @ must be proportional to u 
(see the analogous argument in section 13). We assume here that 
a; # 0, otherwise (14.37) would give a*=0,-which implies a=0. 
Hence for | a; =0 and a; # 0 there exists only one normalized solu- 
tion to (14.36) for u, and q@ has the form q@=Cu.-u, by virtue of its 
symmetry. Assuming u’=1 and taking the trace, we get the C =at= 
a; of (14.17). To sum up, we may say that, subject to the conditions 


au==0, jaj/=0, a #0, aa (14.38) 


the unit vector u is defined by 


“-u=—=1——. (14.39) 
In this case matrix a/at is projective, i.e., satisfies the condition* 


ar’ 


(=) = = (14.40) 


whose correctness follows directly from (14.18) for | @|=0. Con- 
sider a unit vector u' perpendicular to u in the plane where q is 
given; (14.30) shows that then we must have u-utu'-u'=1. Com- 
parison with (14.39) gives 


-w, wu=0, uv =—t. (14.41) 


Thus (14.39) actually gives both eigenvectors ofa two-dimensional 
tensor a (| a|=0). 


* A square matrix # of any order is termed projective if B7=B [8]. 


Chapter 3 


General Laws of Propagation 
of Elastic Waves in Crystals 


15. Plane Waves and Christoffel's Equation 


The laws of propagation of elastic waves in crystals follow from 
the general equations of motion derived in section 3 for an elasti- 
cally deformed medium. Here the force of gravity may be neglect- 
ed, sO we may use (3.10) 


zs 0 
pt = aye (15.1) 


Here the components of the displacement vector appear on 
the left, while those of the deformation tensor appear on the right. 
To obtain an equation containing only one unknown, namely the dis- 
placement vector, we use (1.11) and (4.3) to get 


Sip = Cipim Tim (15.2) 
l OUm Ou; 
Tim = 9 ( OX; ae) pony 


These give 


oa OYim _ 1 (sa iar) 
pe = Cikim OXp 3 Ciktm OXp,OX; “te OXpOXm) 


We put m for J and J for m in the dummy subscripts in the expres- 
sion for CikIm(07Uj Ox 8X py) to get Cikm](0°U /O Xk OX) - The sym- 
metry of the cj,jz tensor with respect to the second pair of sub- 
scripts means that the two terms on the right are equal, so the 
equations of motion are 
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és Oru 


These are linear homogeneous second-order differential 
equations in the displacement vector. 


We envisage only plane monochromatic elastic waves, for 
which the displacement vector may be put as 


a= are! Aro, (15.5) 


Here uw? is a constant vector (independent of coordinates and time), 
termed the vector amplitude. The exponential factor is e/?, with 


g=kr—ot, (15.6) 


and is termed the phase factor, @ being the phase variable. The 
basic parameter of the wave is the circular frequency w=2m7)p, in 
which vis the frequency (number of complete oscillations of the 
displacement vector per second); however, w is often called simply 
the frequency. The period T (length of one oscillation) is related 
tov by T=1/v. 


The wave of (15.5) is plane because ¢ has a linear depend- 
ence on the coordinates. In general, the shape of the wave is de- 
termined by that of the surfaces of equal phase. The condition for 
constancy in the @ of (15.6) is 


~ = kr — wt =C = const. (15.7) 
We put the constant vector kin the form 
k=kn, wW=1, k= RI, (15.8) 
and get from (15.7) 
C+ wf 
nr = tot == (, (15.9) 
This implies that the equation for a surface of equal phase at any 
given instant is a plane perpendicular to the unit vector n, ¢ being 
the distance of this plane from the origin (Fig. 2). This phase 


plane moves parallel to itself, since nis a specified vector and ¢ 
increases linearly with time. The speed v of this plane is given by 
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ce sacar (15.10) 


which is termed the phase velocit: 
of the wave. The vector 


yv=un—=—n (15.11) 


Fig. 2 is the phase-velocity vector. Vec 

tor n is termed the wave or phase 

normal, while vector k of (15.8) is termed the wave vector, whose 
length is given by (15.10) as 


k= —. (15.12) 


U 


The distance traveled by the phase plane in one period is the wave. 
length A, being the product of the phase velocity and the period: 


Resigns ee (15.13) 


v @ 
Then from (15.12) we have 
k=. (15.14) 


Expression (15.5) gives a complex displacement, although an 
actual displacement must be represented by a real quantity. This 
difficulty is resolved by noting that (15.4) is a linear homogeneous 
equation, while all operations on the unknown vector u contain no 
imaginary expressions. Hence the vector of (15.5) will satisfy 
(15.4) only if its real and imaginary parts taken separately also do 
If uw’ is real, then 


u=un(cosp +lsing) =a’ + la”, (15.15) 


and u'=u"cos(kr— wt) and u" =u’sin(kr—wt) are real solutions of 
(15.4) in the form of plane monochromatic waves. Hence we may 
always take either of them, e.g., u', asour actual solution. If we 
have uw’ =u) +iud, the solution of (15.5) may also be expanded as real 
and imaginary parts, each of which will be a solution of (15.4), al- 


though the expansion is somewhat more complicated than (15.15). 


88 GENERAL LAWS OF PROPAGATION OF ELASTIC WAVES IN CRYSTALS 


Hence the complex solution of (15.5) always gives real solutions; 
but it is very much more convenient to operate with the complex 
exponential of (15.5) than with the trigonometric real functions u' 
and u" of (15.15), while the complex character of (15.15) does not 
prevent us from deriving from it all the properties of actual waves. 
We need to consider the real solution instead of (15.5) only when 
the quantity of interest is a nonlinear function of u. This need 
arises primarily in respect of energy relationships, because the 
clastic energy of (6.4) is a quadratic function of the deformation 
tensor and hence of the displacement vector. 


In most treatments in this book we may treat u? as real: 
there are a few cases when we must deal with a complex uw’, which 
are encountered in sections 22 and 23. 


Of course, (15.5) does not satisfy (15.4) for any values of u®, 
k, and w; substituting (15.5) into (15.4) and remembering that 


tkr O _tk,x tkr 
——— £7 oz [ { — ; 
TF e ox, é ike , we get 


pwu, = CiptmR jR ye m- (15 il 6) 
In place of Cijlm We introduce the tensor 


] 
Mi jtm = ebjtm (15.17) 


which is termed the reduced elastic-modulus tensor. Further, we 


use (15.8) to replace ky by kn; and employ (15.10) to rewrite (15.16) 
in the form 


or 


(Ay frm tl jy 7 UO in) Ly, 0. (15 19) 
Consider the second-rank tensor 


which allows us to put (15.19) in the direct form 
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(A—\Ne—0, Av? (15.21) 


This shows that u is an cigenvector of tensor A, while v’ is an ci- 
genvalue of this (sec section 13). Hence v’ is a root of the charac- 
teristic equation 


\A — v2| =0. (15.22) 


The problem thus reduces to that of solving for the eigenvec- 
tors and eigenvalues of the tensor A of (15.19) or (15.21). The vec- 
tor equation (Christoffel's cquation) is basic to the entire theory of 
elastic waves in crystals; (15.21) resembles any linear homogene- 
ous equation in defining u only apart from an arbitrary factor. That 
is, Solving for a given A, we can find only the directions of the dis- 
placement vector and the corresponding phase velocities of the 
waves that can propagate in the crystal. Here we should bear in 
mind that (15.20) indicates that to each direction of the wave (phase) 
normal n there corresponds a particular tensor A. The usual for- 
mulation of elastic-wave theory is that of finding u and v for all 
plane waves having the same (arbitrary) direction for n given the 
elastic properties (Ajjjm) of the crystal. 


16. General Properties of the A Tensor and 
Forms of Plane Elastic Waves in Crystals 


The A tensor is symmetric for any direction of n, for the 
symmetry properties of the AijJm tensor of (6.2) enable us to per- 
mute the subscripts and alter the notation for the dummy ones to 
get 


or 


> 
| 
> 


(16.1) 


Also, A is a positive definite tensor, which may be demonstrated 
by noting that this is so by definition for A if for any vector ux 0 


uAu > 0. (16.2) 
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We write the left-hand side of this in terms of subscripts and use 


(15.20) to get 


Un Aipmt4tm > 9: (16.3) 


But in section 6 we showed that the elastic energy @ is always posi- 
tive, so (6.4) gives us that VijCijlmVIm > 0 for any deformation, i.e., 
for any symmetric tensor yj. Let 7=u-n= 75+ 74, in which TS= 
(1/2)(u-n+n-u) is the symmetric part of dyad 7 and T@ =(1/2) 
(u-n-—n-u) is the antisymmetric part. The arguments ot section 

10 that gave (10.56) here show that 7jjAijim=9, Since 7] =~ Tji 
and Ajilm’ hence (16.3) may be put as 


TAA mtn TA yimtim > 0, (16.4) 


whence it is clear that it is a particular case of the general condi- 
tion that the elastic energy be positive, where the arbitrary sym- 
metric tensor y;, equals T?.. Hence the condition on the elastic 
energy guarantees that A will be positively definite for any direc- 
tion of n; but this result implies that all the eigenvalues must be 
positive, for (see section 13) the eigenvalues are the diagonal ele- 
ments of a tensor in the principal system of axes, and the condition 
above (section 6) implies that these must be positive. Hence, if 
some eigenvalue of A were negative, it could not correspond to a 
wave. The above argument shows that this is impossible. 


Our real symmetric tensor A in the general case has three 
distinct eigenvalues Ay =v, Ay =Vi; ro =vs, each corresponding to an 
eigenvector defining the direction of displacement in the wave. 
Hence, for any given direction of the wave normal there are, in 
general, three waves with different phase velocities; these three 
waves with a common wave normal are termed isonormal, and 
their displacement vectors, as for the vectors of any real sym- 
metric tensor (section 13), are mutually perpendicular. However, 
there can be certain special directions of n in which A is uniaxial 
(section 13), 1.e., two eigenvalues coincide. Then two of the three 
waves have the same phase velocity, and their displacement vec- 
tors may take any direction in a plane perpendicular to the displace- 
ment vector of the third wave (Table II). Tensor A is uniaxial for 
any direction of n in an isotropic medium, for from (8.1) and (15.17) 


\tkim = 219729175 + ay (8519 6m aie Sim RD» 
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whence we have 


A pp =Ajpimli hm = OS ~, + (A, + ay) npn, (16.5) 


or 


A=a,+(a,+ @.)n-n. (16.6) 


We have seen (Table II) that the axis of A is n, which is natural, 
Since nrepresents the unique differentiated direction for an iso- 
tropic medium. Table II shows that one of the eigenvectors of the 
uniaxial A of (16.6) coincides in direction with n, so the displace- 
ment vector u for the corresponding wave will vibrate along the 
wave normal. This is called a longitudinal wave. The other two 
linearly independent displacement vectors [the eigenvectors of 
(16.6)] may be chosen arbitrarily in a plane perpendicular to n; 
they are the displacements of the transverse waves with equal 
phase velocities. 


A crystal differs from an isotropic medium in that one of 
the three waves with the common wave normal n is neither purely 
longitudinal nor purely transverse. The u for a purely longitudinal 
wave must satisfy 


[un] = 0, (16.7) 


while that for a purely transverse one must satisfy 
un — 0. (16.8) 


A crystal has [un] ~ 0 and un= 0 for nearly 
My all directions of n, but in any given case 
one of the three waves will have its dis- 
placement vector at the smaller angle to 
n than do the other two. Such a wave is 
called quasilongitudinal, while the others 
are called quasitransverse. Figure 3 shows 
an example of the quasilongitudinal (uy) and 
quasitransverse (u, and uy) vectors cor- 
Uy responding to a given n in a crystal. 


The failure of waves in a crystal to 
Fig. 3 be purely longitudinal or purely transverse 
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is one of the principal effects of the anisotropy in the elastic- 
ity. 

In general, A has three distinct eigenvalues for a crystal, so 
there are three distinct eigenvalues for a crystal, so there are 
three eigenvectors with quite definite directions (section 13), which 
means that the displacement vectors for almost any direction of 
the wave normal will remain each parallel to a definite straight 
line while varying in magnitude in accordance with (15.5). We may 
say that plane elastic waves in a crystal are, as a rule, linearly 
polarized, the only exceptions being for those directions of n for 
which A becomes uniaxial, along which the linearly polarized waves 
may be accompanied by a wave of a different polarization. This 
topic is considered in more detail in section 22. 


Consider now the properties of the waves propagating along 
directions with a definite relation to the symmetry elements. It 
is readily seen that an LK axis of any order(k #1) is a longitudinal 
normal in any crystal, such a normal being a direction along which 
a purely longitudinal wave may propagate with that direction as its 
wave normal, as well as two purely transverse waves. Consider 
first an L? axis and assume that the n parallel to L* corresponds 
to an elastic wave whose u forms an angle with L? other than 0 or 
1/2 (Fig. 4). Now n|| L’, so differentiation of this direction for the 
wave normal does not alter the symmetry of the crystal-wave sys- 
tem relative to that of the crystal itself; hence the system should 
be unaltered by rotation through 7 around L’*. But this is possible 
only ifu is either parallel or perpendicular to n (Fig. 4), since 
otherwise the displacement vector would be transferred to a differ- 
ent position u', i.e., the crystal- 
wave system would not coincide with 
itself after the rotation. This means 
that only one purely longitudinal 
wave and two purely transverse 
waves can propagate along a two- 
fold axis. This is true also if the 
wave normal is perpendicular to a 
symmetry plane, because the latter 
is equivalent to a twofold axis as 
regards its symmetry properties 
(section 8). These arguments may 
Fig. 4 be transferred almost unaltered to 
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any higher axis, along which 
purely longitudinal waves 
must propagate; but there are 
certain differences as regards 
the transverse waves. Con- 
sider a displacement vector 
u, perpendicular to n, which 
is parallel to an LK axis 

(k> 2); then (Fig. 5) a rota- 
tion around LK through an 
angle gm, =(27 /k)< a transfers u, to Uy. The crystal-wave system 
is unaltered, so u; must also be an eigenvector of A having the 
Same eigenvalue A, i.e., from (15.21) we must have 


Au,=)u,, Au,=ha,, (16.9) 


But oY, differs from 7, so u, and u; are linearly independent, and 
hence any vector u lying in plane A may be put as a linear combi- 
nation: 


w= iu, + qu! (16.10) 


Then from (16.9) 


Au =tAu, + nAu, = fu, + yu; =X, (16.11) 


i.e., any vector perpendicular to n|/L will be an eigenvalue of A 
for the given eigenvalue A. Physically this means that all trans- 
verse waves propagating along such a symmetry axis will have the 
same velocity, and that their displacement vectors may be arbi- 
trarily oriented in a plane perpendicular to LK, 


Consider also waves whose wave normal lies in a plane per- 
pendicular to a symmetry axis of even order, or in a symmetry 
plane; we take the latter case for convenience (Fig. 4). If the wave 
normal lies in plane P, the crystal-wave system should be unaffec- 
ted by reflection in that plane. This means that the displacement 
vector of each of the three isonormal waves in this case must lie 
either in plane P or normal to it, otherwise an inclined vector u 
would be transferred to another position u" (Fig. 4), and the sym- 
metry would be violated. 
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The displacement vectors are mutually orthogonal, so one 
will be perpendicular to P, the other two lying in P. The symmetry 
properties in no way require that any of the displacement vectors 
should coincide with n; so in this case, generally speaking, there 
will not be a purely longitudinal wave, but one of the waves will be 
purely transverse. 


A twofold axis is equivalent to a symmetry plane, and any 
even axis is simultaneously a twofold one, so this property occurs 
in any even axis. 


Hence, one of the three isonormal waves will be purely trans- 
verse and will have its displacement perpendicular to the plane if 
the wave normal lies in a symmetry plane or in a plane perpen- 
dicular to a symmetry axis of even order. 


In what follows we shall use a zero subscript to denote quan- 
tities relating to a quasilongitudinal wave (displacement uy, velo- 
city vy), while subscripts 1 and 2 refer to the quasitransverse 
waves, 1 denoting the purely transverse wave, if there is one. 


17. Special Directions for Elastic Waves 
in Crystals 


The elastic waves in an isotropic medium have the following 
properties no matter what the direction of the wave normal: 


1. One of the three isonormal waves is always purely longi- 
tudinal; we term longitudinal normals the directions of n along 
which such a wave can propagate. Any wave normal is therefore 
such a normal for an isotropic medium. 


2. Purely transverse waves are associated with any wave 
normal. 


3. Two waves with the same velocity propagate along any 
wave normal; any such normal is therefore an acoustic axis, which 
is defined as a direction of the wave normal such that the phase 
velocities of two isonormal waves coincide [22]. 


In general, none of these features occurs in a crystal; none 
of the orthonormal waves is purely longitudinal or purely trans- 
verse, and all three waves have different velocities. However, 
there are always directions of n such as to give the waves some of 
the above properties typical of isotropic media. For example, in 
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section 16 we saw that there is always one purely transverse wave 
among the three propagating along a normal lying in a symmetry 
plane or in a plane perpendicular to a symmetry axis of even or- 
der. A symmetry axis of order higher than two is always an acou- 
Stic axis. 


A special direction is one for which we find at least one of 
the properties 1, 2, and 3 [35]. These directions are important 
because the basic equation (15.21) becomes very much simpler for 
these and may be solved without difficulty. These directions 
thus play a special part in the theory and in practical applications, 
and hence their name. 


We have seen that all directions parallel or perpendicular 
to symmetry planes or axes are special directions, except for 
directions perpendicular to threefold (odd) axes. 


However, it should not be thought thatall special directions 
are necessarily related to the symmetry elements of crystals in 
the above sense, for we have seen that even a triclinic crystal en- 
tirely lacking symmetry elements significant to the elastic prop- 
erties yet can have longitudinal wave normals (section 18). 


Here we consider the general conditions necessary and suf- 
ficient for a given direction of n to be a special direction. First 
we note that features 1-3 are not mutually independent; the pre- 
sence of 1 or 3 necessarily implies the presence of 2. This is 
obvious for 1, since the other two waves must be purely transverse 
if one is purely longitudinal. In the case of 3, the A tensor must 
be uniaxial (section 13). Experiment shows that the velocity of the 
quasilongitudinal wave is always greater than those of the quasi- 
transverse ones, so only the latter two can coincide. Hence uy 
will be the axis of A, while any vector in a plane perpendicular to 
this may be considered as the displacement of a quasitransverse 
wave to this may be considered as the displacement of a quasitrans- 


verse wave (Fig. 6). 

In plane M perpendicular to uy there is always a direction 
perpendicular to n, so 3 implies the presence ofa purely trans- 
verse wave, i.e., property 2. Figure 6 shows that the transverse 
displacement u, is defined as to direction by 


u,||[a2y). (17.1) 
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We may say that property 
2 occurs for any special direc- 
tion; the presence of a purely 
transverse wave is a general 
condition for any special direc- 
tion, so we must consider the 
conditions that the direction of 
the wave normal must satisfy 

Fig. 6 in order that a purely trans- 
verse elastic wave can propa- 

gate along it. It will be clear from the above that this will be a 
condition for all special directions in a crystal generally. 


4, 


From (15.21) we have 


Auda, =v? (17.2) 


Let the wave normal nin A= A" be such that 


un — 0, (17.3) 


i.e., the displacement vector u=u, corresponds to a purely trans- 
verse wave. This condition gives us, by multiplying (17.2) by n, 
that 


nia = 0. (17.4) 
If now we multiply (17.2) by the vector An=nA, we get 


ni?n = dnAu = 0. 


We ecu further derive analogous conditions by multiplying (17.2) 
by nA”, which leads to the general condition nAK + ty =anAku=0 for 
any integer k;* but only three such conditions are independent, and 
we Select the following as these: 


nu=nAu=nA*n = 0. (17.5) 


* Note that k can be negative, which corresponds to the reciprocal 


tensor A-K =(a75)k, as for ordinary numbers, we have A°=1, 
where by 1 we understand unit tensor. 
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The Hamilton— Cayley theorem of (13.35) enables us to put 

A3 == A,A? — A;A+ |A. (17.6) 
Thus we have the identity 


nip = n(A,A?— ApA+ JA]) a= ArnA2n — AynAu+{A|nu 


and the equation nA®°u=0 is a consequence of (17.5) and (17.6). 
Similarly it is easily shown that (17.6) implies that nAKu =0 will be 
a consequence of (17.5) for any positive or negative integer k. To 
eliminate u and obtain a condition containing only n, we use the 
fact that, from (17.5), the three vectors n, An, and A’n are all per- 
pendicular to u, so they are coplanar. The coplanarity condition 
for three vectors A, B, C is A[BC] =0, so from (17.5), we have 


n\2[An, n] =0. (17.7) 


This is a direct consequence of (17.3), so it is a necessary condi- 
tion for a transverse wave. From (17.3) and (17.4) we may deter- 
mine the direction of this u for the purely transverse wave. This 
vector is perpendicular to the vector product of these: 


u,—=C{[n, An). (17.8) 


We may say that vector n must satisfy (17.7) and the displacement 
must be given by (17.8) if a purely transverse wave can propagate 
with nas wave normal. We may show the converse, namely that, if 
(17.7) is obeyed, then along the corresponding n there can be a 
purely transverse wave whose displacement is the u of (17.8). To 
do this we must show that (17.7) makes [n, An] an eigenvector of 
tensor A, i.e., satisfies (17.2), which is equivalent to [u, Au] =0. 

In other words, we must show that (17.7) implies 


[A[a, An], [a, An}]=9. (17.9) 


Expanding the double vector product, we get 
n-(An)A[n, An] — An-nd|[a, An] =), 


since (An)A[{n, An} =nA2[n, An] =0 from (17.7) in the first term, 
while nA[n, An] =n[{An, An] =0 in the second. 
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Thus (17.7) is a necessary and sufficient condition that must 
be satisfied by a wave normal in a crystal such that a purely trans- 
verse wave can propagate along it. This is simultaneously a nec- 
essary condition for all special directions. This condition was 
first derived in [15]. 


Condition (17.7) can be given a geometrical interpretation, 
because the definition of (15.20) shows that tensor A=A™ is a 
homogeneous quadratic function of the components of nm: Ayy = 
AikjMinj, So the left-hand side of (17.7) is a homogeneous function 
of 9th degree in the n,. We multiply (17.7) by r’ and consider rn=r 
as the radius vector; (17.7) becomes 


r(A'yUa'r, r] =0 (17.10) 
and is the equation of a surface of 9th degree; (17.10) is homogene- 


ous in the coordinates, so this is a cone of 9th degree. 


The set of all wave normals allowing purely transverse 
waves (all special directions) is thus a cone of 9th degree, which 
we call the cone of special directions, which may take a great 
variety of forms in accordance with the form of the Aj,jj tensor. 
Condition (17.10) is satisfied identically by all directions in aniso- 
tropic or transversely isotropic medium (See Chapter 6), but for 
most crystals the cone of (17.10) splits up into a series of planes 
or cones of lower degree. 


Condition (17.7) may be put in a somewhat different form if 
we use (13.34): 


A2 = A—A,+ A,A, (17.11) 


which allows us to put 


nA? ==nA — Ain-+- Ana. 


The last two terms of this give identically zero when substituted 
into (17.7), so the latter becomes 


nA{An, nj = 0. (17.12) 
But A=| A] Aq', and dividing by |A| #0, we get 
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—] 
ni {An, n}=0. (17.13) 


Ofcourse, (17.7), (17.12), and (17.13) are all entirely equivalent. 
We assunie that 


[n, An] # 0. (17.14) 


This case [n, An] =0 corresponds to a purely longitudinal wave 
(property 1) and will be considered below; from (17.2), knowing u, 
we can find at once the corresponding velocity 


has (17.15) 


Th 


Substitution from (17.8) gives 


[2, An) A[n, An] 


Ui = in, Any? (17.16) 
From (12.53) we can put that 
A(a, An| = |A|[A7'a, A7'An]=[An, nq. (17.17) 
From (12.44) and (12.45) we have that 
ye Lm An|[An, n] _— nAn-nAn—|A| (17.18) 


[n, An}? — nAtn—(nAn)? ° 


The square of the velocity of a purely transverse wave can be de- 
duced in a different way. Converting (17.2) to absolute form, we 
have 


je. (17.19) 


This gives us from (17.8) and (17.17) that 


| (2, An) | 
ca ae (17.20) 


The velocity and displacement of the transverse wave are 
obtained in the most general form when (17.7) is obeyed; the same 
quantities for the other two waves are then easily found. We have 
(see section 18) that 
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At== V+ Vit V2. (17.21) 
Ar = avi + viv + v2% (17.22) 
| A] = UU; U9. (17.23) 
and so 
vot v= At — v= A, (17.24) 
vev, = At — vi (va + v}) = At— Av) = [Al = B. (17.25) 


Then v4 and v3 are roots of 
vi— Avt B=O0. (17.26) 


From v3 and v3 we can find the displacements of the corresponding 
waves by the method presented at the beginning of section 13. Con- 
sider the tensor A-—v5, inverse with respect to A-v%; if A- v =0, 
then (see section 13) v4 is a duplicated eigenvalue of A, so the velo- 
cities of both waves coincide. The quasilongitudinal wave has the 
highest of the three speeds in all known media, so this case is 
impossible; hence we assume A-v}= 0, in which case (see section 
12) the tensor A-v> is linear, i.e., is the simple dyad of (12.73). 
Also, A-v; is a symmetric tensor, so 


A —v, == Cnty: yo. (17.27) 


Then up is proportional to a column (row) of tensor A-— vi Simi- 
larly, u. is determined via A—v3. 


We see that the velocities and displacements of the three iso- 


normal waves are readily and easily found in general form for the 
special directions. 


18. Longitudinal Normals and Acoustic Axes 


Christoffel's equation Au=Au has the solution u=u,)=n for a 
longitudinal normal, so 


An=)on, y= V5. (18.1) 
Here Ann, which may be put as 


[7, An| = 0. (18.2) 
Conversely, (18.1) follows from (18.2), so the latter is the neces- 
sary and sufficient condition for n to be a longitudinal normal; but 


then purely transverse waves will also propagate along n, for (18.2) 
directly implies that (17.7) is satisfied. 
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We can replace (18.2) by the equivalent scalar relation sim- 
ply by forming the square [n, An]*=0, or, from (12.45), 


ni’n = (nAn)y. (18.3) 


It is clear that (18.2) and (18.3) are equivalent. We multiply (18.3) 
by r° and put r=rn to get, by analogy with (17.10), that 


reer (Al r=—(ra'ry. (18.4) 


This homogeneous equation defines a cone of 8th degree, the cone 
of longitudinal normals. 


It can be shown [10] that a crystal of any symmetry always 
has directions for n such as to allow purely longitudinal (and hence 
also purely transverse) waves. This is a direct consequence of 
the following general concept: the directions of n that permit pure- 
ly longitudinal waves are those corresponding to extremal values 
of the invariant 

K ==)ij prj pt nh, = nn. (18.5) 


To prove this we find those points for K subject to n° = f= 1. Fol- 
lowing the general rules for finding a local extremum, we take 


f=K—2(n?— 1), 


in which -2A is an undetermined Lagrange multiplier. The turning 
point corresponds to 0f/dnj=0. In taking derivatives of K with re- 
spect to n; we must remember that dnk/dnj=dik. The properties 
of 6j, and the symmetry of tensor Aikjm give us that 


Of 


This is simply (18.1), so the expression in the K of (18.5) corre- 
sponds to a purely longitudinal wave. Multiplication of (18.1) by 
n gives 


ho = Ue nAn=K, (18.6) 


or the square of the phase velocity for the purely longitudinal wave 
is equal to the extremal K; but K is a continuous function of the nj, 
which are given within a bounded closed region (namely, the sur- 

face of unit sphere, n’=1), so K must have a maximum and a mini- 
mum within this region (section 13). Thus any crystal has at least 
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two distinct directions permitting purely longitudinal waves, one 
corresponding to the absolute maximum in K and the other to an 
absolute minimum. There will be more than two such normals if 
there are also relative extrema in K. Finally, if the absolute maxi- 
mum and minimum coincide, K becomes independent of n, and any 
direction is a longitudinal normal; the last is an isotropic medium, 
because (16.5) shows that here K=nAn=a,+2a,=const. 


This extremal property indicates that the cone of (18.4) 
should generally split up into a set of separate directions; in fact, 
we shall see that (18.4) corresponds to a continuous circular cone 
only for hexagonal crystals, which are transversely isotropic. For 
all other anisotropic media (18.3) defines some set of isolated di- 
rections. 


We have from (18.1) and (18.6) very simple expressions for 
uy and v3 in the case of a longitudinal normal: 


=n, v2==ndAn. (18.7) 


0 0 


The corresponding quantities for the two purely transverse waves 
may be found as in (17.21)-(17.26); vi and v3 are given by 


vit Avy?t BO, (18.8) 
in which 
A= Ui v3 = A, — v2 = A, — nAn, 
a AI (18.9) 
B= vivs=A,—vA= ahh 


These velocities give u, and u, via equations such as (17.27), on the 
assumption that A—vj# 0, otherwise vj will be a duplicated root, 
i.e., n will be an acoustic axis. 


Next we turn to the acoustic axes. Let vi SiGe then (17.21)- 
(17.23) become 


r=UYt2v;,  Ay== Qv2v? + of (18.10) 
[A| = ViVi. (18.11) 
We eliminate v4 from (18.10) to get 


2 s) l 1, 
vi— ZA) +40, =0. (18.12) 
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Then 


3 =+(A, = 2V (Arp — 3Ar). (18.13) 


We can also get (18.12) from rca —— A| =0, which is the condi- 


tion for a repeated root [16]; experiment (see above) enables us to 


say that only the quasitransverse waves can coincide in velocity, 


and that we have v4 > ee which implies that the lower signs should 


be taken in (18.13). For waves along an acoustic axis in any crystal 


we should have 
v3 = (A, +2 V(Ar)? — 3A), 


vt = (ay — Vid? 3m), (18.14) 


in which vy is for the quasilongitudinal wave and v, is for the quasi- 
transverse one. We Substitute (18.14) into (18.11) to get 


OArAt — 2(At)3-+ 2( (At)? — 3Az) V (At)? — 3At = 27 Al. 


Eliminating the root, we have 


4( (Aq)? — 3An)3 = (27 A} — 9At Ar + 2 (At)3)*, (18.15) 


which may be put as 
O7/A[2+ 4 (Ar SA] -+ 4 (At)8— (Arad? — 18ArAr| A] = 0. 


This is simply the condition for a zero value for the determinant 
of the characteristic equation [16] 


23 — Ay? + Atk — [A] = 0. (18.16) 
This condition is necessary and sufficient for two roots of (18.16) 
to coincide. 
Section 13 shows that a real symmetric tensor A is uniaxial 


if it has two eigenvalues coincident, so it can be put in the form of 


(13.24): 
A = hy + (Ap — in) Ho * Ho» (18.1%) 
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in which aA, =vi is the duplicated eigenvalue and Xj =v} is the single 
one, uy being the eigenvector corresponding to Ag (quasilongitudinal 
wave). The Atensor for an acoustic axis can be put in the form of 
(18.17) because the velocities coincide in accordance with (18.15); 
but (18.17) itself implies the transverse condition (17.7), because 
substitution of the first into the second gives us identically zero, 
no matter what the direction of uy. As we saw in section 17, con- 
dition (17.7) is a direct consequence of condition (18.15) on the 


velocities. 


The condition for the acoustic axes is readily given a geomet- 
rical interpretation. We multiply (18.15) by r?? and put r=rn to get 


4((At)? — 3At)® — (27| Av] —9ATAT + 2(Aq?)?=0. = (18.18) 


This homogeneous equation defines a cone of 12th degree, the cone 

of the acoustic axes. As for the longitudinal normals, we may con- 
clude that this cone will almost always split up into separate isola- 
ted directions, except for hexagonal crystals, where (17.7) is satis- 
fied for all n, whereupon (18.18) can give the continuous surface of 

a circular cone. 


Condition (18.15) is very cumbrous and complicated, so it is 
best to discuss the possible acoustic axes in terms of the equivalent 
condition that tensor A can be put as in (18.17), a condition that has 
been considered for (12.69). To make the representation of (18.17) 
correct, it is necessary and sufficient that 


A—vi==V, (18.19) 
This tensor condition is equivalent to the scalar one of (18.15), but 
it is very much simpler and splits up into a series of separate equa- 
tions, which greatly facilitates the analysis, an approach that has 
already been utilized [18, 19]. We get an identity by expanding 
(18.19) via (13.33) and substituting for A in (17.12), so condition 
(17.7) is a consequence of condition (18.19) for the acoustic axes. 


The speeds of all waves are given by (18.14) if this last con- 
dition is obeyed; uy is given by (18.17) as 


i 
a—a 


By Wy = (A — 0). (18.20) 
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The displacement of the quasitransverse wave in this case is an 
arbitrary vector in a plane perpendicular to uy. 


The most particular case of all is when all the properties 
characteristic of an isotropic medium (see start of section 17) 
occur together. This is the case of a longitudinal acoustic axis: 
in (18.17) we put uy=n, so for that n the A tensor takes the form 
for an isotropic medium: 


We know from section 16 that a symmetry axis of high order has 
this property; other directions can be longitudinal acoustic axes 
only if there are certain Special relations between the elastic mo- 
duli. It is readily seen that such an axis can exist in a triclinic 
crystal, for example, only if there are additional relations between 
the parameters. In fact, we have from (17.2) with u’ =1 that 


v= way. 


Suppose that the xs axis coincides with the longitudinal acous- 
tic axis, i.e., uy=n=(0, 0, 1), while the displacements of the trans- 
verse waves are u;,=(1, 0, 0), up =(0, 1, 9); vi=v3 for an acoustic 
axis, so we must have 


fi fn 
uA u, — UA Qo 


or 


aaa (18.22) 


Hence a longitudinal acoustic axis in a triclinic crystal imposes 
(18.22) as additional condition, which is not obeyed in general by 
such crystals, so a triclinic crystal as a general rule cannot have 
such an axis. 


19. Form of the A Tensor for the Various 
Crystal Systems 


We have seen above that all the properties of plane elastic 
waves in a crystal are ultimately governed by the tensor 


A = (Aft) = Qunimtitm): (19.1) 
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We must therefore establish the form of the A tensor for the vari- 
ous crystal systems in order to examine the laws of propagation. 
Here we use the matrices derived in sections 8 and 9 to define the 
independent elastic moduli for all systems. The problem reduces 
to computation of expressions of the form 


—_ 2 2 Dy 
pin tiem = Aten 1 opiate 1 Agpig "3 
+ (Ao p13 tb Ageia) Mots + Osean -F hy p13) 23%, + 


+ Ot ate Monn) Mito (19.2) 
for k, 1=(11), (22), (33), (23), (81), (12) with allowance for the con- 
dition of section 6: 


l 
Mates = ap == > Cap (19.3) 


One general remark must first be made. The diagonal ele- 
ment Cg, is not independent in the generally accepted expressions 
for the matrices (8.2) (isotropic medium), (9.22) (hexagonal crys- 
tals), and (9.21) (trigonal crystals),* being expressed in terms of 
Cy, and cy via 


| 
C66 = HF (11 — C42): (19 .4) 


Of course, this may be used to express any of the three parameters 
in terms of the other two and so to eliminate that one. It appears 
{5] that it is better to deviate from the usual choice and to express 
the nondiagonal element cy. via 


Cho SC) — 2C66, (19.5) 


leaving c,; and Cgg (diagonal) as independent elements. This gives 
rather more convenient expressions for the components of (19.2) 
for the A tensor. Hence our choice of basic independent reduced 
elastic moduli is as follows: isotropic medium, A 4; and Ag4 =Age; 
hexagonal crystal d44, A33, Agq, Age and Ay3; and trigonal crystal Aq, 
X33, Aga» Ages Aig, Ayg- Correspondingly, the reduced matrices for 
the elastic moduli will be taken as follows: (8.2) for an isotropic 
medium as 


* All of these have a threefold axis parallel to the x, axis. 
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des hip— 2g Ay —20yy O 0 OO 
a) oe hs hi— 2h, 0 0 0 
Mi ig Deets OR Mi 3: Oh. 10 , 
0 0 0 4, O 0 |! ey 
0 0 0 0 >, 0 
0 0 0 OO. Net 
(9.22) for a hexagonal crystal as 
An Mi— 2g yg 0 =O 
Air — 266 Au ‘3 0 0 0 
hig hi3 h33 0 0 0 
0 0 0 ry O Of! (poet) 
0 0 0 0 hy 0 
0 0 0 0 O YX 
and (9.21) for a trigonal crystal as 
day hi —— 2heg hay hig 0 0 
Ay _ 2heg hy hig are hig 0 0 
Aas Ara \gy 0 0 0 1 
: 9.8 
M4 aN 0 yg 0 0 | : 
0 0 0 O yg Arg 
0 0 0 a re 


The following are the A tensorsfor the media in order of decreasing 
symmetry [10]. 


1. Isotropic medium. The choice of coordinate axes 
is arbitrary [see (19.6)] and 


A yy = 294, -+ bngM, (19.9) 
or 
A=a-+on-n, (19.10) 
with 
a=), Vy hie (19.11) 
2. Cubic system. This differs from an isotropic medi- 


um in that here (as for the other systems) we give the expression 
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for the A tensor not in the direct covariant* form analogous to 
(19.10) but in the particular coordinate system in which the tensor 
takes the simplest form. The coordinate axes coincide with twofold 


or fourfold axes [see Table I and (9.23)]. 
Then 


A=¢,+ Con -n-+- C3), (19.12) 
in which 


Cy Nagy Co Myatt Aggy 63 = An — (C1 On) = My — yg — 2hqg (19-13) 


and 
ns 0 O 
2 
al (19.14) 
0 n2 


3. Hexagonal system. This represents a transversely 
isotropic medium. The x3 axis coincides with the sixfold axes, 
while the x, and x, axes are set arbitrarily; (19.7) gives the compo- 
nents of the A tensor as having the form 


My Ay te gg ts Aggy Ag = (Ai Ay) ty Ms, 
Noy = ogi Ay tp ggg AG, = (Aigh Ay) 23%), (19.15) 
Ays = Maa (15 oh ns) ar Asaf, AL, ae (Ai, az hog) Mo. 


4. Tetragonal system. The xz axis is placed along 
the fourfold axis; the x, axis for classes 4-m, 4:2, 4-m, and m-4:m 
is taken as perpendicular to the symmetry plane or as parallel to 
the twofold axis, while for classes 4, 4, and 4:m it is taken to com- 
ply with condition (9.7). The physical feature that allows one to 
make this choice is that the direction defined by (9.7) is a longitu- 
dinal normal [12], as may be shown by considering (17.2) on the as- 


* A relation is covariant if both parts are in a form from which it 
is obvious that they change identically in response to coordinate 
transformations. 
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sumption that when n lies along x, [n=(1, 0, 0)] we have u=n= 

(1, 0, 0), i.e., the displacement vector is parallel to the normal and 
we have a longitudinal wave. Then all the dummy subscripts are 1, 
and (17.2) becomes 


hin = VN), (19.16) 


whence 


Romy == Mag = 0. Ag, == Mag = 0. (19.17) 


But this is precisely the result obtained by setting the x, axis in 
accordance with (9.7), so we may (see section 9) consider the ma- 
trix of (9.3), which contains six independent parameters, as suitable 
for all the tetragonal classes. This gives us 


My hy thay Hye Moy = Cig te Aa) 425. 

Nyy = egy tb Ay ta agp M3 = Aig Ag) 45%) (19.18) 
5 9 ) : wi —— 

gy Ag (7) hg A = Cra hog) Mo: 


This tensor differs from that of (19.15) for hexagonal crystals only 
in having a different expression for the component Ajo. 


5. Trigonal system. The x, axis is set along the 
threefold axis. Classes 3:2, 3-m, and 6-m have additional sym- 
metry elements in the form of twofold axes perpendicular to L? or 
symmetry planes parallel to the latter, which allows us to deter- 
mine the direction of x,; but the less symmetrical classes 3 and 6 
are shown by (9.20) to allow us to choose the x, axis to be such that 
the element cj, = — Co, in matrix (9.19) becomes zero. Physically, 
this direction, as for tetragonal crystals, is distinguished because 
a purely longitudinal wave can propagate along it [12]. Then [see 
(19.17)] we have Ay, = —Ag, =0, and matrix (9.19) coincides with 
(9.21). However, we will use the form (19.8), which gives 


non, nN Nyny 
tri he Myny ~~ Nolty 3 (#1 %) 
AS — AMS* + Oh, 2 (19.19) 
Nyy = (| — My) 0 


Here AMEX is the A tensor for a hexagonal crystal as defined by 
(19.15). 
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6 Orthorhombic system. Here a natural basis for 
Oe 
the coordinate system is available from the twofold axes and sym- 


metry planes; (8.11) gives 


A, = ie heglts hoo, Noy = (Ay + a) No Ny, 
A,, == hilt a hols + Lt A= (*, yt ).-5) nn. (19.20) 


. | 2 — . . ° 
A33 — hes =f hylg Ngl3) iy (i T i) nin, 


7. Monoclinic system. We set the x; axis along the 
twofold axis or perpendicular to the symmetry plane; the matrix 
for the elastic moduli then becomes as in (8.10). We have seen in 
section 16 that a purely longitudinal wave and two purely transverse 
ones can propagate along the x, axis; in this case it is [12] most 
convenient to take as the x, axis the direction of u, for one of these 
transverse waves, whereupon x, coincides with uw, the displacement 
vector for the other transverse wave. Then nj =63j> U4j = 64}; sub- 
stituting these into (17.2), we get 


Kia 41) = Vive (19.21) 
We put i=2 in (19.21) to get 
hogg1 == Ags =O, (19.22) 


so matrix (8.10) simplifies and contains only 12 independent param- 
eters. This matrix is taken with (19.2), (19.3), and (19.20) to give 


p3 4 
2h, gf, hilt? — Logs yoy 


homb 
Amon athom cee ht? Hyg 2h, of n, higits!, ; (19.23) 
Aggit 2M; hagltgity 0 
8. Triclinic system. Here there are no symmetry 


elements to enable us to choose the basis, so we can use only the 
properties of the elastic waves. The general concept demonstrated 
in the previous section [10] indicates that any crystal, including a 
triclinic one, has atleast twolongitudinal normals. We take one of 
these as x3 axis and set the x; and x, axes along the displacement vec- 
tors of the purely transverse waves [12]; here nj = 63}, and (17.2) 
becomes 
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Ajgg jy = Au. (19.24) 


A purely longitudinal wave has Uj =Nj = 63), Uy =Uy =0, So 


higg3 = Ags = 0, 333 == hgq = 0. (19.25) 


Also, (19.22) gives A4;=0, so the 21 parameters of the general ma- 
trix of (6.14) reduce to 18 independent significant ones, and the A 
tensor takes the form 


A ti — Amon + A’, (19.26) 
in which 
Ay, == 2 (sgnans + Misngm). 
Nog = Ase] HA gg + Ags + hye) 71%) 
Agy == 2 (Aogtang + 0301), (19.27) 
Ag, == Aig AT HE gga + ng HF Ase) 2129s 
N33 == 0, Ary == (hast Dag) Moma + (dia + Ase) ami. 


These expressions for the A tensor indicate that those of 
(19.10), (19.12), (19.15), (19.18), and (19.20) may for any n be put as 


A pq pr 
A=\|gp B= qr}. (19.28) 
rp rq C 


However, this form is not suitable for all crystals; in fact, if one of 
the nondiagonal components is zero, e.g., pq=0, theneitherp=0or 
q=0, so one other component must be zero. Hence it cannot happen 
that only one nondiagonal element is zero in a tensor of the form of 

(19.28); whereas if we put ng/ny =Age — Ayy/2Az4 in the tensor of (19.19) 
for a trigonal crystal, which is always possible, we get Aj. as zero, 
although A»3 and Aj; differ from zero. The same applies to mono- 

clinic and triclinic crystals .* 


* Musgrave [13] has used the form of (19.28) to construct a general 
theory of elastic waves in crystals, but this is inapplicable even 
to a crystal as important as quartz. 
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20. Convoluted Tensor for the Elastic Moduli 


The Ajkjm tensor gives an exhaustive characterization of the 
elastic properties of a crystal, but much information about elastic 
waves in crystals may be obtained from the symmetric second-rank 
tensor p derived from AjkJm by convoluting with respect to a pair 
of internal (or external) subscripts: 


Per = Pu Agu: (20.1) 


To determine what physical properties are characterized by 
lM, we use it to produce the quadratic form from the components of 
the vector for the wave normal: 


S = npn = 1,0), = Nyhy Mp (20.2) 


Comparison with (15.20) shows that this quadratic form equals the 
trace of the A tensor: 

ie a (20.3) 
But the trace of a tensor equals (see section 13) the sum of the 
eigenvalues, which here is the sum of the squares of the three waves 
corresponding to a given n. Thus 


S=Ar=npn= v? + v4 02. (20.4) 


In section 13 we showed that the extremal values of nun subject to 
n’=1 are the eigenvalues of u, so the corresponding eigenvectors of 
py define the directions of the wave normal that correspond to these 
extremal values* of the sum of the Squares of the wave velocities. 


We could use the matrices Ca@B = Ciklm Of sections 8 and 9 in 
order to obtain the explicit form of uw for the various crystal sys- 
tems; but it is simpler to use the expressions for A derived in the 
previous section. The trace of A gives us as follows: 


Isotropic medium 
Ay=3a+-6= y+ Wy, (202) 


* The components Ajj-74, May be used in convolution to construct 


another second-rank tensor Aig = Adikl [7], but this does not have 
the importance of p» in relation to elastic waves. 
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Cubic system 


Ay = 8e, + Cy C3 = yy $ 2a, (20.6) 


Hexagonal, tetragonal, and trigonal systems 
Ne = (Aq Ag 1H Age) (4 E53) ag 2244) 23; (20.7) 


Orthorhombic system 


he Qi, + hee + h«6) n? (Ang Egy EF hee) n+ (Agg Aggy hss) nz, (20.8) 


Monoclinic system 


Ay ey ee 2 (Aig + Ave) 179, (20.9) 


Triclinic system 


Ap = At +2 (dog Ags) tarta + 2 (Ais Dag) 23M. (20.10) 


From (20.4), At= nun=njpj}n,, So the pj, define the factors 
to the products njn, in the expressions for A;. The y,;, equal half 
the factor to njn, if iz k, because the symmetry of uw causes each 
term to appear twice in nun. For an isotropic medium or a cubic 
crystal we have 


Ay = (Aq, + 2Aq4) 8p titer 


since 
COPE TILT — nf, — n? = l. 
Then 
Mat 2hqq 0 0 
piso o= youb — 0 een) oF 0 ; (20.11) 
0 0 ha 2h4q 
Similarly we get 
dit gg + Ase 0 0 

pt prett pts ae 0 hia t Aga 1+ Yee 0 , (20.12) 


0 0 hag + 2h44 
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Py, 0 O° Pry == Aya t Ass + M66: 
pees O Py 9 Pog = hyp + ag 1 Meo: (20.13) 


0 9 Pgs ag == Agatha Ase 
iy By =O 
pMOn= | yy py Of, Pye =Aie + v6 (20.14) 
0 0 p33 
Mir Pio Bas 
; = hie + Age, (20.15) 
pitt == 4 119° P29 ms) = a | - 
Piz P23 B33 a oT er 


All the yj; appearing in the last three formulas are expressed iden- 
tically in terms of the AaB 


Tensor yp is isotropic for a cubic crystal or an isotropic me- 
dium, whereas it is uniaxial (section 13) for the middle systems. 
The choice of coordinate axes used in section 19 means that the 
tensor pw for all crystals (other than monoclinic and triclinic) are 
diagonal; all the » for the lowest systems are biaxial (section 13). 
The properties of tensor p thus lead us to divide crystals into 
groups precisely as in optics: cubic crystals do not differ from 
isotropic media, crystals of the middle systems have rotational 
symmetry around high-order axes, and crystals of the lowest sys- 
tem have p as a biaxial tensor.* 


These relationships give rise to various conclusions: (20.4)- 
(20.6) show that cubic crystals and isotropic media have S (the sum 
of the squares of the velocities of the three waves) constant for all 
the directions of the wave normal [14]; (20.7) gives Ag=Aq,+Aqq+ 
Age + (A339 +447 Aq4— Age) Ng =const for n3=constant, so in the case of 
the middle systems S$ is constant for all n lying in an arbitrary 
circular cone having its axis along a high-order axis. Also, (20.6)- 
(20.10) show that the symmetry axes (planes) of any crystal are 
the principal axes (planes) of tensor yp, the symmetry axes (or the 
directions perpendicular to symmetry planes) corresponding to ex- 
tremal values of S [10] (section 13). 


* These properties of tensor p are common to all symmetric sec- 
ond-rank tensors and follow from the corresponding symmetry 
conditions. 
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Tensor p, being symmetric, may (section 13) be put as 
== a,-+ ay(e’-c"-+ €”-¢’), c =c" —1, (20.16) 
in which a, is the intermediate eigenvalue of u. Then 


S = nun =a,+ 2aone’- ne". (20.17) 


Thus S is constant for all n that satisfy 


ne’ - ne” =C=const. (20.18) 


To find the values that C may take, we consider the extremum of 
f=ne'-ne" —«/2(n*—1), in which ~«/2 is an undetermined Lagrange 
multiplier. We get 


Of 


aye -ne“+ ne’ -c’ —xn =0, 


or 


(c’-c’ +e". c’)n=xn, x= 2ne’- ne’ = 2C,,,,. (20.19) 


Table II of section 13 shows that the solutions to this are n=[c'c"] 
and n=c' +c", with the corresponding values x =0 and k=+(1 4 
c'c"), so C can take values within the following limits: 


oe oe ee (20.20) 


A given C within these limits causes (20.18) to become the equation 
of a surface. We multiply (20.18) by r*, put rn=r, and treat ras 
the radius vector to get 


re’ - re” —Cr*? =0. (20.21) 


This is a homogeneous equation defining a cone of second degree; 
symmetry considerations show that its axis is the bisector of the 
angle between c' and c". We take the angle (ct e") as acute, which 
is always feasible, though it may require reversal of c' or c" with 
Simultaneous change in the sign ofa,. Then for C positive the axis 
will be the internal bisector of angle (61e"): a=c'+c", while for 
C negative it is the external bisector b=c'—c". The cone of (20.21) 
is elliptical; taking C > 0 and putting in (20.21) that 
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r= c’ sig” + ae Yr’ (c’ —- c’) —_—- QO, (20.22) 


we direct vector r' lying in a plane perpendicular to axis a of the 
cone once [c', c"] and a second time along c'-c"=b. We put in 
(20.21) that r =k,[e'c"], rp =k (c'—c") to get, respectively, 


Cr’ = (1+ e’c”)(1 + ¢’c” — 20), 


Cr = (+e’c”) (1+ c¢’c” — 2C) 
es I[p(l—ee) R20 
But ry > ro’, so the curve of the section of the cone by a plane is an 


ellipse, not a circle. 


That is, the intersection between the cone of (20.21) anda 
plane perpendicular to the axis a=c'+c" is an ellipse, whose major 
axis is the vector [c'c"] and whose minor axis is the vector c'-—c" 
(Fig. 7). 


The cone of (20.21) degenerates to two planes for C=0, the 
equations of these being rc'=0 and re" =0, i.e., these planes are 
perpendicular to c' and c"; (20.17) and (20.18) give that here S=ay,. 


Hence S is constant for all n lying on an elliptic cone of the 
form of (20.21) in the case of crystals of the lowest systems; in 
particular, any such crystal has two planes perpendicular to the c' 
and c" of (20.16) in which S is constant and equal to the middle ei- 
genvalue of p[10]. 
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Tensor p also allows us to give a geometrical interpretation 
of the behavior of elastic waves in crystals. Consider the ellipsoid 
(section 13) 


rur =|, (20.23) 
in which r= |r|n. Then (20.4) gives 


nun =p = BLU +}, (20.24) 


Hence the inverse square of the radius vector of the ellipsoid of 
(20.23) equals the sum of the squares of the velocities of the three 
waves having their normal parallel to this radius vector [10]. 


Tensor tt also provides a natural choice of the coordinate 
axes for monoclinic and triclinic crystals (section 19). The x, axis 
may be set along the displacement of the purely longitudinal wave, 
while x; and x» may be set along the corresponding transverse dis- 
placements. The convenience of this arises from (19.22) and 
(19.25), but the choice is not unique for a triclinic crystal, because 
we have shown (section 18) that there is not a single direction in 
which a purely longitudinal wave can propagate. Instead of this we 
can choose as our coordinate axes the principal axes of tensor 1, 
which becomes diagonal [7]. This choice is shown by (8.10) to cor- 
respond to the following relation between the parameters in the 
case of a monoclinic crystal: * 


Pry = Mas tag + og = 0. (20.25) 


which allows us to eliminate A45, Aig, OF Agg. From (6.14), this 
choice for a triclinic crystal leads to (20.25) together with two fur- 


ther relations: 


Bhog = og to Dgg Asp = 9. Bg = Mag + Aas agg = 9. (20.26) 


which reduces the number of independent elastic constants to 18. 


* Of course, (19.22) and (19.25) are now not obeyed, since the co- 
ordinate axes have been chosen in another way. 


Chapter 4 
Energy Flux and Wave Surfaces 


21. The Energy-Flux Vector and the Ray Velocity 


The propagation of an elastic wave in any medium is associated 
with the movement of energy. The laws governing this may be de- 
duced from the time course of the kinetic and potential energies of 
a deformed elastic body enclosed in a volume V (section 5). From 
(5.8), (6.3), and (6.4) we have the densities of these forms of energy 
by 


W = pu pus, ® =5 Fie Tir — Cinim Vir Tim (21.1) 
while for the total energy 
E= {(W+)av. (21.2) 
V 
It follows that 
em { (Se ar ue as i) )av = J (cies, + ve) av. (21.3) 


From (1.11), (4.3), and (5.18) 


o® _ =4(@ cy 21.4 
Tin tk Stet Time Tir = 9 De Ox, )" (21.4) 


Then the symmetry of oj; gives 
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Gauss's theorem allows us to transform the potential-energy terrr 


as follows: 


on > buy = f (eri — a, $2 = 
dv = | Op ee (55 (rei) u, 7) dV = 


e 


cn as 
=—f i, <7 V+ Op, aS ,. 


Substitution in (21.3) gives 


dE ° oe Osa e 


The equations of equilibrium of (3.3) imply that the volume integral 
is zero for g=90, so 


+ 4Pas=0, (21.5) 


in which 


P=—ou. P, = — 9, pty. (21.6) 


The physical significance of (21.5) is that the change in the energy 
E enclosed in a fixed volume of an elastically deformed medium 
occurs from the flux of a vector P through the surface bounding 
the volume. This P is called the energy flux-density vector (Umov 
vector), and its direction indicates the direction of the energy flow 
at that point, the length being numerically equal to the amount of 
energy passing in unit time through unit area perpendicular to P. 
Dividing this vector by the energy density, we get a vector defin- 
ing the magnitude and direction of the energy flow rate. 


The formulas of (21.6) are completely general and apply for 
any deformation and stress in the crystal. We are interested in 
deformations of the elastic-wave type, so we assume that the dis- 
placement vector varies in accordance with (15.5); but the energy 
and energy flux are quadratic functions of the displacement vector, 
so we must consider only the real part of the complex expression 
of (15.5) (see section 15). We assume the elastic wave to be lin- 
early polarized and put the displacement vector as 


“p= ulcose, g=kr—at. (21.7) 


THE ENERGY -FLUX VECTOR AND THE RAY VELOCITY 121 


Here 


e a 0 F er 0 : 
U, == ou, Sing, == — Ruy sing, 


= 4 (Sty ot) — l Ry Ry 
Vio oe og ne 


and substitution of (21.7) into (21.1) and (21.6) gives 


; ] 
W => pwn” sing, d= + C1 1m 2,20 49, sin? g, (21.8) 
P= Cy jm Vint = C1 jm By Log AG SIM? g. (21.9) 


Multiplying (15.16) by uj, we get 
C1 jt & R49 uo, = pw? u®, (21.10) 
which means that a plane wave has its kinetic energy equal to its 
potential energy: 
V= 9, (21.11) 
The total energy density is then 
& = 2W = 20 = pwn” sin? 9. (21.12) 


The time-averages of the density and flux are usually the quantities 
of practical interest: 


— 


e 1 


yt oe Dp 
= 5 pwn, Py WC yp RNG? (21.13) 


We divide Pj by & to get the vector for the velocity of motion of the 
energy, which we denote by 8. Now Cijjm =PAijlm (15-17), ky =kn] 
(15.8), w/k=Vv (15.10), and taking u as uate His olacenient vector, 

we get 

Myimitjemiy Pa (21.14) 


P 
. SSS 
& U 


Cd 


Vector s=(sj) is the ray or group velocity, the latter name 
being given because the general theory [21] shows that the energy 
in a wave process propagates with the group velocity (not the phase 
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velocity), that velocity being the speed of a wave packet, which is 
the result of superposition of numerous waves with similar frequen- 
cies The general theory shows that the group velocity of a wave 

of any type is given [21] by the derivative of the frequency with re- 
spect to the wave vector: 


__ Ow _ Ow 1 
51 OR, ° aaa (2 15) 


This gives (21.14) very simply; from (21.10), taking the displace- 
ment vector as unit, we have 


as ne ee (21.16) 


Differentiation with respect to k; gives 2w(8w/dkj) =2Aijamkjuyum:; 
which implies that 


eons Ow -_ AijimNjU Um 
i Ok, ~~ w/k , 


which coincides with (21.14). 


In section 15 we introduced the tensor of (15.20): A=AN= 
(AijZmnjnj). Similarly we define a second-rank tensor 


AY = (Ati) = (tjimt jum). (21.17) 
Then (21.14) may be put in the form 


s+ AY. (21.18) 


Uv 
Now (15.20) gives 
niin = uA"y = Mi pimM nye pL = uv’, (21 19) 
SO (21.18) gives the group and phase velocities as related by 
sn =v. (21.20) 


The ray velocity therefore cannot be less than the phase one, and 
equals it only if the two coincide in direction. To a given direction 
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of the wave normal in the crystal there correspond three waves 
with different phase velocities and mutually orthogonal displace- 
ments. Clearly, AU has a different form for each of these; there- 
fore, and also in view of the difference in v, the ray velocities of 
the three isonormal waves will, from (21.18), usually differ in 
magnitude and direction. For the quasilongitudinal and quasitrans- 
verse waves we may put, respectively, that 


] I ] 
= a ns: 2S - AON. Sy : An. (21.21) 


We note that uy =n and 

A™U, = Volo — Voll = ATO 
for a longitudinal normal, so the first formula in (21.21) gives S)= 
V)N=Vp; hence the vectors for the ray and phase velocities coincide 


in a purely longitudinal wave. This cannot in general be said of the 
transverse waves corresponding to the same normal. 


We have from (21.21) that 


V>So + V;$, + V8, = (A% + AM + AP2Z)K; 


but 


so (20.1) gives us that 


Ne " Ni} a ae = Ajjnt Mos Wo + U, > Uy + UL: UW in = NijKtOjk 


Hence 


VoS) + VS, + V8) = pn. (21.21') 


Multiplying by n and using (21.20), we get (20.4). 
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A further very convenient expression may be derived for the 

ray-velocity vector; to find it we differentiate (21.19) with respect 

to nk, taking all components of n as independent, i.e., neglecting 


the condition n” =n. =]: 


8 Foy 2% = (natn) = =" (a A" 2H). (21.22) 
k 


The derivative on the right is found as follows: 


0 u“ On wu Ou an 

— (nA n)=2 Onn a 2a, u. 

Here 9nj/dn; =6;,, SO (On/dny)AUn= (AUn),; further, u is unit vec- 
tor, so w=1 and 9u’/dn;, =2u(du/dn,) =0. The equation Any =vu 
shows that (9u/8ny,) ARu = v°(8u/ank) u=0, so (21.22) implies that 


Ov l u 
ong ao WA 1)» 


or, omitting the subscripts, 


Le (21.23) 


on u- 
Comparison with (21.18) gives us the important relation 


a, See (21.24) 


= as 
Rk ON p On 


It is easily shown that (21.20) follows from this, for the phase velo- 
city is ahomogeneous function of first degree in the components of 
n, which follows from the definitive equation (15.22), |v’— A™| =0. 
We multiply this by k® to get |(kv)’— AK®|=0, which shows that mul- 
tiplication of all components of n in v=f(n,,) by a number k results 
in multiplication of v by the same number. But then we get from 
Euler's theorem for homogeneous functions that 


OE a 5. (21.25) 


which (21.24) makes equivalent to (21.20). 


From (21.24) and (21.20) we have 


0 OSp Ov 
Ta; (PaSe) = Sit my i = on = 


THE ENERGY -FLUX VECTOR AND THE RAY VELOCITY 125 


OSp 
hy on; 


: 


(21 .26) 


whose correctness may be verified directly by differentiating 
(21.18). 


Relation (21.26) also shows that 


Os; Aus vs OS 
On, OngOn; On; Ong On; (21.27) 


SO nj (9s},/8n;) = n,(98;/Onj); but vis ahomogeneous function of first 
degree in the ny, so s, =av/8n, is a homogeneous function of the 
ny of zero degree. Euler's theorem shows that the operator 
n},(8/8n,) applied to a homogeneous function of the ny, of degree p 
is equivalent to multiplying the function by p; sx has p=0, so 

ny, (98; / On) = 


We introduce the symmetric matrix 


Os; OS» é2y 
B= (Bir) = (52 s\= (St) = (a. i) (21 .28) 
which allows us to put (21.26) as 


Bo=0 (|P|=9). (21.29) 


The importance of (21.24) leads us to derive it also from the 
definition of (21.15). Using (15.10) with v =v(n) =v(nk), we may put 
that 


_ dw __ O(Rv) OR OR Ov On, 91.29! 
31 Ok, Ok, UGtRE= eT a On; OR; ( 
But 

kb OVE k 
Le ees (21.30) 

OR, Ok k 

On; = 7) Ry _ oy mayny 

=z le)= aan Ta (enor) 


Substitution into (21.29') gives 


Ov 
SS on, (9) — 0 ;0) = (v — i On, hn Tia ren oe 
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This by virtue of (21.25) reduces to (21.24) 


We introduce the vector* 


a eae (21532) 
U 

having the direction of the wave normal and a magnitude equal to 

the reciprocal of the pahse velocity. This vector is entirely analo- 

gous to the important refraction vector of optics [17], so that name 

will be used here, the more so since the vector is especially im- 

portant in the refraction and reflection of elastic waves (see Chap- 


ter 8). Refractionvector m allows us to put (21.18)-(21.20) as 


sa Aum (21.33) 
sm = mA‘m —uA"u = 1. (21 .34) 


Wehave AU=a+bu-u for an isotropic medium, witha + b = vi (longi- 
tudinal wave) and a =v} (transverse wave). Also, for a longitudinal 
wave (u=n) we have s=(1/v))AUn=vyn= vj, while for a transverse 
wave (u.tn) we have s=(1/v,;)an=vyn=v,. Hence the ray velocity 
for both types of wave in an isotropic medium coincides in magni- 
tude and direction with the corresponding phase velocity. 


Relation (21.24) does not conflict with this result, if we re- 
member the reservation that all the n, are to be taken as indepen- 
dent in differentiation with respect to n and that the phase velocity 
is a homogeneous function of first degree in the nx. Therefore we 
must put, Say, vy=Yan" for a transverse wave in an isotropic medi- 
um; applying (21.24) we get 


Ov _ 


= fan = %;, 


2n 
2V ni 


as should be the case. 


* There is no accepted terminology for vector m; it has been called 
the reciprocal-velocity vector or the index vector [13, 25]. The 
term slowness vector is also used in the non-Russian literature 
[15]. 
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Some important general relations follows from (21.33), which 
we Solve for m to get 


Substitution into (21.34) gives 
s(\“)" sg =1. (21.36) 


This relation directly connects u with the corresponding ray velo- 
city s; (21.36) for a given direction of u is the equation of an ellip- 
soid in ray-velocity space, the radius vector being r=s (section 13). 
We conclude that the ends of the ray-velocity vectors for all elastic 
waves having a given u (with u’=1) must lie on the ellipsoid of 
(21.36). Of course, to each u there corresponds an ellipsoid dis- 
tinct in shape, size, and orientation. Asa rule, s is defined by one 
point (more precisely, two opposed points), or by several such 
pairs on the ellipsoid; but sometimes (see section 25) a given u 
will correspond to infinitely many s, whose ends form a line on the 
ellipsoid of (21.36). 


We square (21.35) to get m? = ((AY)'s)* =s(AY)~’s, or,, with 
(21.32) and (21.19), 


nd“n.s(A“) 5 =1. (21.37) 
This is equivalent to 
l 
Ue. (21 38) 
Vs (A%)~* 5 


We multiply (21.35) scalarly by n to get 


a (21.39) 
n(A“) os 
Also, (21.18) may be put in the form AUn=s-v=Ss-sn of 
(21.20), or 


(A* —s-s)n==0. (21.40) 
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This equation defines n by reference to a given u and s; for (21.40) 
to have a solution for n, it is necessary [See (12.25)] to comply with 


JA“ —s-s|=|A*|—sA“s =0. (21.41) 


This differs from (21.36) only in the factor |AU| {see (12.16)]. In 
addition to (21.40), another vector equation between n, u, and s is 


(A” — (ns)*) u = 0, (21.42) 


i.e., Christoffel's equation of (15.21) and (21.20). Equations (21.40) 
and (21.42) do not follow one from the other; they are independent, 
since vector s is introduced via the definition of (21.18), which is 
equivalent to (21.40). 


Suppose we are given the direction of n and have to find s. 
First of all we find ns =v from the condition for the existence ofa 
solution to (21.42) for u: 


| A” — v"| =0. (21.43) 


In the general case this gives three distinct values of v: vo, vj, and 
Vo (i.e., tensor ANis biaxial, see section 13). Here A"~v2= 0 and 
(13.8) gives 


A" —v? AT — 
“6 — 


(A* — v*); CAME); 


This defines u uniquely. The last relation in terms of subscripts is 


(4% mit uv’) : 
jm ” 
lg = (21.45) 
(A™ — v*) 


Then (21.17) for AU becomes 


u h (A* — v’) m 
Ay = (21.46) 
— u-); 


We substitute (21.46) with the corresponding root v of (21.43) into 
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(21.18) to get the ray-velocity vector as 


Arita (A® — v0? Mri (AM — 1 
5. = ijtk \yn My = tte ( )i_ my (21.47) 


v(A* — v*) (A™ — 1)t 


Formulas (21.43), (21.44), and (21.47) give a complete solution to 
the problem in the general case. 


Since (21.44) with vy) # v; = v». defines u uniquely, and hence the 
MU of (21.46), we see from (21.47) that to each of the thrce isonor- 
mal waves there corresponds a definite unique s. 


The situation is different when (21.43) has a duplicated root, 
which corresponds to an acoustic axis (section 18). 


In this case the behavior of the ray-velocity is much more 
complicated and requires the special discussion presented in the 
next section. 


22. Energy Vector with Acoustic Axes 


Let tensor AN have a duplicated eigenvalue vj =v3 for a given 
direction of n; then (13.22) and (13.24) show that A" is a uniaxial 
tensor whose axis is the displacement vector uy of the quasilongi- 
tudinal wave. Table IJ gives us A® for this case as 


A" = uj; + (v9 — v{) ao- Uo. (22.1) 


The displacement vector u of the quasitransverse wave may have 
any direction in a plane perpendicular to up, i.e., it is restricted 
only by the one condition | 


uu, = 0. (22.2) 


Here (21.18) shows that s will vary in magnitude and direction with 
the direction of u(w =1), but s will always satisfy (21.20). Taking 

s as radius vector, we have (21.20) for given n and v= v, as the equa- 
tion of a plane P perpendicular to n and lying a distance v,; from the 
origin. The end of s will always lie on that plane; it traces outa 
curve aS u varies (Fig. 8), whose shape is found by introducing the 
two mutually orthogonal unit vectors 


/ [19] 


oan r em u” = [ayut"). (22.3) 
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In determining u' and u" we select the direction of uy to be such as 
to form an acute angle with n (Fig. 8). We have u'uy =u"u,=9, so 
the u of (22.2), the unit displacement vector of the quasitransverse 
wave, may be put as a linear combination: 


u=u'cos§-+u’sing, Wea =a” —1. (22.4) 


We assume here that uy is not parallel to n, i.e., that the acoustic 
axis is not longitudinal (section 18). Vectors u' and u" may be con- 
sidered as loci in a plane perpendicular to uy; then @is the angle 
between u and u'. It is readily Seen that tensor AU now takes the 


form 


A“ = A” cos?9-+ A“ sin?6-+ A” cos %sin5, (22.5) 
in which 
A” = A’-++- A", A, ere, j ve (22.6) 
Ne SIT Ll uy = Mth j uy uy = Ae jit; a = Ay, (22.7) 
Hence 
A” = A’. AM mW 
i i, (22.8) 
Then we get (21.33) as the expression for s: 
s= A“m, =(cos’ 0A" + sin’ 0A%" + sin 0cos 6A”) my, (22.9) 


in which m,=n/v;; all possible orientations of the u of (22.4) are 
obtained by varying @from 0 to 27. This mean of s is 


Qn 
) l u' u" 
(y= f sav=loa +A ) m, =p. (22.10) 
0 
We can now put s in the form* 
in which 
1 a’ a” 
S| = S$ — S$) = Cos A Gen )m, + ¥sin 20A”m,. (22.12) 


* Subscripts 0 and 1 here differ in meaning from those of (21.21). 
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But nAU'n=nAU"n=u' ADU! =u" Any" nee (ADu =viu), SO 


NS) = 4, (22.13) 


i.e., the end of sy) lies in the same plane as the ends of all the 8 
vectors. On the other hand nA™n=2u' Au" =2v‘u'u" =0, so ns, =0, 
i.e., S; lies in plane P (Fig. 8); Ss) is constant, so the shape of the 
curve described by the end of S is governed by the variation of s,. 
We get the equation of this curve by considering s, as the radius 
vector in plane P and eliminating 6 from 


r=S,—pcos20 + qgsin24, (22 .14) 
in which 
p=s(A" —A“)m, g=zA"m, (pn=gn—0). (22.15) 


It is simplest to eliminate @ by taking the vector product of (22.14) 
once by p and again by q, squaring the results, and adding [17]. 
This gives 


rp? + Irg)? =I pq)’. (22.16) 


This is the equation of a curve of second degree, which cannot be 
other than an ellipse, because (22.14) shows that the length of r is 
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bounded. The size and orientation of the axes of the Pages of 
(22.16) can be found if we first find the @ at which r° =sj has its 
extreme values. For this purpose it is convenient to put (22.14) as 


r=op+hg. P+ P=. eer 
Then we have to find the maximum of 
f(a, P=P—dA(?2 + KI), (22.18) 


in which X is an undetermined Lagrange multiplier. The condition 
for a turning point, 0f/8a=90/f/8 B=0, gives 


(p? —A)a + pap = 0, (22.19) 
pq2 + (q? —d\) B= 0. 


We multiply these, respectively, by a and 8, and add the results, to 
get 
h== ap? + Bq? + 2ahpg =r'ex0- (22.20) 


On the other hand, the linear homogeneous equations (22.19) give 
us the following, because q@ and @ are not Simultaneously zero: 


p’—h 


pq 
Pg on l=P — (e+ q’) + [pq = 0. (22.21) 


This gives us the square of the semiaxes for the ellipse described 
by the end of s in the plane ns =v;: 


; | ane, Tar aR, RS 
=a? = sles @ + Vip + a? — 4 pal’). 


l 
hy = hin 0 = oP? + @? — Vip? +? — 4 pag’). 


(22 .22) 


We find corresponding a/f from (22.19) and substitute into (22.17) 
to get the directions of the principal axes of the ellipse: 


alligipq))—Aypli{ptapl) —Agq. (22 .23) 


bilgi pql) — A plilp (gpl ] — Aq. 


From (22.17) we have r=ap+¥Y1-a*q, so to each a there corre- 
spond two points A and B on the ellipse. which are obtained if to 
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Fig. 9 


vector ap we add vector VY 1— a*q or the opposite vector ~Vv1— a q 
(Fig. 9). Thus chord AB parallel to q meets p at its middle. Simi- 
larly, q bisects all chords parallel to p, so p and q are conjugate 
semidiameters of the ellipse of (22.14) and (22.16). 


A change in the direction of the u of (22.4) due to increase in 
@ will cause a corresponding rotation of s,; in plane P, which 
(22.14) gives as twice the angle (Fig. 8). This rotation may be 
clockwise or counterclockwise looking along n. The sense of the 
rotation may be determined by comparing the direction of the vec- 
tor [s,;, ds,/d@] with that of n. If s, is taken as the radius vector 
of (22.14), then the vector s; =ds,/dé@, which also lies in plane P, 
will define the direction and speed of the motion of the end of s,; as 
§ varies. Vector [S484] resembles n in being perpendicular to 
plane P. Figure 8 shows that a positive (negative) sign for n{s,sj] 
causes Ss, to rotate with respect to n in the sense of a right-handed 
(left-handed) screw. From (22.14) we get the condition that for 


n[ pq) > 9 (22 .24) 


the sense of rotation of s; as @ increases will be as for a right- 
handed screw with respect to n, with the converse for n[pq] < 0.* 


Thus a wave normal coincident with an acoustic axis corre- 
sponds to a cone of directions for the energy-flux vector of a quasi- 
transverse wave, eachof which corresponds to a definite displace- 
ment vector. Hence the corresponding property is called, by 


* See [22] for details of these properties of the energy-flux vector 
for the case of an acoustic axis. 
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analogy with crystal optics (see [23], for example) internal conical 
refraction. The equation for this cone is readily found. We take 
the vector product of s and (22.14), and use (22.11), to get 


[s,5] = [sp] cos 28 + [sq] sin 20. 


To eliminate 6 we multiply this equation scalarly by p and by q, 
square the results, and add, getting 


($ (8) pl) )?+ (s {s,q])? = (s [pg]. (ee) 
We introduce the symbols 
a=[Syp], 6=(s.g]. c=(pq)|a. (22.26) 
y=a-a+6-b—Cc-¢ 
and consider s as the radius vector r to put (22.25) as 
ryr = 0. (22.27) 


This equation is homogeneous in r, so it is the equation of a cone 
of second degree. The cone will not degenerate at r=0 provided 
that the symmetric tensor y is not positively (negatively) definite, 
i.e., its eigenvalues must necessarily include positive and negative 
ones. Thus two of the three eigenvalues of y(e.g., y,; and jy) will 
have the same sign, while the third (y3) will have the opposite sign. 
The eigenvector of ycorresponding to ys, will then be the axis of the 
cone, which will be circular if, and only if, y, =yo, i.e., if tensor y 
is uniaxial (section 13). Tensor y is biaxial in the general case, 
and the cone is then elliptical (the section by a plane perpendicular 
to the axis is an ellipse). These properties lead us to conclude 
from (22.10), (22.15), and (22.26) that the cone of rays of (22.27) in 
the general case of an acoustic axis is elliptical and that its axis 
does not coincide with vector s), because the latter is not an eigen- 
vector of the tensor y of (22.26). 


The above general relations simplify somewhat in the partic- 
ular case where the acoustic axis lies in a symmetry plane or in 
a plane equivalent to this that is normal to a fourfold axis (section 
16). It is readily seen that (22.15) then shows that p lies in the 
symmetry plane, while q is perpendicular to it; in this case n, ug, 
and u" lie in the symmetry plane, while u' is perpendicular to it 
[see section 16 and (22.3)]. Reflection in the symmetry plane does 
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not alter tensor Aikim and vectors n, uy, and u", while the direction 
ofu' is reversed. Tensors AU’, MU" and vector m,=n/v, are un- 
affected, while tensor A™ reverses in sign, because the components 
of u' appear in it to the first power [see (22.6) and (22.7)]. Thus 

p is unaltered by reflection, while q reverses in direction [see 
(22.15)], which implies that p lies in the symmetry plane and q is 
perpendicular to it. In the same way we show that the sy of (22.10) 
also lies in the symmetry plane. It is clear that the ellipse of 
(22.16) lies symmetrically with respect to the symmetry plane, 
while the mutually perpendicular vectors p and q will in magnitude 
and direction coincide with the principal semiaxes of this ellipse. 
It is obvious that the axis of the ray cone of (22.27) will also lie 

in the symmetry plane. Figure 10 illustrates the relative disposi- 
tion of the various vectors lying in the symmetry plane. Direction 
OD is the axis of the ray cone and coincides with the bisector of 
angle AOC; it is clear that this will always lie between s, (as me- 
dian) and v (the height of the triangle OAC). OD may coincide with 
S, only if sp|| n. 


A more special case is that of a longitudinal acoustic axis 
(section 18) with uy|/n. Such directions can, in principle, exist in 
crystals of the lower systems subject to special relations between 
the parameters (section 18), but it is usual for the properties of 
such an axis to occur only for the higher symmetry axes in the 
middle systems. In the latter case the cone of (22.27) becomes 
circular, and its axis coincides with the axis of high order, because 
the ellipse of (22.16) should not alter on rotation around n through 
an angle m< 7m when there is an axis of high order, which is pos- 
sible only if the ellipse is a circle. 


23. Elliptical Polarization in Elastic Waves 
and the Instantaneous Energy-Flux Vector 


So far we have considered only linearly polarized plane elas- 
tic waves, which can (section 15) propagate along all directions in 
the crystal.* However, A" becomes uniaxial along the acoustic 
axes, and here a wave of more general type can occur, namely one 
with elliptical polarization. Such waves can propagate in all direc- 
tions in an isotropic medium. 


*It is assumed that the crystal does not absorb elastic waves. 
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In section 15 we showed that the 
displacement vector of a plane monochro- 
matic wave may be put in the form of 
(15.5): 

, (23.1) 
u—ure!?, o=kr— ot, 
in which u° is a constant vector amplitude, 
which is an eigenvector of tensor A?®: 
a (An—y*yu2=0. A is biaxial for a crystal 
(section 13) for nearly all directions of 

Eipe te n, which means that it has three eigen- 
vectors of precisely defined direction, which correspond to three 
linearly polarized isonormal waves. Here u’ may be considered 
as a real vector. A direct physical meaning also attaches to the 
real part of the u of (23.1) (section 15): 


u, == Reu=u°cos¢. (23.2) 


This indicates that uy varies periodically with limits u? and -w, 
while remaining collinear with a fixed direction. 


But w’ may also be complex: 


wn’ + iu”, (23.3) 


in which u' and u" are real vectors that are not collinear;* if they 
were, we would simply have the case of real uw again, for if u"=Cu' 
then u? = (1+iC)u'=C,u'. The equation (An— v’) u’=0 is linear and 
homogeneous, so the scalar factor C, plays no part and may be dis- 
carded, and (23.3) leads to new results only when u' and u" are 
linearly independent. In that case the real part of (23.1) becomes 


u—u' cose --u' sing. (23.4) 


A difference from (23.2) is that the end of u does not describe a 
straight line in the general case, but instead describes an ellipse, 
which becomes clear if we compare (23.4) with (22.14). This is 
why we call elliptically polarized a plane wave whose displace- 
ment vector is defined by (23.1) and (23.3). A linearly polarized 
wave (for u'||u") is a particular case; a circularly polarized wave 


* The vectors w' and u" in (23.3) should not be confused with the 
vectors in (22.3) of the preceding section. 
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is another. The latter has a displacement vector (23.4) of constant 
length that describes a circle, which leads to 


I ee ” / / 
c= (u’” +u ‘) Bes 5 (u aeeres ut”) cos 2p—u'u" sin2p = const, 


which gives us the condition for circular polarization in the form 
of an invariant (see [17]): 


uw — a” =u'u" =0. (23.5) 


The vector of (23.4) must be eigenvector of A" corresponding 
to a fixed eigenvalue v’ for all g if an elliptically polarized plane 
wave is to propagate in a crystal. Specifying some point ry, the u 
of (23.4) will take all directions in a plane containing u' and u" as 
the phase w= kr,)-- wt varies with time; it will remain an eigenvec- 
tor of ANonly if the latter is uniaxial, with its axis (section 13) per- 
pendicular to the plane of u' and u". Hence elliptically polarized 
transverse waves are possible in a crystal only when the wave 
normal is an acoustic axis. Here we have a complete analogy with 
crystal optics, since a light wave in a transparent crystal is always 
linearly polarized except along the optic axes [17]. A light wave 
or a transverse elastic wave can have any polarization during 
propagation in any direction if the medium is isotropic, of course. 


All the properties of the ellipse described by the vector of 
(23.4) may be derived from the formulas of the previous section if 
we replace p by u' and q by u" [compare (22.14) and (23.4)]. In par- 
ticular, (22.22) gives the lengths of the semiaxes as 


a? l ( 72 2 V r? 22 tou 2) 93.6 
no fp (wut kV pe (23.6) 
and the directions of these are given by (22.23) as 


CM Cal ag) 7 Quel a PPP LL, Ve ee PL 
aif{u'{uu)] Cet [ua u"] | a‘*y”, ! (23.7) 
bla” (ae! a"] | — 02a" | [’ [""a"} | — Ou", 


Consider now the behavior of the energy-flux vector along an 
acoustic axis when the elastic wave is elliptically polarized. The 
general formulas (21.6) and (21.12) are 


P= — ou, & = pu?, (23.8) 
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and in these we substitute from (23.4) for u=u' cos g—u" Sin g. 
Performing the operations of section 21 on this vector, we get 


u==w(u'sing +4" cos ¢), 


) (23.9) 
OU ' ” 
On == —k,(u,sing +- #, COS 7), 
which gives after substitution in (23.8) 
Py Cy im nt = OC 5 1mm (4H, sin’ @ + 
+ ul ul cos’ (uiu, + w,u,)sin © COS 4), (23.10) 


& = pw’ (u” sin? +- aw" cos*o + u’u" sin 2c). 


Also, (23.9) indicates that u describes an ellipse; comparison with 
(23.4) shows that, apart from the factor w, u differs from u in hav- 
ing u' replaced by u" and u" by -u'. Formulas (23.6) and (23.7) 
imply that neither the lengths nor the orientations of the axes are 
affected by this substitution, so the ellipse described by wu has the 
same shape and orientation as that described by u, differing merely 
in size by virtue of the factor w. But from (15.8) and (15.12) we 
have 


k=—n=om, (23.10') 
so (23.10) for the energy-flux vector may [see (22.9)] be put as 


pes pw (A* sin’ o+ A” cos’ o+ A’ sin ” COS 0) m, (23.11) 


in which A™ is given by (22.6)-(22.8). 


Now we compare (23.11) for the instantaneous flux density 
for this wave with the corresponding expression [see (21.9)] 


P =pw' sin’ oA“ m (23.12) 


for the same vector of a linearly polarized wave. The main differ- 
ence is that the vector of (23.12) changes only in magnitude in re- 
sponse to ~ (from zero to Py =pw*Aum), While retaining a fixed di- 
rection, whereas that of (23.11) varies in magnitude and direction. 
Apart from the factor pw, (23.11) for P is entirely analogous to 
(22.9) for s; but there is a major difference in the content of these 
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formulas. Firstly, the u' and u" of (22.3)-(22.9) were taken as unit 
mutually perpendicular vectors, whereas those of (23.4)-(23.11) are 
arbitrary in magnitude and lie mutually at any angle. Sccondly, 

the @ of (22.9) has been specified and defines the direction of the 
displacement vector of (22.4) for a linearly polarized wave, where- 
as in (23.11) the phase gis, from (23.1), a function of time and 
coordinates. Hence a time-averaged [see (21.13)] of the energy- 
flux vector for a linearly polarized wave does not alter the direc- 
tion of that vector. Moreover, (21.9) and (21.12)-(21.14) shows that 
the vector for the mean ray velocity exactly coincides with the 
vector for the instantaneous ray velocity, i.e., the latter is con- 
Stant in magnitude and direction for a linearly polarized wave. 


The vector P of an elliptically polarized wave is shown by 
(23.11) to vary in magnitude and direction, so the mean energy- 
flux vector becomes meaningless, as does the mean ray-velocity 
vector. We can use (23.9) and (23.10') to put (23.11) in the com- 
pact form 


P = pA*m. (23.13) 
Multiplication by n gives 
Pa=tnA"n=f wA"e. 
Uv Uv 
It follows from Au =v‘u after differentiation with respect to time 
that ANu=vu, so UADU=v't" and 
Pn = vou? = vB. (23.14) 


Hence, introducing the instantaneous ray-velocity vector s via the 
definition of (21.14), we have 


sae (23.15) 
which, as before, satisfies (21.20): 
sn=v, Sm=xl. 
Using (23.8), (23.13), and (23.15) we may put 
_ Atm (23.16) 


uu? 
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or, introducing the unit vector Ug =u/|ul, 
ee acne (23.17) 


This last expression differs from (21.33) only in having Ue in place 
of u, which is expected, since u= =u’ cos o, for linear polarization, 
sou=ww sin , differs from uonly by a scalar factor: u=w tan gu. 
This difference drops out for the unit vectors, so (23.17) becomes 
(21.33); but (23.17) is more general, since it is dependent on the 
phase variable ¢ in the case of elliptical polarization. 


The unit vector 


° u u’'singe-+u” cos 9 (23.18) 
LS SS DO 

| uw | Vu sin? op +-u” cos? ot u’u” sin 29 

always may be put in the form of (22.4): 


u, = u,cos $+ u,sin 9, w= ue = 1, uu, =O, (23.19) 


in which the constant unit mutually orthogonal vectors u,; and uw, lie 
in the same plane as the u' and u" of (23.4), and the direction of 
one of them in that plane may be chosen arbitrarily (@ is the angle 
between Ue and u;). We take the directions of (22.3) for u, and w, 
which causes (23.17) and (23.19) to coincide precisely in form with 
(22.9) and (22.4), so all the subsequent relationships of the previous 
section apply also to elliptical polarization. A major difference, 
however, is that the of section 22 is taken as constant, denoting 
the fixed orientation of the displacement vector for the quasitrans- 
verse linearly polarized wave. The é@of (23.19) depends on the 
phase variable @ and varies with the latter as a function of time 


and coordinates; (23.18) and (23.19) give the dependence of 6@on 
~ as 


. uu ; 
Costa sin ga S. (23.20) 
|u| u | 


Then o=0 gives = 0) =(a;0"); variation of g from 0 to 27 corre- 
sponds to change in @ from 6) to 6)+27. 
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The s of (23.17) thus behaves as follows for an elliptically 
polarized wave propagating along an acoustic axis n: s varies in 
accordance with (22.9)-(22.11) and (22.14), in which @ is defined by 
(23.9) and (23.20), with o= kr—wt. Theendof s then traces out an 
ellipse in the plane sn=v, the center of the ellipse lying at the 
point defined by the s, of (22.10) and the equation of the ellipse hav- 
ing the form of (22.16), the shape, orientation, size, and direction 
of traversal being defined by (22.22)-(22.24). Vector s itself de- 
scribes the surface of an elliptic cone, whose form and properties 
are described by (22.25)-(22.27). Vector te for any linearly inde- 
pendent u' and u" of (23.4) may be reduced to the standard form of 
(23.19), so all the relationships of section 22 remain completely 
valid for all such u' and u". Specification of u' and u" entirely de- 
fines the polarization ellipse, so the P of (23.13) describes the cone 
of (22 .25)-(22.27),and the s of (23.17) describes the ellipse of 
(22.16), as the elliptically polarized wave propagates along the 
specified acoustic axis in that crystal. For the same conditions, 
but with the wave linearly polarized, P is directed along a genera- 
tor of the cone of (22.25), while s is directed to a fixed point on the 
ellipse of (22.16), whose position is dependent on the orientation ofu. 


Here we get an apparent contradiction, because we can pass 
continuously to linear polarization from elliptical by reducing one 
of the semiaxes of the ellipse continuously to zero; whereas the 
above would leave s describing the same cone (ellipse) no matter 
how narrow the polarization ellipse, while s for linear polarization 
would have a constant direction and magnitude. It seems impos- 
sible to make the continuous transition (from elliptical to linear 
polarization) compatible with a jump in the behavior of s (from mo- 
tion on a cone to constant coincidence with one of the generators of 
that cone). This paradox is actually very simple to resolve if we 
consider the kinematics ofthe ray-velocity vector instead of pure geom- 
etry. From (23.4) we have u=u' cos g—u" sin gy, which may be 
considered as the parametric equation of the ellipse traced out by 
the end of uas g varies. We define the orientation of u via the 
angle @' formed with vector u'. By analogy with (23.20) we have 


00 ee, (23.21) 


Vor 
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Consider the derivative 


a0’ 1 d wu [u’ul? du 
‘dp sin” d¢ Vu w | uu? 49 V au? 


Simple steps give 


ee Te (23.22) 
do u? 


But g=kr—wt, so the absolute magnitude of the angular velocity of 
u is 

-, _ ay’ , _ | [uu] | 

"| =| e/=ot. (23.23) 
The area velocity Vg (area described by u in unit time) is given 
by (23.23) as 


OF: > ui’ =< |{u'u”|| = const. (23.24) 


Thus the area velocity is constant for elliptical polarization of a 
plane harmonic wave.* 


The paradox is now resolved easily. A highly elongated el- 
lipse (Fig. lla) has a constant sector velocity, so the angular velo- 
city, given by (23.4) as 6'=2Vo /u’, will be very large near points 
B and D, because |u| is small, whereas near A and C (major axis) 
6' will be relatively small. Let point A on the displacement ellipse 
(Fig. 11a) correspond to A' on the ray-velocity ellipse (Fig. 11b). 
Vector s, rotates in accordance with the motion of u, but twice as 
fast, since the angle is doubled in (22.14). Hence motion of u 
through 7 (A to C) corresponds to a complete rotation of s, in 
the ellipse of (22.14), with return to point A'. The ellipse of 
S; does not alter in shape, orientation, or size as the eccentri- 
city of the u ellipse increases, but it spends an increasing 
proportion of its time near A' and travels along the rest ever 
more rapidly. In the limit, ellipse u becomes a straight line 


* This law of areas is also true for mechanical motion in a cou- 
lomb field and for elliptically polarized plane harmonic waves of 
any type, although the phenomena are completely different in na- 
ture. 
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while s,; spends all its time at A’, 
which corresponds to no time 
spent running over the rest of 
the ellipse (infinite angular ve- 
locity). This is how we geta 
/,’ continuous transition from a 
state of elliptical polarization, 
b in which the ray-velocity vector 
describes the entire cone of 
(22.25), to the state of linear po- 
larization, in which it is directed 
always to one point on that cone. These arguments are easily con- 
firmed by a simple calculation. Let 7 be the angle formed by s, 
with the p of (22.14). Then the area velocity of s, is 


er 
V, — Dy Si'y: (23 .25) 


Angle 7 for s; is related to 26' as is angle @ for u to g; hence, by 
analogy with (23.21)-(23.24), we may put 


cos uy = Sp//Sip?, as /d(20") = ![pa]l/s; (23.26) 
Wr = |ds/d(20')i20" = 2c ipaq] |/s2) » (ju’u"' /u?), (23.27) 


Hence the section velocity V, of s; is 


Uy ee DO (23.28) 


(2/ cos? — u” sin +)? © 


An elongated u ellipse is obtained by making u" small, for example. 


We see from (23.28) that for g=1/2 the speed V, =w|{pql| rae 


is large, while y=0, 7, the speed V, =« |[pql! Wer is small; 


: let 
ju"|—-0 corresponds to Vi — %, whereas V,— 0, incomplete accor- 


dance with the above. 


The general formula (23.28) allows us to establish the beha- 
vior of s; for a circularly polarized wave also. Here (23.5) gives 
ul?—ul =utut= 0, so 
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f 


(u'cos O- u" sin 9) = |{u'w']| =u’ 


and 
V,=» |[{pq]| = const. 


Thus for circular polarization (and for this case only) u and sy both 
have constant sector velocities; u will also have a constant angular 
velocity, whereas s,, in general, will not, because it describes an 
ellipse. 


The ray velocity coincides with the phase velocity for an iso- 
tropic medium (section 21); this property occurs for transverse 
waves with any direction of the displacement vector, so it persists 
also when the displacement vector rotates continuously, as in el- 
liptical polarization. The vectors for the phase and ray velocities 
thus always coincide for an isotropic medium, no matter what the 
state of polarization. 


Finally consider the directions in which u and s,; describe 
their ellipses. From (22.24) we see that the sense of motion of s, 
is determined by the sign of the product n[{s,(ds,/dé6)] or n{s,s,]. The 
wave normal n always forms an acute angle with the displacement 
vector Uo||[u'u"] of the quasilongitudinal wave, so the direction of 
motion of u in (23.4) is characterized by the sign of nfuu]. Clearly, 
the two ellipses will be described in the same sense if [uu][s,S,] 
is positive, but in opposite senses if it is negative. 


24. Wave Surfaces 


Various types of surface are used in crystal optics to char- 
acterize the laws of propagation of light [17, 23]. Similarly, the 
laws for elastic waves in crystals may also be illustrated by the 
use of surfaces. Here three main types are used, each being the 
locus of the end of one of the vectors characterizing the wave prop- 
agation. We shall term them all wave surfaces, although the term 
is commonly used to denote only one of them. 


If we lay off from some point Othe vectors for the phase ve- 
locities corresponding to all directions of the wave normal n, the 
surface formed by these ends is that of the phase velocity, or sim- 
ply the velocity surface Here the radius vector is the phase ve- 
locity: 

f= 9 UN, (24.1) 
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The equation for this surface is obtained from the condition that 
there are nonzero solutions to (AN—v*)u =0; this condition [sce 
(13.4) and (15.22)| takes the form 


Ju — A"| =v — Afo'+ Ato? —| A" =0. (24.2) 


From (15.20) we see that A. is homogeneously quadratic in the 
components of unit vector n, so 


vA" — AX, ow AT=A®, 0 A*] =| AI. 


We multiply (24.2) by v° in order that it shall contain only compo- 
nents of vector v, apart from the constant parameters entering into 
tensor Aiklm-. The result is 


vo — Ato® + Ajo! —|A’}=0. (24.3) 


This is the equation of the phase-velocity surface (surface V), 
which is an equation of degree twelve. To each direction of the 
wave normal there correspond three different phase velocities, 
which means that any line from O meets the surface of (24.3) three 
times, so the surface is one of three sheets. One of these, sheet L 
(longitudinal) corresponds to the quasilongitudinal waves; the other 
two, T; and T, (transverse), correspond to the quasitransverse 
waves. The speed of the former exceeds those of the latter two for 
all known media (for the same n), so sheet L encloses Ty, and T», 
having no points in common with the latter. T, and T, may have 
common points, which lie on acoustic axes, since only along these 
directions do the two quasitransverse waves have the same velo- 


city. 
Surface V becomes two concentric spheres for an isotropic 


medium, the radius of the outer one corresponding to the speed of 
the longitudinal waves. 


From (19.10) we have for an isotropic medium that AM=a+ 
bn -n, Af’ = 3a +; At =3a* +2ab, IAD |=a2(a +b) (see Table II). Sub- 
stituting this in (24.3) gives 


v8 (uv? — a — b)(v? — a)? = 0, (24.4) 
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i.e., the left side splits up into rational factors linear in v’: vz 0, 
so we have the equations of two spheres r’? =v? =atb=viand r’ = 
a=vi. The only other case where (24.3) factorizes in this way is 
for hexagonal crystals (see section 32). 


The refraction surface centered onO plays a more important 
part in the theory of elastic waves; this is formed by the ends of 
the refraction vectors. This surface does not have a universally 
accepted name; it has been called the reciprocal-velocity surface, 
the index surface, the inverse surface, or even the slowness sur- 
face [13, 24]. Its radius vector is the refraction vector 


r=m==—, (24.5) 
so it is natural to call it the refraction surface (surface M). I 
propose to use this term, the more So since this surface plays the 
principal part in problems of reflection and refraction of elastic 
waves (see Chapter 8). The equation of surface M is found from 
(24.2) by dividing the left side by v°. We have (1/v?)AM=a™, 
(/v*ya™=a™, (1/v8)|A®|=|A™], so the equation becomes 


A) Ao Po, (24.6) 


This is an equation of sixth degree in the components of the vector 
m=r; it resembles surface V in consisting of three separate sheets: 
L, Ty, and T,, which corresponds, respectively, tothe longitudinal 
and two transverse waves. Sheets T,; and T, have common points 
along the acoustic axes. Equation (24.6) splits up into the equa- 
tions of two spheres for an isotropic medium, for which 


A™ = am’ +-bm > Mm, (24.7) 
so from Table II 


a= | =| (am? — 1)+- bmn - n|=|(a+b)m’ — 1] (am? — 1)’ =0, 
(24.7') 


whence we have 


m? == — == —, (24.8) 
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Equation (24.6) also splits up for hexagonal crystals (sections 31 
and 32). 


Surfaces V and M are related by the feature that the product 
of their radius vectors in a given direction is one: |v||m|=1, so 
either surface may be derived from the other by inversion. The 
inversion transformation is specified in terms of point O (the in- 
version center) and a sphere of radius r, drawn around it. A point 
on any surface lying at a distance r, from O along a ray is related 
to a point on the same ray at a distance r, from O, with r,r.=r%. 

In our case r,=|v|,r.=|m|,and r,=1, so the V and M surfaces are 
mutually inverse with respect to unit sphere having its inversion 
center at point O. 


The special points are very important features of any surface 
or curve; surfaces V and M are best discussed from this viewpoint. 
A necessary condition for such points on a surface f(r) =0 is [28] 
that 8f/ar=0. Equation (24.6) is differentiated with respect to m 
and then multiplied by m to give for the special points of surface 
M that 


ies 
om 


A™— 1|=2(3|A”|—2A7+ Av) =0. (24.9) 


This equation is obtained by applying Euler's theorem to the expres- 
sions |A™|, Ae and Ay’, which are, respectively, homogeneous 
functions of degrees six, four, and two. From (24.6) and (24.9) we 
have 


AO DN 30, (24.10) 


~ “nl 
We multiply this by v* and use the fact that vam = At; ving = Mt ; 

to get 
3y4 — Qu°AP+ AT =O, (24.11) 


which is identical with (18.12), which corresponds to identity of the 
velocities, i.e., to an acoustic axis. 


Then we may say that the refraction surface can have special 
points only along the acoustic axes. The same applies to the velo- 
city surface of (24.3), since this differs from (24.6) only by inver- 
sion of the radius vector. 
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The third surface used to characterize elastic waves has the 
most direct physical meaning, being the locus of the points reached 
at time t=1 by a wave disturbance arising atO at t=0. This sur- 
face differs only as to scale from the actual wavefront propagating 
in all directions from a point source, so it is called the wave sur- 
face. This surface consists of the points reached by the energy of 
the wave disturbance at a given instant; the radius vector from the 
source to any point on this surface represents the distance traveled 
by the energy in unit time in that direction. But this distance is, 
by definition, equal to the ray velocity, so the wave surface may be 
defined as the envelope of the ends of the ray-velocity surface or 
the ray surface (surface S). It resembles the other surfaces in 
consisting of three sheets, which correspond to the quasilongitu- 
dinal wave and to the quasitransverse ones. 


The definition of surface S shows that all points on it start 
to oscillate at the same instant; it is thus a surface of equal phase. 
Any small part of it at a large distance from the source may be 
considered as plane; this is how ordinary plane waves arise. The 
perpendicular n to this surface of equal phase will by definition be 
the phase (wave) normal of section 15. These concepts may be ap- 
plied also to the case when the surface is considered at no great 
distance from the source; the area that may be treated as plane is 
naturally reduced, and the orientation of this area will be defined 
by that of the plane tangential to the wave surface at that point. 
This shows that the wave (phase) normal is the geometrical normal 
to the wave (ray) surface (Fig. 12, in which S is that surface). 
This demonstrates the close connection between surface S and sur- 
face M, whose radius vector is parallel to the wave normal. From 
(21.34), the angle between the radius vectors of surfaces S and M 
is defined by 


sm = |. (24.12) 


This, for a given m, may be considered as the equation of a plane 
perpendicular to n on which the end of vector s must lie. A plane 
of this type may be drawn for every m that satisfies (24.6), i.e., 
for each point on surface M. Each such plane Py, will pass 
through the corresponding point s on surface S and will touch the 
latter at that point, since Py, is perpendicular to n. Hence sur- 
face S is the envelope of the family of planes of (24.12) for which 
m satisfies (24.6). 
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Putting (24.12) as 


sn =v (24.13) 


and assuming surface S as known, we 
can construct.the phase-velocity vec- 
tor v=vn corresponding to a given s. 
Thr ough point s we draw the tangential 
plane and drop to it a perpendicular from 
O; (24.13) gives the length of this perpen- 
dicular as v and the direction as parallel 

Fig. 12 ton, so the foot ofthe perpendicular will 

be the end of vector v, i.e., will lie on 

the phase-velocity surface of (24.3). Repeating this construction 
for all points on the ray surface, we find that surface V is the locus 
of the feet of the perpendiculars dropped from O to planes tangen- 
tial to surface S (Fig. 12). Conversely, surface S is the antipode* 
of surface V. 


The general equations for surfaces V and M, namely (24.3) 
and (24.6), are easily derived, but that for surface S$ is not. The 
radius vector of this surface is defined by (21.338) as 


s=A*m, (24.14) 


in which m satisfies (24.6) and u is unit displacement vector, which 
for a given m is defined by Christoffel's equation: 


(A" — 1)a=0. (24.15) 


Now AU=a+bu-u for isotropic media, with u=n, vj=atb for a 
longitudinal wave and u 1 n, vi =a for a transverse one. Hence 
(24.14) gives s,)=vy for a longitudinal wave and s;=v, for a trans- 
verse one; the phase and ray velocities coincide as do the corre- 
sponding surfaces, for an isotropic medium. 


To find an explicit expression for s, in which only the elastic 
constants Aik/m appear in addition to the s;,, we have to express u 
in general form in terms of m from (24.15) and substitute into 
(24.14), which gives 


* By definition, B is the antipode of A if surface A is the pode of B. 
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S=S(M;. digim): (24.16) 
We now eliminate the three components of m from the four equa- 
tions (24.6) and (24.16), which gives us that 

Pisa dg, (24.17) 


which is the explicit equation for the wave surface. However, the 
same result may be obtained in another way. We use (21.40) and 
(21.42) as being equivalent to (24.14) and (24.15): 


(AY —s-s)n=0, (24.18) 


(A” — (ns)*) u = 0. (24.19) 


We eliminate u and n, with u’ =n’ =1, to get again a relation of the 
type of (24.17). It is'simple to eliminate either u or nina very 
general way. Using (13.8) [see also (21.44)], we get from (24.18) 
that 


ee ee nl ee (24.20) 
(A4¥ —s-s)t 


and similarly from (24.19) 


pigs eS IS... (24.21) 
(A* — (ns)*)t 


Then from (21.17) and (21.45) we may put 


Apel (At — S> s) j1 


ee (24.22) 
(A% —s5. $)t 
u A A* — : 
Att, w= Det AT — (sy) (24.23) 


(A" — (ns)*)t 
We substitute these, respectively, into (24.19) and (24.18) to get 
[da jar (AY —s. s) 1 ==8 (A“ —s-s) s3,,| a, == 0, 
Daijes (A — (ns)?) - (A" — (ns)?),5,5, | n, = 9. 


Here we have used the fact that (ns)° =s(n-n)s. These equations 
may also be put in the form 
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(Az jet — 8195581) (AY —s. S) i == 0, (24.24) 


Onjet— $5.91) (A" =e (ns)*) , n, = 0. (24.25) 


The first contains only unit vector u, apart from s and Aijkl, while 
the second similarly contains only unit vector n. From (12.64) 
and (13.33) we get that 


AY —s-s=(A"— Af) (A"+5°)4+ 2 (At? — 
—3((A*)?)— (As -ss-sA“)+ Ats- s+ sats, (24.26) 


A" — (ns)? = (A — A?) (A" + (as)?) + > (A")? —F ((A")’)t-+-(ns)'.. (24.277) 


Since 
AFe — Mijeitt pup, At, = Mp jrinjnyp (24.28) 


we have (24.27) as a homogeneous function of even degree in the 
components of n. We can also make (24.26) a homogeneous func- 
tion of fourth degree in the components of u by introducing where 
necessary the factor uv’ =ujU,.djk =1. Then substitution of (24.26)- 
(24.28) into (24.24) and (24.25) gives us two three-dimensional vec- 
tor equations: 


Bingrskl pligl, Ws, ==, (24.29) 
TipgrseMpMgl, Nslp = VU, (24.30) 


whose left-hand sides are homogeneous functions of fifth degree in 
the u, and nk, respectively. The sixth-rank tensors f and y are 
defined by 


Bipgrsk = (hi jee — a (Ogee h tpgs 7) (A orst + s? On. ot) —+ 
a 5 Ongngeh srs _ hepa sh fesg) jt 


tt Agyg eS 81 — M joggS gSt — hiqeS gj =F hepa pSe § 9 j1) Ors}. (24.31) 
Tirgrsk = Azjet — Si$29p) (Ajpgg — Mpg fig) Aerst T+ S7Ss%g1) + 


1 
+ 5 Ogoggh yrs — Agpaphyrsg) Ojt HF 8S q5r8s6 j1} (24.32) 
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The problem thus reduces to eliminating u from (24.29) and (24.31) 
or n from (24.30) and (24.32). 


The general theory of elimination (see [26], section 82, for 
example) shows that k general homogeneous forms f4, fo, f3.--0Sk 
of degree 1 in k variables x;, X),-..-, Xk have a resultant R that is 
a polynomial in the coefficients of these forms, in particular, a 
homogeneous polynomial of degree 1k-1 in the coefficients of each 
form, and hence a homogeneous polynomial of degree 


pk (24 .33) 


in the coefficients of all forms. The equation R= 0 is the result of 
eliminating the variables x, from the system f;(X,,.--, Xk) =0,--+ 
FK(Xyo--+) Xp) =O (SHI, 2,...; k). Applying these general deductions 
to (24.29) and (24.30), we see that in both cases R is a homogeneous 
polynomial of degree p=3 X 5°=75 in the coefficient Bipgrsk or 

Y iparsk? respectively. This allows us to find the highest degree to 
which the components of s can appear in R and thus to determine 
the order of the wave surface. Here it is found that the terms in 
the Bipqrsk of fourth order in s condense: 


% on * ee 
S55; jag _ hppa f° ig) s Ovt =  epqgSjS1 — hipagS gS! = MrqeS gS; oF hep ifSg5 pit] =0. 


Hence the 8 will be of second degree in s, so the degree of R and 
the order of the wave surface may be as high as 150.* 


From these arguments we conclude formally that elimination 
of the n, from (24.30) would give a resultant of degree 6 x 75 = 450 
in s, since the y of (24.32) contain uncondensed terms of sixth or- 
der ins: 3sjiSpSqSrSsSk. However, the result of eliminating the 
six variables n, and uy from (24.18) and (24.19) cannot be dependent 
on the order in which the elimination is performed. As there is 
only one resultant, the degree of this as given by (24.30) cannot ex- 
ceed that implied by (24.29). Hence the resultant of (24.30) must 
be such that terms of degree over 150 in s cancel out. 


* The same conclusion is reached from the relation between the 
wave and refraction surfaces [13]. 


WAVE SURFACES 153 


We cannot say that the order of surface S is absolutely obliged 
to be 150 even for a triclinic crystal; the actual degree may be 
much lower, as for hexagonal crystals* (see section 25). However, 
any detailed analysis of the general relations (24.29)-(24.32) is 
very difficult, in view of their complexity. 


Only the general condition for special points will therefore 
be considered. If the surface is given in the parametric form 


r—r(a’, 2”), (24.34) 


in which r is the radius vectors and a' and a" are parameters, 
then the necessary condition [28] for special points is 


Ea |=0. (24.35) 


We have r=s=8v/8n from (21.24), in which unit vector n is a func- 
tion of w' and a" (e.g., the angle 6 and g in a spherical coordinate 
system, nj =Sin 8@Cos g, Ny =Sin 6 Sin ~, ng=cos @). Let 


on ee On re gale 
Pea he , aye oe ° (24.36) 


Then, differentiating n?=1 with respect to a' and a", we have 


nn’ —nn" — 0. (24.37) 
Then 
[n’n”| =Cn. (24.38) 


We assume C= 0 is unrelated to the form of the surface but is de- 
termined by the choice of the coordinate parameters a' and a". 
For example, for a'=6@ and a"= g we have C=sin @, i.e., C=0 for 
@=O0or7. Hence 6=0 is a special point of the coordinates but not 
of the surface. From (24.36) 


OS; Os; Op _ OSi |» (24.39) 


—- 
See 


Oa’ ~~ Onp Oa” Ong 


* An example is the general equation (24.3) for surface V, which is 
actually of fourth degree in (24.4) for an isotropic medium, in- 
stead of degree twelve. 
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Introducing tensor f via (21.28), we get 


os —6n', $5 = Gn" (24.40) 


and condition (24.35) becomes 
[an’, 8n"| = 8 (n’'n”| —Chn = 0. (24.41) 


Here (12.51) has been used. Putting C= 0 and using (13.34), B = 
By + (B-By)B; together with (21.29), we get Bin=0, or, since n= 0, 


6, = 0, (24.42) 
which may [see (13.37)] also be put as 
(3,)? = (6), (24.43) 


This is the necessary condition for special points on the wave sur- 
face in a compact invariant form. 


25. Sections of the Wave Surfaces by 
Symmetry Planes 


The previous section shows that the surfaces can be of very 
high order, especially surface S, though even surface M (the sim- 
plest) is, from (24.6), clearly complicated and does not in the 
general case split up into rational equations of lower degree. 


As is usual in geometry, a general discussion of these sur- 
faces, and hence of the properties of the waves, may be based on 
the sections by various planes, especially symmetry planes. 


In section 16 we saw that a wave normal in a symmetry plane 
P (or perpendicular to a symmetry axis of even order) implies 
that one of the waves is purely transverse, its displacement vec- 
tor u, being perpendicular to P. We set the x, axis perpendicular 
to P; then the components of u, are defined by uyz=637. From 
Atu =v‘u, (u*=1) we have that 


v? = uA“u. (25.1) 


Let n lie in P, with u=u,1 P. Then, introducing the symbols 
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Tap = A3a03 = Aaaay (@, O= 1, 2), (25.2) 
we get from (25.1) that 
U* = hyqogltalty = nn, (25.3) 
or, after multiplication by v’, 


vt — oro = 0. (25 .4) 


This equation defines in the plane P a curve whose radius vector is 
the phase velocity v; (25.4) is the equation for the section of the V 
of (24.3) by P. More precisely, V has three sheets, so (25.4) is the 
curve for the section of the sheets of T; or quasitransverse waves, 
which are purely transverse for normals lying in P. 


Division of (25.3) by v gives 


mim — |. (25.5) 


This is the section by P of the T, sheet of surface M of (24.6). 
Taking as coordinate axes in P the directions of the eigenvectors 
of the symmetric positively definite tensor T, we reduce the latter 


to diagonal form: 
a* 0 
T=( 9 pe}? (25.6) 


in which a’ and b? are eigenvalues of r. Then (25.4) becomes 


(x? y?)? — (a?x? + b?y?) = 0, (25.7) 
in which x and y are the components of v along these axes; (25.7) 
defines Booth's elliptical lemniscate, which is also the pode of the 
ellipse 
4 2 
S+H=1, (25.8) 


relative to its center (see [27]). This curve is shown in Fig. 13a. 
The curve of (25.5) becomes, subject to (25.6) (X=My, Y=Mp), 
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a b 
Fig. 13 
a2x? + by? — |, (25.9) 


which is an ellipse with semiaxes 1/aand 1/b. This ellipse re- 
sembles that of (25.8) but is turned through 90° (Fig. 13b). The 
ellipse of (25.9) is shown by section 24 to be related to the curve 
of (25.7) by inversion. 


The intersection between sheet T,; and surface V or M in the 
symmetry planes P may be put in the explicit forms of (25.4) and 
(25.5), so the corresponding complete equations of (24.3) and (24.6) 
should split up in these planes. To show this we consider the ten- 
sor Ai =Aikijnkny in plane P; n lies in P, so only the components 
nq differ from zero, in which a=1, 2. In what follows we assign 
subscripts a, b, c, and d the values 1 and 2, whereas i, k, 7, m, n, 
p, and q take the values 1 to 3. Then for n lying in P we may put 


Aj = \abjNalo. (25.10) 


We have seen in section 8 that a symmetry plane perpendicular to 
the x3; axis makes the components of tensor Aiklj zero if subscript 
3 enters an odd number of times; a and b cannot take the value 3, 
so the only Ajgpj that differs from zero are Agghd and Aggh3. We ac- 
company (25.2) by the symbols 


i= 7) = (AcabaMaty). (25.11) 
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Then tensor A" in plane P becomes 


n ft 
Mapas Aranoltetts 0 STS Cn 
, n n 
AY = hoapitalty hoapttalls 0 =— oy hoo 0 ‘ (25.12) 
0 0 aapattalts 0 O nin 


which may be put in the compact block form 


a 25.13 
TN QO nen]? (25.13) 


The A" and 7 defined by (25.2) and (25.11) are two-dimensional 
tensors given in P, so the subscripts to their components take 
only the values 1 and 2. We can use the relationships given for 
such tensors in section 14. 


The principal invariants of A" in (24.3) and (24.6) may be 
expressed in terms of those of the two-dimensional tensor )\ 
and n7n if the representation of (25.12) is correct. It is clear from 
(25.12) and (25.13) that 


Atta,  [A"|=[d" | aca. (25.14) 
An expression for At may be found from (13.37): 


Rt= slaty —((4"P dd. (25.15) 
From (25.13) 


apa ( : : ((A")?), =((0")"); + (any. (25.16) 


(ntn)? 
From (25.14)-(25.16) we see that 


An rn I ny: n 
Ay = nan de + 5 [(Mt) —(x")i]. 


or, from (14.19) 
At ncn- t+ |X". (25.17) 


It now remains to substitute from (25.14) and (25.17), with n re- 
placed by m, into (24.6), which becomes 
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(mum —1)({vA"|—- 2.7 + 1)=—0. (25.18) 


This equation splits up into (25.5) and the following one [see 
(14.25)]: 


Ja7—1]=—[a"] —AP+1=—0, (25.19) 


in which }™ is a two-dimensional tensor defined in plane P by 
(25.11). The result of (25.18) could be derived directly from 
(25.13) and (24.6), because 


mt — | 0 


JA™—1] =| —=(mim —1)J\"™—1]/=0. (25.20) 


0 mum — | 


Equation (25.19) gives the curves for the intersection of P 
with sheets L and T, of surface M; (25.11) shows that A™ is of 
fourth order in the components of m. Animportant point is that 
the method used in this book enables one to obtain this equation in 
a completely general compact invariant form suitable for all crys- 
tals. To examine detailed cases it merely remains to substitute 
in (25.19) for the Agpeg for the particular crystal. In general, 
(25.19) splits up no further, although it describes two separate 
curves for sheets L and T,, which do not have common points; 
curve L lies completely within curve T,, because all known media 
have vp greater than the velocities of the quasitransverse waves 
and the length of the refraction vector m =n/V is correspondingly 
less. 


Now we have 
un” =, (25.21) 


and multiplying (25.19) by v® we at once get the equation for the 
corresponding sections of V by P: 


vi —vu + |d"|=0. (25.22) 


This also describes two separate curves for sheets L and T,, the 
first completely enclosing the second. 


To calculate (25.19) and (25.22) from given elastic constants 
it is most convenient to use the dependence of the phase velocity on 
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the direction of the wave normal. To find the latter we multiply 
(25.19) by v‘*, the result being 


uv —Mo° + |a"|—=0. (25.23) 
Then [see (14.26)] we get for vp in a symmetry plane that 


oo M+ V2007) — OF 
U 


. (25.24) 
while for the quasitransverse waves (vp < Vo) 
pe Mm V2 OV r= Oy (25.25) 
Also, from (25.5) we have for the purely transverse wave 
vu? = nin. (25.26) 


Equations (25.24)-(25.26) may be considered as ones for the sec- 
tions of all three sheets of the velocity surface in polar form, since 
v is the length of the radius vector r=v and the components of the 
wave-normal vector are expressed in terms of the polar angle 
formed by v with x: 


ny=COS?, My =sing. (25.27) 


As in the previous section, we consider now the special points 
of (25.19) and (25.22). We differentiate (25.19) with respect to m 
and then multiply by m to get for these points that 


a 
m Zan" | — + 1) = 2(2 [a"]—ar)—0 (25.28) 
or 


2)27| = vat. (25.29) 


Then from (25.23) we have 


(7) — 4]."| = 0. (25.30) 
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But this means that the discriminant of (25.23) is zero, i.e., that the 
quasilongitudinal and quasitransverse waves have the same velo- 
city. This does not occur for any known medium, so the curve of 
(25.19) cannot have special points. This is true also for (25.22). 


Consider now the section of surface S by plane P. The re- 
sults of the previous section show that this is a much more compli- 
cated problem than the surfaces M and V, although the section of 
sheet T, is easily found. Here for all directions of nin plane P 
the displacement vector u=u,=(63k) is constant. From (21.18), 
for this u we have sj = (1/V)A; ga My, andif n lies in plane P, then s 
lies also in that plane, because we can put Sg= (1/V1)Agssb™ or 
{see 25.2)] 

Cy La (25.31) 


vy, Ynin 


The same result is obtained via (21.24), s=98v/dn, from 
(25.26); the section of T, is simply equation (21.36) written for P 
with u=u, Lt P: 


So's =. (25.32) 


In this case we do not have to eliminate u [compare the general 
three-dimensional case of (24.29)] simply because vector w = (63k) 
is constant for all purely transverse waves having normals lying 

in P. This equation is also obtained by eliminating n and v, from 
(25.31) and from ns =v,, n’=1, by analogy with (21.34)-(21.36). We 
take 7 in the diagonal form of (25.6) and see that (25.32) coincides 
with the ellipse of (25.8), as should be the case, because section 24 
shows that surface S$ is the antipode of surface V and the same rela- 
tion applies for the curves representing sections of these surfaces 
by a symmetry plane.* 


The ellipse of (25.32) is thus obtained from the section of 
sheet T, of the ray-velocity surface. The other two sheets of S pre- 
sent much greater difficulties. There are several ways of deriving 
the equations. Firstly, (21.24), (25.24), and (25.25) give 

ae aw tt V 200") — 08)) 
es ere, (25.33) 


" 2V20¢2 V2). — OP) 


* This relation between the curves applies only for a section of sur- 
faces V and S by a Symmetry plane or by the equivalent of this. 
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This two-dimensional vector equation may be considered as the 
parametric form of the equations for the curve, since it gives s, 
and Ss» as functions of n, i.e., effectively as functions of the one 
parameter o of (25.27). We eliminate n from (25.33) and n*=1 to 
get the curve as f(s) = 0. 


Secondly, we can use the fact that the curve is the antipode 
(section 24) of curve (25.22), whose equation is best put in polar 
form [see (25.24) and (25.25)]; 


U=U(n)=Vv(9), Mm =COS9, My=Sing. (25.34) 


The points on curve S are derived from those on the V of (25.34) as 
follows. At point A of curve V (Fig. 12) we draw the straight line 
AB perpendicular to the radius vector v, which touches curve 5S at 
B. The equation of AB is 


rn=v(9), nm=(cosg, sing). (25.35) 


Curve §S is the envelope of the family of such lines drawn from all 
points of V, the parameter of the family of (25.35) being the polar 
angle m. The equation of the envelope is [28] obtained by elimina- 
ting » from (25.35) and from the derivative of this with respect to 


the parameter 


dn dv | en ee ee 
fT =a areas = (—sing, cos¢). (25 .36) 


Equations (25.35) and (25.36) may be put as a system [r=S=(x, y)]: 


—xsing+ ycosg=v’, 
whence we have 
x = vcose—v sing, (25.38) 
y=vsing+ vu cosy. 


These are the equations of the curve in parametric form, with v(¢) 
given by (25.24) and (25.25). We eliminate g from (25.38) to get the 
equation in the form f(s)=f(x, y)=0. It is readily shown that 
(25.38) is equivalent to the s =9v/on of (21.24) for the plane P. In 
fact, 


du _ Ou dn se Ov f. 25 39 
ae on ae on (25.39) 
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but, on the other hand, (21.25) gives v=n(8v/8n), so 


Ov ov 
x == (n cos ¢ — nv’ sing), y= 5 (nsing-+ n' cos 9). 


From (25.35) and (25.36) we have the dependence of n and n' on g, 
which gives x=0v/8n,, y=9v/O8m, which coincides with s=8v/én. 


We can also use the method of eliminating u and n from rela- 
tions analogous to (24.29) and (24.30), which are derived via the 
representation of A™ of (25.13), which applies for plane P. Then 
equations (24.14), (24.18), and (24.19) for vectors s, n, and u lying 
in this plane become 


s =" m, (25.40) 
0" —s-s)n=0, (25.41) 
0." — (ns))u = 0. (25.42) 


It is clear [see (14.24)] that these imply 


[x*—s-s |—=]a"]4- sits — X45? — 0, (25.43) 


[X* — (ns) | = |X" | — (ns)? + (ns)! = 0. (25.44) 


ee in (24.20) and (24.21), we get from (14.20) and (14.39) with a= 
A°-S-S or w~=AN~(ns)* that 


u u 2 
M4 —s§.§ he —A*— sr ts-s 


ht 5? At — s? 


(25.45) 


\? — (ns)? ht — 2" — (ns)? 


ips, (25.46) 


ht — 2 (nts)? hy — 2(as)? 


We substitute these expressions into (25.42) and (25.41) to get two- 
dimensional equations analogous to (24.24) and (24.25): 
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Oyaad — da0S-Sa) (\ ae -S)eq y= 0, (25 47) 


ere —- 58,024) cy = (ns)’) 4 Nn, = 0, (25.48) 


which take the form 


Baba! o' Myla! Uy" = 0, (25.49) 
Tadao’ Myla’ Ny' = 0, (25.50) 
in which 
Bava’d’ == Napda'o' — haefo ha'eso’ — 
SAG 08a‘ + Savda'o’) + dandare’ + Agoda’, (25.51) 


== aepohatesor — (havSa’So' + SaSoda'o') + 2saSosarsy'. (25-52) 


Taba'd’ aba'b' 
Here the symbols are 


Nab =Aasfos AEA. (25.53) 


Tensor A® is the two-dimensional analog of tensor p considered in 
section 20. 


Note that (25.49) may be derived by differentiating (25.43), 
which is homogeneous in u, with respect to the latter: 


(d/gu)|A4 — u’s-s|=0. (25 .49') 


Similarly, (25.50) may be derived by differentiating (25.44) with 
respect to n: 


(d/an)|A” — (Ms)*| = 0. (25.50") 


Correspondingly, the three-dimensional equations (24.29) and 
(24.30) may be put in the form 


(d/du)|A“ — u’s. sj = 0, (d/on)|A" — (msy?} = 0. 
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The problem of finding the section of surfaces S by plane P 
thus reduces to eliminating the ug or ng, respectively, from (25.49) 
and (25.51) or (25.50) and (25.52), which is very much simpler than 
that for S as a whole [compare (24.29)-(24.32)]. Relation (24.33) 
gives us that here the resultant is a homogeneous polynomial of 
degree p=2 x 3=6 in the components of tensor Bgba'b' 2nd Y¥gbq'b': 


Now the Bgba'b' contain components of s (the radius vector 
of the curve) to the second degree, so the equation is not of degree 
higher than 12. Elimination via (25.50) and (25.52) would imply 
that terms of higher order cancel out (section 24). 


We divide (25.49) by u3 and introduce the variable ¢ =u,/U, to 
put these equations as 


A, + B+ C+ D,=0, (25.54) 
A,? + BL? + C+ D, = 0. 


Here 


By = Bina + Briar + Bio (25.55) 


A, = Bin Dy = 31299 | 
C; — B i129 ais Brow =e Broa 


while the coefficients A,, B,, C,, and D, differ only in that the first 
subscript to B is replaced by a two. The problem reduces to elimi- 
nating € from the two polynomials of third degree in (25.54). Using 
the usual method [16] of representing the resultant as a determi- 
nant, we get the equation for the curve as 


A, B, C, D, 0 0 
A, By Cy Dy 0 0 
0 A, B, C, D, 0 
R (Sas haba'o') = a = 0 25.06 
aaa 0 A, B, C, Dy 0 ( 


This again shows that the resultant is a polynomial of degree 6 in 
the Baba'p' and of degree 12 in the Sq. The determinant is best 
found from Laplace's formula [16] as the sum of the products of the 
second-order determinants composed of the elements from the 
first two rows and of the additional fourth-order minors. This 
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gives us that 


B,C, D. © A, C, D, 0 
A, By| | A, B, C,; D, A, C,} |0 B,C, D, 
Av BiG, D, 0 BCD: 
A, B, D, 0 
a4 D,| | Ay By D, 0 | _ 
A, Do| |0 A, C, D, 
O Ay-Cy Dd: 
= (A, B)(C, D)\(B, C) +2(A, DJ +(A, C)(A, D)(B, D) — 
—(A, B)(B, Dj? —(C, D)(A, C)? —(A, Dy: (25.57) 


where for brevity we have 


A A 
(A, B)= A,B, — 4,8, =| 7) i, (25.58) 


From (25.51) and (25.55) it is clear that the equation is rather 
cumbrous in the general case; but the equation can be written in ex- 
plicit form for general values of the elastic parameters for the 
more symmetrical crystals (see section 32). 


We lack the explicit equation for (25.56), but analogy with 
section 24 allows us to find the condition for the special points. 
The necessary condition is [28] as follows when the curve is given 
via the parametric equations r=s=S(¢): 


daSq 
dy 


= Q, Qa— l, 0. (25.59) 


Now s= 6u/dn, n=n(¢g) =(cos @, Sin g), So 


ds d dv da dv \ dnp —— O*U po. 
i te ie a) tag ABD) 
in which [see (25.36)] 
n’—(—sing, cos9), nn=O0, n= 1, (25.61) 


We introduce the two-dimensional matrix 


20 —(48t)=($2)—(aehe) 8.02) 


Ong On 
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to get the condition of (25.60) as 


Bn’ = 0. (25.63) 


By analogy with (21.29), we always have |8 | =|8sq/anb|=0, so Bw=0 
always has a nonzero solution for w; but (25.61) implies that it is 
necessary for this solution to be a vector n' perpendicular to n in 
order to satisfy (25.63). We use (14.38) and (14.39) to get from 
(25.63) that 


ii pics Cer D (25.64) 
Br 


We multiply from the right by n to get B,n— Bn=0; but (21.29) gives 
Bn=0, so the condition for special points on this section of the ray 
surface by a symmetry plane takes the invariant form 


Os d?2y 
Pe On dn? ( 


This may be considered as a particular case of (24.42), since Bt= 
8, for a two-dimensional tensor [see (14.17)]. As an illustration 
we apply this condition to the section of sheet T, (purely transverse 
waves). From (25.31) we get for this case that 


os a / ee 
ee eae (25.66) 


uv; 
Condition (25.65) now becomes [see (14.18)] that 


: Uizt~— nz? : 
=e Et =o. (25.67) 
] 


Uy 


This cannot be complied with, since 7 (section 6) is a positively 
definite matrix, so the curve of (25.32) cannot have any special 
points, as should be the case, since it is an ellipse. However, the 
position is different for sections of the other sheets. Curves com- 
puted numerically for particular crystals [13, 25] do have special 
points in many cases, particularly when the anisotropy is strong, 
SO (25.65) is often obeyed. 
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We note that 


so that from (25.65) we get 


2452 2 9 
On, 


which is more convenient for calculations, since Christoffel's 


equation gives v* directly, not v. 
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Chapter 5 


General Theory of Elastic Waves in 


Crystals Based on Comparison 
with an Isotropic Medium 


26. Mean Elastic Anisotropy of a Crystal 


Anisotropy literally means deviation from isotropy, and it is this 
deviation that distinguishes a crystal from an isotropic body. It is 
entirely possible to conceive of an anisotropic body that differs by 
an arbitrarily small amount from an isotropic one; moreover, such 
a medium can actually be produced simply by subjecting an iso- 
tropic body to some directional action, e.g., compression or exten- 
sion, electric or magnetic fields, a uniform temperature gradient, 
etc. The induced anisotropy may be as small as may be desired if 
the action is suitably weak; all the various features, including the 
laws of propagation for electromagnetic waves, will differ only 
slightly from those for an isotropic medium, which facilitates re- 
search on them. On the other hand, the properties will be far from 
those of an isotropic body if the anisotropy is large. Experiment 
shows that natural crystals differ from isotropic media to various 
extents, i.e., vary in anisotropy. 


The degree of anisotropy is an important general characteris- 
tic of the properties of a crystal, but a strict quantitative definition 
is needed for this concept, whose qualitative meaning is intuitively 
clear. The object of this section is to give an exact quantitative 
characterization of the anisotropy of a crystal in respect of its 
elastic properties [15]. 


One of the basic concepts of crystal optics is that of optical 
anisotropy, which plays an important part in the general evaluation 
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of the properties of a crystal. The optical parameters are deter- 
mined by the dielectric-constant tensor © =(&jj,). The difference of 
the largest and smallest eigenvalues of & is often used to charac- 
terize the anisotropy of the optical parameters;* another definition 
of the optical anisotropy is considered below. The problem be- 
comes more difficult for the elastic properties, because here the 
tensor Ajkjm is of fourth rank. The convoluted tensor ux] =AjKi] 
(or the p17 =AyiKz Of section 20) is inadequate for this purpose, 
Since this is the same as for an isotropic medium in the case of 

a cubic crystal, although the elastic properties of such a crystal 
can differ very substantially from those of an isotropic medium, 
which is not so for the optical properties. 


It is clear that a crystal must be compared with an isotropic 
medium in order to characterize the anisotropy, so the problem be- 
comes that of a suitable isotropic medium, which itself requires 
definition. We are concerned with elastic waves, so we will start 
from the basic second- rank tensor of (15.20): 


A = (Ag) = Ar pry itt) (26.1) 


In which Ajkjg is the elastic- modulus tensor for that crystal. Let 
the tensor for the isotropic medium be that of (19.10): 


An = On t+ Oyn “Nn. (26.2) 
The most natural definition of the isotropic medium most similar 


to the given crystal is that giving minimal difference between A 
and A, i.e., that causing all components of the tensor 


Mn 


A, = A—Am (26.3) 


to be as small as possible in modulus. The condition will be obeyed 
if the sum of the squares of all components of A}, is minimized; 
but from the symmetry of A and A, we have 


(Aner = (Ain) et (An) a ee (Ai) y (Anrep rs (A/),. (26 4) 


* Use is also made of the difference of the corresponding principal 
refractive indices, which are the square roots of the eigenvalues 
of . 
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In addition, the components of A and Ay are dependent on the di- 
rection of the wave normal n; to eliminate this and obtain a rela- 
tion dependent solely on the properties of the crystal, we must 
average (26.4) over all directions of n, i.e., integrate it over a 
complete solid angle and divide by 47. The result of this averaging 
may be denoted by <>. Then for any quantity A dependent on unit 
vector n we have 


2 T 
(Ay = | A(n) dQ = [ fae o) sin 9 dé do. (26.5) 
0 9=0 


The problem then becomes one of minimizing the quantity* 
2 
(Pin) = (Am) = (A — Any?) = min. (26.6) 


We substitute from (26.2) and use the fact that the ay, and by are 
scalars independent of n to get that 


(F) == (A), — 2a (A) — 209 (An) + 30%, + 24imbm + bin. (26.7) 


The determination of Ay, amounts to finding the unknowns 
ay, and b,, that serve to minimize (26.6) and (26.7). The general 
conditions for a turning point show that 


O(Fm) _ 9 (Fm) 22): (26.8) 


0am 00m 


The ay, and b,, appear only in Am, So (26.6) implies that 


pete (F Om ™ (A — Ag), —((A—A,, 


an analogous relation applies for the derivative with respect to bm - 
From (10.50), the trace of the product of two matrices is indepen- 
dent of the order of these, so (26.8) and (26.9) give that 


(A—A,, ) 35 on) = =((A— A nm) at =9, (26.10) 


* The operations of averaging and taking the trace may be inter- 
changed: <A> = Ay>- 
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or, from (26.2), 


(A — An), = (na (A —A,,) 2) = 0, (26.11) 
which leads to the equations 
34m_ + Om = (A) Om + Om = (HAN), (26.12) 
whose solution is 
Omg = (At —(nAn)), Og => (34a An) —(A)). (26.13) 


This defines completely the Ay, of (26.2) for the isotropic medium 
that an average is closest in elastic properties to the given crystal. 


To find the ay, and bm from (26.13) we have to calculate 
(At) = pp sitetr) = dieri (Metr) (26.14) 
(AAn) = Oj aysl ie MiMs) =diprs (Mies). (26.15) 


We use the definition of (26.5) with nj=sin 6 cos g, n=Sin 6 sin 9g, 
n3=cos 6 to get by direct integration that 


I 


(1 gf) = Fe (26.16) 
(npg) = Fe BiB sp +3; Bqg + 8iedq)) (26.17) 
Then 
(Ay = z hinigy (tAn) = _ (Asiee + 2hipig) (26.18) 
whence 
an = aq Bein — uae» Om = ay Mine + Armia) (26-19) 


We have am(8Am/8am) +bm(8Am/8bm) = Am from (26.2), so, 
multiplying (26.10) by ay, and bm, and then adding, we get 


(A = An) Amy == (AAm) — (92,2 = 0. (26.20) 
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Then (26.6) gives the minimum < Fyp> as 
(Fin) min= (A*), —2 (AAm): = (Ain) t a (A°), a (Ain)te (26.21) 


where (26.13) should be substituted into the Ay of (26.2). Clearly, 
none of the expressions < A*> tr < Aén> tr. <(A- Am)*>¢ can be nega- 
tive, because each is the sum of nonnegative quantities. Moreover, 
< A’>4 and < Mase not only are nonnegative but also are always 
positive; this is so for < NS because A is positively definite (sec- 
tion 16), while < Ne Se cannot equal zero, since then we would have 
Ay = 9, whence (26.2) and (26.3) would giveay, = by, =<nAn> = 

< At> =0, which conflicts with the nature of A. Thus we have from 
(26.2), (26.6), (26.13), and (26.21) that 


(A?) > (NO, (26.22) 


(A?), > (Pn) min > 9. (26 .23) 


The < Fyy> min defined by (26.21) characterizes the deviation 
of the given crystal from the isotropic medium most similar as re- 
gards elastic properties. The meaning of this is best seen by ap- 
plying analogous arguments of the optical parameters. Tensor ¢& 
reduces to a scalar ¢, for an isotropic medium, and the condition 
for minimum difference between € and &,) reduces, by analogy with 
(26.6), to the requirement that 


7 =(( — Ey)" )t (26 24) 


be minimal. Now e€ and €) are independent of n, so the need for the 
averaging of (26.6) drops out. The condition for a minimum states 
that 


= — 2(e —&), = — 2 (8 — 38.) = 0. 


Thus in this case ¢,=e;/3 and 


(F.)min = ( (e— x e1). =F [(8, — €)? + (€>—e,)? + (ey—€,))], (26.25) 


inwhich €,,€5, and €3 are the eigenvalues (principal values) of €. 
Expression (26.25) occurs frequently in calculations [20] and 
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characterizes the dielectric (optical) anisotropy of a crystal. 
Hence a derivation analogous to (26.6) and (26.21) gives the stan- 
dard expression for the optical anisotropy. The quantity 


1 ice — V/ z [(e, — €,)? 4. (€5 — é3)° +- (€4 — €,)"] (26 2 6) 


may be called the mean-square dielectric anisotropy, while 
(Fe )min/(€)t is the relative mean-Square dielectric anisotropy. 
Similarly, 


V Faymin = V (At — (Amt + (26.27) 


is called the mean-square elastic anisotropy, A, being given by 
(26.2) and (26.13). By analogy 


Knee 7 ( min A m/v 26.28 
m | (A®), = (A2)_ ( ) 


is the relative mean-square elastic anisotropy. These concepts 
are clearly extended automatically to any property characterized 
by a second-rank tensor. We have from (26.23) that A, 1S always 
less than one: 


<b. = 1. (26.29) 
From (26.2) and (26.13) 
(An) => (Ay)? + 3 (nn)? — 2 (A,) (adn). (26.30) 


The above discussion leaves one point unelucidated. We de- 
fined the elastic anisotropy on the basis of tensor A, which charac- 
terizes the propagation of elastic waves in the crystal, but this 
does not make it obvious that A,, will characterize the deviation 
from isotropy in respect of all other elastic properties, for a 
complete characterization of all these properties is included in 
the elastic-modulus tensor Aj,jn,- Therefore we pose the question 
as follows: find the tensor for the elastic moduli of an isotropic 
medium of (8.1), 


A Ly > “ a An 
Metin == COpR81m + O(Ci12km + Simoes): (26.31) 
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which differs least from tensor Ajj for the given crystal. The 
condition for this, by analogy with (26.6), we take in the form 


PF, = Outkim — Matin). == min: (26.32) 


We substitute (26.31) and obtain after simple steps involving the 
properties of Kronecker's symbol and the symmetry of the tensor 
Aikim> 


is Mi etm)? — 2 (Cdr + 24d rere) + 3 (80? + Aca + 8a’). 


The conditions for a turning point, 0F,/dc =9F,/da=0, we have 


I I 
3¢-+ 2a =3 Lure Ct4a= x Mates 


and so 


| I 
C= Te (2hitee — Arere)» a = ay (BArete — Atte) (26 .33) 


From (26.31), passing to the tensor A’ = (Sim iB)» we have 
Ap = Nets m = Abp + (¢ + @) Apt (26 .34) 


and comparison with (26.19) gives am=a, bm=atc, and A°=Apm. 
Hence the elastic constants of the isotropic medium most closely 
resembling the given crystal may be found from (26.6) or from 
the more general condition of (26.32), both sets being the same. 
Thus the isotropic medium defined by (26.2) and (26.13) is most 
similar to the given crystal not only as regards the propagation of 
elastic waves but also as regards elastic properties generally 
[15, 42]. 


27. Comparison with an Isotropic Medium 


In section 26 we derived expression (26.13) for the elastic 
constants of some fictitious isotropic medium closest to the given 
crystal in its properties on average. This approach may be ex- 
tended by seeking the parametersa and b that appear in the tensor 


Asa +on-n, (27.1) 
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via a condition analogous to (26.6) 


(27.2) 


in which 
a eee (27 .3) 


and A=(Axj) =(AikJmNitm) is the tensor characterizing the given 
crystal [15]. 


Condition (27.2) differs from (26.6) only in that there is no 
averaging over the directions of vector n. Then (26.7) shows that 
in 


F =(A2), —2aA, — 26nAn-- 3a?-+ 2ab+ 0? (27 .4) 


(A*)4, A;, and nAn are functions of n. Taking the direction of nas 
fixed, we can find a and b via calculations analogous to those of sec- 
tion 26. Only the results will be quoted, which are analogous to 
(26.11)-(26.13) and (26.20)- (26.23): 


At—nA'n—O, ; (27.5) 
sato>A, a+b==nAn, (27 .6) 

a= 5 (Ay —nAn). b= (3n\n—A,), (27.7) 
(A’A°), = (AA), — (10), = 0, (27.8) 
Fin = (Vt — CA"), ety) 

(A2), >> (AC) > 0, (AR) D> Fin 2 0 (27.10) 


These formulas differ from those of section 26 in that a,b,and F 
are functions of the direction of n, not constants; to each n there 
corresponds a A° of (27.1) for which A'=A-—A° is least in the sense 
of (27.2). 


It will be clear that A° may be chosen separately for each n 
from (27.5)-(27.7) to get for F (i.e., for A') lower values than those 
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from the average choice used in section 26; this will be illustrated 
in Chapter 7 by reference to particular crystals. Of course, now 
we cannot compare A° with any isotropic medium (even a fictitious 
one), becausea and b are functions of n; but it will become clear 
that the approach provides a very efficient and reasonably simple 
method of examining the elastic properties of crystals. 


From (27.5) we have 


At = At. (27.11) 


From (20.4), this means that the sum of the squares of the speeds 
of the three isonormal waves with a given n will be the same for 
A and A’. 


From (27.3) 
A == A°+ A’; (27.12) 


while Christoffel's more general equation of (15.21) has the form 


(ASL A) aha, A= Vv? (27.13) 


The analogous equation for a medium described by the A° of (27.1) 
and (27.7) will be 


A°u, = (a + bn - n) Uy =) ty. (27.14) 


The solution to the latter equation (section 16) is 


Uy—=n, hy=nAn=a+d. (27.15) 
From (27.3) and (27.5) 


nin = nA®*n =). (27.16) 


The last relation gives us a physical significance for nAn; (27.16) 
shows that this gives the square of the speed (Aj =v) of the longi- 
tudinal wave in the isotropic medium closest to the given crystal 
in the sense of (27.2). Analogy with the separation of A into two 
parts in (27.12) leads us to seek a solution to (27.13) in the form 


uu tusn-+u’, h==A+M, (27.17) 


178 GENERAL THEORY BASED ON COMPARISON WITH AN ISOTROPIC MEDIUM 


the additional vector u' being considered as perpendicular to n: 
u’n=0, un=(n7=-n'/)n=1. (27.18) 


Clearly, vector u' defines the deviation of the displacement vector 
u from the wave normal n. 


Substitution of (27.17) into (27.13) gives 


Manta) tN (nt) = (ntw)tV (nt+un’). (27.19) 


We have A°n=nA°=Aon from (27.14) and (27.15); this, with (27.5) 
and (27.18), gives, by multiplication of (27.19) by n, that 


M=nA'n'. (27.20) 


We multiply (27.19) by u=n+u' and then by n, and substitute Ao= 
a+bn-n: 
[n{(2-+4’), (a+-bn-n+A’)\(n +2n’)]]}=0. (27.21) 


We expand the double vector product via (12.38) to get 
(a+ 4')-n(a-+ bn. n+ A’) (n+ 0’) — 
—(a+bna-n+ A’)\(n+u’)-n(n+u’)=0. 
The above relationships allow-us to simplify this to 
(6—A’)u’+n-nA'u’ — Nnt+nu'-u’ =0. (27.22) 
We may transform these terms via (12.39): 


n-nd'n’ — A’u’ = (n+ n—1) Ma! =n A'y’. 
Then (27.22) becomes 


(6-- n*’A’) a! = A’n —nA'u’ - ur’. (27.23) 
We introduce a tensor q@ and a vector h via 
aM, h=an. (27.24) 
From (27.5) 


Qa, =nian=nh=0 (27.25) 
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and from (27.20) 
V = bhu’. (27.26) 


Note that A and A° are symmetric tensors, and hence so are A' and 
a, Since nA'=A'n. From (27.6) we have 


I 
i= =z fA —a—bn. n)n => (A—nAn)n=-+{n[An, nj). (27.27) 


From (27.24), we can put (27.23) in the form 
(l+anx’s)u'=—h—hua’.-u’. (27.28) 


This equation plays a basic part in the entire theory [15]; it is ab- 
solutely exact, for nothing has been neglected in its deduction. 
Equation (27.28) is exactly equivalent to Christoffel's equation 
(27.13), although it has a very different character, for the linear 
equation Au=Au (with an unknown three-dimensional vector u and 
proper value A) has been replaced by the nonlinear (27.28), in which 
the sole unknown is the vector u', which is restricted by the con- 
dition u'n=0 to a plane perpendicular to the wave normal. Having 
found u', we at once get from (27.17) and (27.20) the correspond- 
ing values of the displacement vector u=n+u' and the velocity v= 
A= Ao + mtu’. 


It is convenient also to transform the characteristic equation 
of (13.4) for A in conjunction with the conversion from (27.13) to 
(27.28): 


Ih — A] = 3— A)? +A —|A]=0. (27.29) 


For this purpose we use (27.1) and (27.12), calculating the invari- 
ants At, Az, and|A| ; (27.6) gives At=3a+hb, while (13.37) gives At as 


Re = Ete? — (AM) = Fa + 6) — (CMY FAY) 
From (27.8) and (27.24) we have 
( (A? SN eee AY’), + 2(A°A’), + (A) = 


3a? + 246+ 6? + 6? (a’),, 
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whence we have 


A, = a (3a + 2b) — bg. (27.30) 


Here the symbol is 


gi =F (0%. (27.31) 


From this we may put 


Fi == 5? (a), = 262g? (27 .31") 
Further, from (12.25) 
}A|=]A° + A’| =| A°]-+ (ACA’), + (APA), +] A’. (27.32) 


From Table II we have 
|A°} = a?(a+b6), A°9=a(a+b-—bdn-n). 
Then (27.5) gives 
(A°A’), = a (a +5) At — abnA'n=0 


and 
(A°A’), = aht+ bni'n. 


Passing to the @ of (27.24) and (27.25), we get [see (12.21)] 
that 


|A | = a? (a + 6) + aba, + d3nan + 63} a]. 


But. from (15.34), (13.37), and (27.25) 
a == — y (a2), = — (27.33) 


aa? — g?, (27 .34) 


non = non — g? — fA? — g?. (27.35) 
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It can be shown that always 
h? < g?. (27.36) 
To do this we consider the following expression [see (12.45)]: 
(n, ah]? = n? (ah)? — (nah). 


Now q and A' are symmetric tensors, so nw=an=h, ah=ha, be- 
cause 


[n, ah]? = ha’h — (h*)? = nain — (h?)?, (27.37) 
The Hamilton-Cayley theorem of (13.35) gives us, since at= 0, that 

ata, —|a|== a3 — gta —|a|=0. (27.38) 
On the other hand, multiplication of (27.38) by tensor @ gives 


a4==lala+ ga’. (27.38!) 


Scalar multiplication of (27.38) and (27.38') by n from right and left 
gives [see (27.25)] 


nun = hah =|a|, (27.39) 
na'n == (ah)? = ha2h = g*na’n = 7h’. (27.40) 

Then (27.37) becomes 
(n, ah}? = A? (ge? —h’). (27.41) 


Now we always have [n, ah]* = 0 and h?= 0, so (27.36) follows from 
this; the difference gh’ cannot become negative, so we denote it 
as follows: 


Ries h? = > (22), —hWr=*x’, (27.42) 


in which x is taken as positive. 


From (27.33)-(27.35) and (27.42) we have 


nin — — x2, (27.43) 
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| A| = a?(a-+- 6) — ab’g?+- B3(|a] — x’). (27 .44) 
Then (27.29) takes the form 
3 — (3a + 6) 2+ (3.a?-+4+ 2ab — b?g”)h — 
a? (a+b) + ab’g? — 63(Ja|— x2) =0. 


We replace A by the new unknown é via the formula 


—— eee (27.45) 


Simple steps give us € as 
c3__t2___ p%_4 y2_|q |= 0, (27 .46) 
This, from (27.42), may be put also in the form 


(& — 1) (8? — g?) = A? +-|2 |. (27.47) 


But a and b are always known from (27.7), So we at once get A from 
(27.45) once e« has been found, and hence (27.46) is essentially the 
general characteristic equation for the phase velocities in any 
crystal. From (27.15), (27.17), and (27.45) we have 


M=h—(a+ 6) = 6 — }). (27.48) 
Comparison with (27.26) gives 
hu’ =:— 1, (27.49) 
Then a known é gives us for u' from (27.28) the linear equation 
+ n'a) u' =A, (27.50) 
whose solution for |é +n X? | ~ 0 is (see section 10) of the form 
a’ = (E+ n'a) 'A, (27.51) 
Then a u' found from (27.28) gives us the displacement and 
velocity of the corresponding wave from (27.15), (27.17), and 


(27.26): 


u=ntw, v=h~=a+td(ltaAn’). (27.52) 
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If € is found from (27.46), we get the same quantities in the follow- 
ing form: 


u—n + (+ n'a) ‘A, US eo abe (27 .53) 
We find the determinant in order to determine when tensor 


(€ +n*%q) allows inversion; from (12.25), remembering that £ is 
a number, we have 


je+ nX‘a| = 8+ 2 (n'a) + E(na)t, 


since |nX*q|=|nX2||q@~|=0, because |nX|=0. Further 
(n*'a), = ((n- n — 1)a),= nan —a,=0 (27.54) 


because of (27.25). Finally, from (12.23), (12.49), and (27.43) we 
have 


(n'a), = (an +n), = nan = — x’, 
Thus 


[Ef no] = 3 — #2), (27.55) 


The determinant then differs from zero for #0, + x; to find the 
reciprocal tensor we use (12.16) and (13.33): 


Ef na — bina — (n™a),} + 0a, = 


—2_tin-na—a)+an-n-=2U+E(a—n-h)t+an-n, (27.56) 
sag __ $n e _ Pea h)+ ann (27.57) 
(E+ n“a) za aa a Gia) 


Then (27.53) for u becomes 


ei ee, (27.58) 


aay 


The sole special case is related to 


— —— ae %. (27.59) 
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In all other cases we get u and v’ at once from (27.53) and (27.58) 
when £ is known. We substitute the & of (27.59) into (27.46) to 
get 


et rege 2 (27.60) 


We shall see in the next section that this is a different form of the 
general condition for special directions in a crystal (sections 17 
and 18). 


Equation (27.60) causes the second term in (27.58) to take 
the form of a 0/0 indeterminacy when §=+ x; herewe calculate 
the square of the numerator in the second term in (27.58), and 
from (27.39), (27.40), and (27.42) we get that 


Ch+ah—h?. nj)? = h?(e? + x?) + 22/4]. (27.61) 


Substitution from (27.59) and (27.60) gives zero; but a real vector 
itself is zero if its square is zero, So, subject to (27.59), we have 


ak =h?.n = xh. (27.62) 
It is convenient to put (27.58) in several other forms in order 
to discuss the various particular cases. Firstly, it is readily veri- 
fied that 
ah—h*?-n=[n[ah, n)], (27.63) 
by expanding the double vector product. Moreover, n, h, and [hn] 
are mutually orthogonal, so any vector may be represented as a 


linear combination of these. In particular, the vector of (27.63), 
which is perpendicular to n, may be expanded as 


[n[x/, aA) ] = a,t +a, [An]. (27 .64) 


We multiply (27.64) by h and [hn] to get a, and a): 


] 
sated (27.65) 


l 
Q,—= ar lAn||n[eh, 2) ]=—, 
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We thus get in place of (27.58) that 


(hg + | 1 {) h + [An] ah. [An] (27 .66) 


“u—n a hh? (G2 — x2) 


28. Special Directions 


The general relationships derived in the previous section are 
based on comparing the tensor A for the crystal with the tensor A° 
for an isotropic medium as closely similar to it as possible for 
that n; this representation substantially simplified the analysis of 
many aspects of elastic waves in crystals. These relationships 
will now be applied to a discussion of special directions in crystals 
(see sections 17 and 18). 


We showed in Section 17 that a general necessary condition 
for any special direction (which is also a sufficient condition for 
purely transverse waves) is as in (17.7): 


{n, An] Atn = 0. (28.1) 
From (27.1), (27.12), and (27.24) we substitute 


A=atd(n-n+a), An=(a+ d)n-+ bh, (28.2) 
to get after simple steps that 


[n, an|]a’n = [nh] ch =0. (28.3) 


From (17.8), the displacement vector of the purely transverse wave 
is u;=C{n, An]. From (28.2) we get the equivalent expression 


u, = C (nh). (28.4) 


It is readily seen that (28.3) and (28.4) may also be derived directly 
from (27.28) together with the requirement that the waves be trans- 
verse. From (27.17), u=n+u', with u'1 n, so un=0 implies that u' 
must be an infinitely great vector; but then (27.28) can be satisfied 
only by hu' =0, otherwise the term in the second power of u' would 
not be balanced by the other terms. From nu'=hu'=0 it follows 
that u'=C[nh] for C —~, which means that u, =C[{nh}, which is 
(28.4). Then from (27.28) we get by multiplying by h: hnX2qu =h’, 
that this [since n**=n-n-1 and, from (27.25), hn=0] reduces to 
heu' =— Cha{nh] —h*?. Now h’ is a finite number, and C — ~, So the 
latter equation can be so only if (28.3) is obeyed. 
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We can give (28.3) a different form by using (12.45) to get 


({nh|ah)? = (h[n, ah] P= h?-[n. 2h]?—[h[n, ah} |. (28.5) 


Expansion of the double vector product and use of (27.39), (27.41), 
and (27.42) gives 


([nh] 2h)? = h'x? -- ja|?. (28.6) 


Then condition (28.3) is equivalent to 


ja) == + xh? (28.7) 


This is simply (27.60). The conclusion from (28.6) for the general 
case is 
Asx? >J\2[?, (28.8) 


Multiplication of (28.7) by b® and use of (27.24), (27.27), and (27.42) 
gives us that 


|A‘| = £ [a, An} / 7 (A”), —[n, An}’. (28.9) 


There are no irrational parts in |A'| and {n,An], so the square root 
in (28.9) should be easily extracted. Also, |A'| is an integral func- 
tion of third degree in the components of Ajk7m, While [n, An] is of 
second degree, so (1/2 A'*)-[n, An]’, subject to the transversality 
conditions, should be an exact square of some linear homogeneous 
function of the Ajjm- From (27.7), (27.24), (27.27), and (27.42) 

we have that 


lo 
iA es [s, Ar)? 
ee oe as (28.10) 
> (dnAn a Ay) 


should also be a rational function of the Ajjj7n, and nj in this case. 
In particular, this property should occur unconditionally for all 
syminetry planes or planes perpendicular to symmetry axes of 
even order (section 17). It is readily shown from (12.25) and 

(27.1) that the n, appear in |A'|=|A—A°| as a homogeneous func- 
tion of degree 12, while [n, An]’ appears as a homogeneous func- 
tion of degree 8. Hence V (1/2 A"), — [n, An}? must be a homogeneous 
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function of degree 4 in the nj in the case of purely transverse 


Waves. 


The main general relationships derived in the previous sec- 


tion may be summarized as follows: 


Au =(A°+ A’)u=du, AS =atodn-n, A’ —ba; 


atn=h, An=a,=0, univ’, u’n=0; 


hat bi, 8—2— gz +x? — lal =0,; 


(+n %'a)u’ =h—hu'.u’, hu’ =t—l; 


re (A728 +]a]) A+ [hn] ah- [An} 


u h2 ($2 — x?) 
From (27.42) and (28.13) we get 


a n+ la] 


G2 42° 


On the other hand, from (28.6) and (28.13) we have 


(}—1)(—|1])— At _ (hn ah 


{hn} ah er 
Then (28.15) can be replaced by 
__§—! (§ — 1) (A7%§ —|a|) — AS 
Bagel Rathje 


Further, 
|&E—a| = 03 — g% — Jal. 


Then it follows from (28.13) that 
{¢—a| a= 22 _ y?, 
Let (28.3) or (28.6) be obeyed: 


ja| > xh? = (An| ah — 0, 


(28.11) 
(28.12) 
(28.13) 


(28.14) 


(28.15) 


(28.16) 


(28.17) 


(28.18) 


(28.19) 


(28.20) 


(28.21) 
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then n coincides with a special direction; here we assume h= 0 
(the case h=0 will be considered later). The general formulas 
(28.15) and (28.18) then become 


l {hn] ah 
,_ &—-1, , &—NEFY—M 


Substitution of (28.21) into (28.13) gives 
3 g2__ (A? x26 25 eh? EL W(E-—NDE ZF XD—A—O. (28.24) 


Hence in the case of (28.21) equation (28.13) splits up into 
the following: 


Ft+x=0, (28.25) 
(E—1)(E fx) — WS P-(1l Ex) + x-—h? =. (28.26) 


In case 1 the scalar coefficient to h in (28.22) equals #1/2k, 
so in cases 1 and 2 it remains finite, whereas the coefficient to 
fhn] becomes (0/0). But (28.17) implies that this indeterminacy 
equals ~~, so in case 1 it is more convenient to use (28.23), from 
which it follows that u'=C/[hn], C— , and so that u=n+u'|| [hn]. 


In case 2 we have an indeterminate coefficient to {hn] in 
(28.23), although (28.17) shows that this indeterminacy is zero, so 
here it is more convenient to use (28.22), which implies directly 
that 


w! = kh, (28.27) 


in which is a root of (28.26). 


Thus (28.25) corresponds to a purely transverse wave with 
u, =[hn], while (28.26) corresponds to two waves whose displace- 
ments are 


_ .— 
w= n+ = =-n++T in, (28.28) 


in which € is a root of (28.26). We multiply together the two vec- 
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tors uy and u, of (28.28), which correspond to the two roots €), and 
£, of (28.26), to get, as we should, that 


So — 1) (& — 1 
ia dss -—0, 


if we remember that, from (28.26), Ego =4 k—h’, Egto=lex. 


The solutions to (28.26) are 


=o (ltx+ V0 =x). (28.29) 


=a (ltx—Vd ¢ xP de). (28.30) 


The coefficients of h in (28.28) are correspondingly 


oo! _ (Vi Fo 4 — (1 5»): (28.31) 


2— er - 
2 = (VO + x)?-+ 4h?-+ (1 = »)). (28.32) 


If x < 1, which is usually the case in practice, we have 


pS ee ls 


The second term in (28.28) defines the deviation of the displace- 
ment vector from n and is less for the wave of (28.29), which there- 
fore is quasilongitudinal, while the wave of (28.30) is quasitrans- 
verse. 


In the v’=a+bé of (28.13) we havea =(1/2X Ay—nAn) as always 
positive, because A; is the sum of all three eigenvalues of A, and 
nAn does not exceed the largest eigenvalue (see section 13). It 
cannot be shown that b is positive in general, although b> 0 prac- 
tically always. The isonormal wave having the highest speed is 
that corresponding to the root & of (28.13) that is largest in the 
algebraic sense. 


We have £,=* from (28.25) for the purely transverse wave 
in the present case of a special direction. Since ‘(1 ¥xK io + 4h? > 
1|+ x, we have 
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Ltn. (28.33) 


SNT 
to 


l a fe 
ome Eat l ave ¥) 1, 


Hence £,>&, and &)> &, so the quasilongitudinal wave has the high- 
est speed of the three. Experimental and numerical calculations 
show that this is so for all directions in all known media, but so 

far it has been possible to prove it in general only for isotropic 
bodies, for which it follows because the elastic energy is positively 
determinate. The velocity of the longitudinal wave in an isotropic 
medium is vi=a +b=A,,, while the transverse one has vi=a =N44 
[see (19.11)], so v3— v4 =Ayz—Agg > O [See (6.16) and (19.6)]. 


Consider now the acoustic axes. We have seen in sections 
17 and 18 that for these the transversality condition must be obeyed, 
SO (28.21)-(28.23), (28.25), and (28.26) must apply; but to these we 
add the condition that the velocities of two waves must coincide. 
Only the transverse and quasitransverse wave can coincide in speed, 
which means that the solution = +x of (28.25) must also be a solu- 
tion of (28.26), which leads [15] to h°=+ 2x. This and |a|=+ xh? 
serve to define the acoustic axes, but the lower sign should be dis- 
carded, since for 0< kK < 1 the condition h* =— 2K(1—Kk) cannot be 
complied with, because the left side is positive whereas the right 
side is negative. Then the necessary and sufficient conditions for 
the acoustic axes are 


Jaf==xh?, A? =2e(1 +x). (28.34) 
The velocity of the quasitransverse waves is 
ae Bites 
(= % Via — bx. (28.35) 


Equations (28.26) and (28.34) give us the speed of the quasilongitu- 
dinal wave as 


(§— 1)E—x)— 2x(1+x%)=E6+% [E —(1 + 2x)] =0. 
Thus 
fp 1 42x, ve a+d(1+ 2x). (28.36) 


For the quasilongitudinal wave we have from (28.28), (28.34), and 
(28.36) that 


uyo=n+ peed (28.37) 
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Expressions (28.22) and (28.33) both give an indeterminate result 
for the case of (28.35), as should occur, because the displacement 
vectors of the quasitransverse waves can have any direction in a 

plane perpendicular to the uy of (28.37). 


Consider now the case of a longitudinal normal (section 17); 
here u=n, So u'=0, and (28.14) gives us that 


h=an=0. (28.38) 


Conversely, ifh=0, then (1+nx*q)u'=0, which implies u'=0, be- 
cause |1+nX2q|=1- K*¢ 0 from (27.55). Thus (28.38) is a neces- 
sary and sufficient condition for a longitudinal normal; from 
(27.27), it coincides with (18.2). This case has somewhat of a 
special place, since h appears in most of the above formulas. In 
particular, it is readily seen that, if (28.38) is obeyed, the tensors 
A=at+b(n-n+aq) and a commutate: 


Aa = aA. (28.39) 


Conversely, the commutation of ~ with A implies n:-h=h-n, which 
gives (28.38) after multiplication by n. The condition for a longi- 
tudinal normal is thus equivalent to the commutation condition of 
(28.39), which also may be expressed via (27.3) and (27.24) as 


AA’ — A’A = AA® — APA =0. (28.40) 
Thus tensor A commutates with A° when, and only when, nis a 
longitudinal normal. 


(28.6) and (28.38) imply |a@|=0; from (28.14) we have for a 
longitudinal wave (u'=0) that 


Ey =, vi=a+t+b=d, (28.41) 


Equation (27.47) becomes 
(& — 1)(? — g*?)=0, 


so for transverse waves 


L=s>=% vi =a-+ bg =a -+ bx, (28.42) 
(28.43) 
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It should be borne in mind that here g=k , because h=0 from (27.42). 
It remains to find the displacement vectors of the transverse waves, 
which is most simply done by the method presented in sections 13 
and 17. From (17.27) we may put A-vj=Cu, -uy; using (28.11) and 
(28.42), we get 

atn-a—g=C,u,- uy. (28.44) 


From (12.64) and Table II we get after simple steps that 
at(—gta-an=(a—I)a@teg)t+gn-n=Cu,-u,. (28.45) 


Multiplication of this tensor equation by any vector p gives, be- 
cause C,u, -u,p|lu,, that 


w|ll(a—!)(¢+g)p + gap-n. (28.46) 


Reversal of the sign of g gives us an analogous expression for the 
displacement u, of the second transverse wave. It is readily veri- 
fied that the u, and uy, defined in this way are perpendicular to 
n(nu, =nu, = 0). 


Multiplication of (28.45) by (w+tn-n-g) gives |at+n-n-g|=0 
on the left and (a? + g°n*?) on the right, because now a®=e%q@ from 
(27.388). Then, subject to condition (28.38), we have 


9 


a? = — gn = p2(1 —n- ny. (28.47) 


We always have from (27.34) that ®@=a’—g’, so in this case 


a=—on-n. (28.48) 


Of course, (28.47) does not imply that we can extract the 
square root and put @=ign* (i? =—1); this is clear from the fact 
that a is a symmetric tensor, whereas nX is an antisymmetric one, 
and also because a is real. We also cannot put ~=+gn*?, although 
this makes aw symmetric and gives* qa? =—g’n** in accordance with 
(28.47). In fact, if we did have ~w=+gn*2, then (12.21), (12.23), and 
(12.49) would give a= en -n, Which contradicts (28.48). Moreover, 


(+gn**), =+g(n:n-1);= *2g, which contradicts the basic condition 


* This relation follows from (12.39): n**=n-n—1, n*? =— nx, n** = 
x2 
—n’.” 
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at=0. Finally, v=4gn**= g+gn-nisauniaxial tensor (section 
13), which has two eigenvalues the same. All the same the condi- 
tion h’ = |~|=0 causes the characteristic equation for a to take the 
form of (28.19), |é—a|=& (&?— ?) =(0, which has three distinct roots. 


Substitution of (28.47) into (28.46) gives a simple expression 
for the displacement of the transverse wave: 


u,=C(a— gn’) p, (28.49) 


in which p is an arbitrary vector whose choice is restricted only by 
the condition that (w- gn**)p= 0. It is at once clear that nu, =0 
(since naw =h=0, nnX =0), so u, actually is at right angles to n. 
Further, from (28.47) we have 


au, = C (a? — gan™’) p= C(— g'n*? 4+ ga) p= guy. (28.50) 
Then 
Au, =(a-+ bn-n-+ baju, =(a+ Og)yu, 


in accordance with (28.42). The displacement of the second trans- 
verse wave differs only in the sign of g: 


u,—C(a+ gn~’)p, (28.51) 


with nu, = 0, while from (28.43) Au, =veup =(a—bg)u,. It is easily 
verified that u,U, =0. 


The case of a longitudinal acoustic axis (section 18) is ob- 
tained if we require that v, and vy are the same; (28.42) and (28.43) 
show that this is possible only if g@ =(1/2)(a*)¢. But @w is a sym- 
metric tensor, so (v*), equals the sum of the squares of all compo- 
nents of aw, and hence g=0 is equivalent to condition (18.21): 


a==-0, A=a+on-n=A°., (28.52) 


It is clear that the properties of a crystal are as for an isotropic 
medium as regards elastic waves along an acoustic axis. The velo- 
cities are v4 =a+b=nAn (longitudinal wave) and v4 =a = (1/2)(At—nAn) 
(transverse wave). 


There are also some special cases when certain quantities in 
the principal relationships become zero; these are related to the 
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elastic parameters and to the direction of n, namely: h?, x’, g = 
h?+x?2, lv|. For h? =0 (h=0) and e°=0 (a =0) we get cases already 
considered (longitudinal normal and longitudinal acoustic axis). 
Consider now the case 


x=0, gi 5 (02 = A’ (28.53) 
From (27.41) and (27.42) we see that then [n, wh] = 0, wh=Cn; 
multiplication by n gives C=h’, so (28.53) implies that 
ah —=h?. n. (28.54) 


But then (28.3) gives (hn]a~h= 0, i.e., (28.53) is a particular case of 
the transversality condition, in which, from (28.7), 


Let a=afhn]; clearly, na=h[hn] =0, ha=hoa[hn]=0 from (28.54). 
Consider (hn]ja=[(hnja/[hn]; from (12.47) and (12.48) we have 


h-f An) - [fF 
non + ae Len) el Ly, (28.56) 
because n, h/|h|, [hn]/|h| form a set of three mutually orthogonal 
unit vectors, and so 


an 
a, = (a1), = nan 2 4 lenlethnl 9 (28.57) 


In our case nan=0, hah=|qa|=0, which means that [hn]a[hn] =0; so 
an=ah=a(hn]=0, a=0. We have the relations 


an=h, ah=h*-.n, al[nhk|—0, (28.58) 


which define the result of multiplying tensor a by the three linearly 
independent vectors n, h, and [nh]. We have seen in section 12 that 
(12.54), (12.56), and (12.58) then allow us to derive the following 
ca for the tensor a (a; =n, a =h, a; =[nh]; b, =h, b, =h’n, 

= ; 


_ A-(A[nh)])+ hen-[ [ni 
UE tl =a n+ neh. (28.59) 
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Then for k=0 we may put tensor A in the form 


A=a+0(n-n+h-n+n-h). (28 60) 


This at once shows that u, =[(hn] is an eigenvector of this tensor 
(the displacement vector of the transverse wave), while vi =a is the 
corresponding velocity. The characteristic equation of (28.13) 
takes the form E(¢? ~ é—h*) =0, with —; =0 corresponding to the 
purely transverse wave, £)=(1/2\1+V¥ 1+ 4h’) corresponding to the 
quasilongitudinal one and é, =(1/2\1-Vv1 + 4h’) to the quasitrans- 
verse one (if b > 0). These velocities and the corresponding dis- 
placements may be obtained as particular cases of (28.24)-(28.30) 
for K=0. 


From (28.6) we have for |q|=0 that 
(nh| ah = + xh’, (28.61) 


and (28.15) simplifies somewhat to 


ghey St SN), (28.62) 


Ezy? 
However, we still have to solve a cubic equation in order to find &: 
ee Ba i: (28.63) 


We note finally that in the general case of transversality, 
with hofhn] =0, |a|=+xh?, we also may find, by analogy with 
(28.58), the result of multiplying tensor q@ by the three linearly in- 
dependent mutually orthogonal vectors n, h, and [hn]: 


an=h, ah=h’ntvh, alhn| = ZF x [An]. (28.64) 


Then the general expression for a in the case of any special direc- 
tion 1s 

a=h-n+n-h+t—-,(h-h—{hn)- [hn}). (28.65) 
The signs in this formula correspond to the sign of lo|. 


The method used here is based on comparison with an iso- 
tropic medium [15] and provides a means of general discussion of 
the behavior of elastic waves in crystals. This gives exact general 
expressions for the velocities and displacements for the special 
directions in all crystals, which are of covariant form and inde- 
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pendent of the choice of coordinate system. However, even greater 
advantages appear in the approximate solution of the problems con- 


sidered in later sections. 


29. Approximate Theory of Quasilongitudinal 


Waves 


In this section we consider mainly equation (27.28): 


(+ n*’2)u'’ =A —hu’-u’. (29.1) 


From (27.57) we introduce the tensor 


B=(1+ nX7q)-1 =- Sonam aan (29 .2) 


which allows us to transform (29.1) to 
u’ = Bh — hu’. Bu’. (29.3) 


Vector u' lies in a plane perpendicular to the wave normal n (sec- 
tion 28); this two-dimensional u' is found from the nonlinear equa- 
tion (29.3) to get the displacement and velocity of the correspond- 
ing wave from 


u=n+u’, v=a+to(l+tan’). (29.4) 


Thus the determination of the u' that satisfies (29.3) completely 
Solves a basic problem in the theory of elastic waves in crystals, 
but an exact solution can be obtained without difficulty only for 
particular directions of n (section 28). In the general case, the 
problem is one of finding the roots of (27.29) or (28.13), a charac- 
teristic equation of third degree. Application of Cardano's formula 
(see [16]) to (28.13), 


si — G2 — ott +. x2 — lal =O, (29.5) 


in which (28.14) gives é=1 +hu', leads to 


ee er es ae ree om 
f=a5+) F4VD+Y S-yod. (29.6) 
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Here 
|: ee Oe 2 2 
~~ OF a a nana Se al ( 9.7) 
and D is the discriminant of (29.5) {16}: 


] 5 2 : 
D= 4? lal P— a7 @ — [af 2+99)— $+ 489}. (29.8) 


The roots must be such that their product is (1+3g7)/9. 


From £ we determine (sections 27 and 28) the velocity as 
v'=a +bé and the displacement as 


an EE LSE Ua (29.9) 


Formulas (29.6)-(29.8) show that the exact solution of (29.5) 
is complicated and largely unusable in a general investigation, 
though it can be used in numerical calculations with specified val- 
ues for the Aikim and directions for n; but here the exact formulas 
are inconvenient because they are cumbrous, and they are not 
really essential because, as a rule, the elastic constants cannot 
presently be measured to better than 10°. This makes it clear 
that there is no real justification for using the exact formulas; 
hence we have the task of deriving reasonably simple and conven- 
ient approximate relations for the main features. Little success 
has been obtained in attempts to apply the general methods of or- 
dinary perturbation theory [29], since the results are applicable 
only to directions of n lying close to symmetry axes of the crystal. 


Here I present a very simple but effective method for approx- 
imate determination of the velocities and displacements for any 
crystal and any direction of the wave normal, which can be extended 
to give any desired accuracy [30]. The method is based on com- 
paring a given crystal with the isotropic medium most similar in 
elastic properties (section 27), the parameters a and b of this 
fictitious medium being given as functions of the direction of the 
wave normal by (27.7). The procedure is extremely simple and 
amounts to applying the method of successive iteration to the non- 
linear equation (29.3). We assume that u' (deviation of the displace- 
ment vector from n) is small, whereupon we may take as our zero 
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approximation: * 
u, = 0. (29.10) 


Substitution of this on the right in (29.3) gives us the first approxi- 
mation for u' as 


ui = Bh. (29.11) 


In turn, the second approximation is obtained by substituting this 
on the right in (29.3): 


wi == Bh — ABh - BA. (29.12) 


Similarly, the third approximation is 
u, = Bh — hBA (1 — APPA) (872A — AG - Bh). (29.13) 


Clearly, any approximation is derived from the previous one via 
the recurrence formula 
u,,,=Ph—hu,-bu,, uj=—9. (29.14) 

To a given n in the crystal there correspond three elastic 
waves with mutually orthogonal displacements, whereas the pro- 
cess of (29.10)-(29.14), if it converges, will give a single value 
foru=nt+u'. It is readily seen that this is the displacement vec- 
tor of the quasilongitudinal wave, for the successive approxima- 
tions of (29.10), (29.11), etc., all tend to the displacement vector 
for which |u'| is largest, which is that of the quasilongitudinal wave. 


To see this, we compare (29.10)-(29.14) with an exact solu- 
tion, e.g., for a special direction (section 28). We have from 
(28.28) and (28.31) for the quasilongitudinal wave in this case that 


wach CH (1474 - 1). (29.15) 


2h? 
On the other hand, for u'=Ch equation (29.3) becomes 


*Here subscripts 0, 1, and 2 are used not to distinguish the quasi- 
longitudinal and quasitransverse waves but to denote the order 
of the approximation. 
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Ch = (1 — Ch?) BA. (29 16) 


From (29.2) we get in the general case 


ht ah —h?. 1 
Bh = Re Aa eh a (29.17) 


We use (27.64) and (27.65) to represent Bh in the form 


th = ELL) Uhh ar 


Formulas (29.17) and (29.18) are completely general; for the par- 
ticular case of a special direction [see (28.21)] we have 


[An] ah =|a|pxhA?=0, (29.19) 
SO 
h 
ph = >=: (29.20) 
Then (29.16) becomes 
1 Cth? 
C=. (29.21) 


Thus, since the direction of u' is known, to find u'!=Ch we must per- 
form an iteration on the scalar equation (29.21). Putting C,=Q, we 
get from successive substituting that 


certs Gare(t aly) 


h? 2h‘ h® 
ee lp ( (Ex) v (lex) Tea) 


(29.22) 


On the other hand, expanding the root in (29.15) via a binomial ex- 
pansion, we get 


l h? 2h' oh® 3 
Cat ('—aggr tage oper te) 29.28) 


Comparison of (29.22) with (29.23) gives rise to two conclusions. 
Firstly, we see that the iteration of (29.14) and (29.22) selects the 
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one of the two values for C in (28.31) and (28.32) that corresponds 
to the quasilongitudinal wave. Secondly, the successive approxima- 
tions of (29.22) show that iteration k for C contains regular terms 
up to order th|2(K-1) inclusive. Usually [h| is small, and each itera- 
tion increases the order of approximation by h’, so the iteration 
process converges very rapidly. This is also clear from the form 
of (29.3), since the addition to the small term fh is of the third 
order of smallness, not the second. Finally, the accuracy of the 
elastic constants is not very high (see above), so it appears (see 
section 37) that even the first approximation is quite sufficient in 
many cases, while the second suffices for a great many problems. 


The successive-approximation process can be given an even 
more convenient form if we use 
23h — 
tps (29.24) 


1 — x? , 


which is readily derived from (29.2) and (29.17). This implies that 
Bkh for any k must be expressed as a linear combination of the two 
vectors h and Bh. It is also clear from (29.11)-(29.14) that u' in 
any approximation is expressed via a linear combination of vectors 
of the form 6kh with different k, so (29.14) indicates that it is al- 
ways possible to form the representation 


ut, = yh + CBh, (29.25) 


in which 7, and ¢, are scalar coefficients. We substitute this ex- 
pression in (29.14) to get 
Ne vt + op 4 1B = Bh — (nh? + 0, ABA) (1,82 -- 6,872). 


Use of (29.24) and comparison of the coefficients of h on right and 
left gives us the following recurrence formulas: 


Ne +1 = (ph? + GABA), | 


Ceti == | = Oighe se Gy, ABn) (n, a. 7 | 


2 


(29 .26) 


Here from (29.17) we have 


2 co | 
ngh = sce eist) eal (29.27) 
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We need know only m, and ¢, for the zero approximation in order 
to use (29.26). Since u,=0, these are 


Ajo 0: (29.28) 


Then (29.26) gives n,=0 and ¢,=1, which leads to (29.11) and so on. 
From 7, and %, we find the correction of the velocity as 


’ = bhu' = b (ugh? 4-6, ABA). (29.28!) 


(29.14) or (29.25)-(29.28) will give the displacement vector 
of the quasilongitudinal wave as 


u,=n+u, (29 .29) 


for any crystal along any direction nin any approximation. The 
corresponding velocity is given by (29.4) as 


v2 =a4t-b(1+hu)) = n\n + bau’, (29.30) 


For a longitudinal normal, when h=0 from (28.38), the zero approx- 
imation gives the exact result: 


=n, v?=-U2 =n An. (29.31) 


The explicit forms are given below for the velocity and dis- 
placement of the quasilongitudinal wave in the first two approxima- 
tions. Here it should be borne in mind that the orders of the vari- 
ous terms should be evaluated from the total degree of the compo- 
nents of the tensor a appearing in them, since this tensor charac- 
terizes the relative deviation from an isotropic medium, which is 
used as the zero approximation. The order of each term is then 
equal to the sum of the powers of a, |h], x, and g appearing in it. 
From (29.3) and (29.11), the first approximation for u' is charac- 
terized by the neglect of terms of third order, so it is exact up to 
terms of second order inclusive (although these do not appear in 
u,). Correspondingly, the second approximation must retain terms 
up to the fourth order inclusive, those of fifth order being discarded. 
In general, the k-th approximation for u' retains terms up to order 
2k inclusive. 
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As regards the velocity, we have (29. 30) as exact, so the 
error in v’. is determined by that in UL; but Uk in Coe 30) is multi- 
plied by h, SO the order of the terms retained in Vic, is one higher 
than that in Uy, Hence the k-th approximation for Vi. contains terms 
up to order 2k+1 inclusive. 


Thus in our first approximation we may consider the denom- 
inator* in (29.11) or (29.17) as equal to one, since this involves 
only neglect of terms of third order and above. Hence 


u=n+t+h+[n[eh, 2) = — A) n +h an. (29.32) 
From (29.30) we have the velocity in this approximation as 
vi=a+b(i+h?+ hah) =n An + 6(h+|4)). (29.33) 


The second approximation is given by (29.12), (29.17), and (29.24) 
as follows, if we neglect terms of order 5 and above: 


w=n+(+2—h?—|lalyh+(l-+ 2 — 2h%) [nak mn], (29.34) 


vi=a+b[l+Ar(1+2—A%)+ |al(1+2— 3h]. (29.35) 


Equation (29.33) is essentially that of sheet L of the phase- 
velocity surface in the form v=v(n) (see section 24). Discarding 
the term in |q| and writing (29.33) in expanded form via (27.7) and 
(27.27), we get 


v2 (3n An — A,)+ Arn An — (n An)? — 2n \?n = 0. (29.36) 


Division by v® then gives an approximate general equation for sheet 
L of the refraction surface for any crystal: 


; 2 a a 
Ai jepmym jm gm, (3me + mh, 4mm, —AygpsMt tt gm,M,) 


— yy —— 
MD, gqsMbpMs — PA, rp Apgng it Mi jm,M,m,m, = 0. (29.37) 


This is an equation of degree eight, which in no way conflicts with 
the conclusion that the complete exact equation (24.6) for all three 
surfaces of the refraction surface is only of sixth degree, since 
(29.37) is only approximate. 


* Note that the retention of the denominator in (29.17) improves the 
accuracy, although it also complicates the computation. 
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The above deals only with the approximate derivation of the 
velocity and displacement for the quasilongitudinal wave. However, 
when we know one root of |v*— A|=0, we can easily find the other 
two roots in the same approximation, whereupon the displacements 
of the quasitransverse waves may be determined, e.g., from (17.27). 


However, there is another and more convenient method for 
approximate derivation of the properties of quasitransverse waves. 
This is presented in the next section. 


30. Another Form of the Approximate Theory 


In the previous section we used (29.3) for the displacement in 
finding an approximate solution and then, derived from u' the velo- 
city of the corresponding wave via (29.4). This involves finding 
the displacement before we can find the velocity, whereas in many 
problems We are interested only in the velocity, in which case de- 
termination of the displacement is wasted.* However, it is pos- 
sible to proceed in the reverse order, first finding the velocity and 
then the corresponding displacement vector. 


This is in fact the usual classical approach to the derivation 
of eigenvalues and eigenvectors for a matrix; in that respect the 
above approach differs from the usual one. Of course, both are in 
principle equivalent, but one of them may prove more convenient 
than the other in a particular case. 


Derivation of the velocity amounts to finding the ¢ that satis- 
fies (28.13), which we put as 


(&E— 1) (2? — g?) =A? + [a I. (30.1) 


We now require some relations between the quantities appearing 
here, which we now consider. Vector ah resembles any other vec- 
tor in being resolvablef into three mutually orthogonal vectors n, 
h, and [nh]. From (27.63)-(27.65) we may put 


ah —=h’n-+-nh-+ [An], (30.2) 


* This occurs, for example, in the derivation of the Debye temper- 
ature (Chapter 9). 

T of course, we rule out the case h=0, when there is a purely longi- 
tudinal wave, which allows of an easy exact solution (section 28). 
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in which 


hah a [An] ah 
in i (= ele 


Here 7n and ¢ are quantities of the first order of smallness in q. 
From (28.6) we have that 
nt C= xX, (30.4) 


Then we see that we always have that 


luj<«  [S[ <*, (30.5) 


the first inequality being equivalent to (28.8); k=0 should give 
n =¢ =0 [see (28.53)-(28.55)]. Condition (28.3) (transversality) now 
takes the form 


c=—0, n= ty, (30.6) 


the sign of 7 being that of |a|. A purely longitudinal wave is a par- 
ticular case of (30.6), because purely transverse waves then also 
occur, so (30.6) is true also for h=0, i.e., n remains finite (of 
course,ifx 0), in spite of the fact that |q~|=0 ifh=0. 


From g? =x? +h’ and (30.3) we transform (30.1) to 
(& — 1)? — x?) = hE [a|— A? (E-+ 9). (30.7) 


Then we see that  =1 implies h’(1 +n)=0; but 1+7 cannot be zero, 
because (30.5) shows that we always have |n|Sk< 1. Henceh*=0, 
l.e., €=1 only for a purely longitudinal wave. This equality will 
not be exact for a quasilongitudinal wave, but it will be approxi- 
mately true, so, putting (30.7) in the form 


Feed ea (30.8) 


we can use this to find ) approximately by iteration. As our initial 
value of the unknown we naturally take 


ks (30.9) 
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This is the zero approximation; for the first approximation we get 


sia f o or ial (30.10) 


“ae 


and for the k-th approximation 


22(8) 
(b+1) A’sy + [2] 


) >» ° 
Ee) _ 4° 


(30.11) 


We discard terms of the fourth order of smallness and above in @ 
in (30.10) to get that 


V=l+e+|al. (30.12) 


Comparison with (29.35) shows that all the remaining terms are 
regular, so the first approximation given by (30.10) and (30.12) is 
correct up to the third order inclusive. Similarly it can be shown 
that the second approximation is correet up to terms of fifth degree 
in @, and in general the k-th approximation found via the iteration 
formulas (30.9)-(30.11) contains terms up to degree 2k+1 in q@ in- 
clusive. This means that the error of the second approximation is 
of the sixth order in a, so the accuracy of the successive approxi- 
mations obtained in this way is in agreement with that for the pre- 
vious section. 


From é we find the corresponding displacement from (27.66), 
which from (30.3) may be put as 


G+riyhtslaay (30.13) 


un +uo=n-+ EY 43 
This formula is exact, so any error in it arises from error in &. 
The & in the numerator is multiplied by h, so the degree of the 
terms retained is one higher than that in —‘”’. Hence, putting in 
(30.13) that pag {0) =1, which is true for terms up to the first degree 
inclusive, we should leave terms up to the second degree in the re- 
sulting expression. The result is 


u) =n + (1+ 7)A+SfAn}, (30.14) 
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which agrees exactly with the first approximation for ug from 
(29.32) and (30.2). Similarly, it is easily seen that substitution of 
: (K) into (30.13) gives us approximation k+1 for the ug found from 
(29.14) or (29.25) and (29.26): 


: h+o(h 
i200 eS + (fan) 


uk+) = n (30.15) 


in which terms of degree 2k+3 and above should be discarded. 


The right-hand part of (30.1), h?(1 +7), cannot become nega- 
tive, because (30.5) shows that |n7|=x< 1. Therefore both factors 
on the left must have the same sign. Of these, g = (1/2\a*), is a 
measure of the anisotropy (sections 26 and 27) and is always less 
than one, so (30.1) implies that either £=1 or /&|<g. It will be 
clear from the above that the first case corresponds to the quasi- 
longitudinal wave, while the second corresponds to quasitransverse 
waves. The two inequalities become equalities only in the case of 
a longitudinal normal (h=0). 


Formulas (30.9), (30.11), and (30.15) solve the problem com- 
pletely for quasilongitudinal waves; for quasitransverse waves we 
have from (30.7) that 


&§—y == re g— 


_  WE+) 1 
5 hye x (30.16) 


— EI) Ex)” 


These can be used as iteration formulas. Let ¢ in the first be de- 
noted by €, and that in the second by é,; then we may put 


h- (GY) 4 n) 
g(r UY wy — o(0) <a x 30.17 
! (1 7 : eee bx *) } x ( ) 

| h? 2) *, 
Burs een eae (3: ae ee a x, (30.18) 


We may test the performance of these by reference to the special 
directions (section 28); here ¢=0 and n=+x. Let 7 =k; then 


(k +1) h? 
3) ar (30.19) 
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In (30.18) we perform the iteration with n =x, 60) =-k to get 
by = = ye — x, (30.20) 


i.e., the zero approximation gives the exact solution for ~, which 
corresponds to the result of section 28. If 7 =—x, we have 


~(R+1) h2 
Spee ae a RES | TE (30.21) 
1— &, 


l.e., €; and £, exchange parts if 7 changes sign. Iteration of (30.19) 
gives 


h2 - hh? h? 
hax Tay. Pax—gaz(l+qe pr) — (80.22) 


which coincides with (28.30) in the corresponding approximation. 
Formulas (30.19) and (30.20) also gives the correct result for the 
acouStic axes. Although the initial values of €, and &, are +k and 
—x, respectively, it is easily seen that for the conditions of an 
acoustic axis [7 =k, h? =2x(1 +x), see section28] formula (30.19) 
leads to the result £;=~—x whichis obtained directly for & from 
(30.20). 


Hence (20.17) and (30.18) give correct results and can be 
used to find the velocities of both quasitransverse waves. We may 
deduce from (30.22) that the first approximation is correct up to 
terms of the third order of smallness in @ inclusive, the second 
up to terms of degree 5, and the k-th up to degree 2k+1 in q. 
Thus (30.17) and (30.18) give an accuracy for quasitransverse 
waves comparable with that of (30.11) for quasilongitudinal ones. 


In the general case (30.17) and (30.18) give in the first ap- 
proximation that 


‘ hh? 
Max atyety. P=—1—-F—Y%—y. (30.23) 


Here we take only terms up to the third degree in a. Then, by 
analogy with (29.36) and (29.37), we can derive the equations for 
both T sheets of the refraction surface; herex is an irrational 
function of A and n [see (28.10)], So we have to square (30.23), and, 
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as a result, both equations coincide, since they differ only in the 


sign of K. 


From £, and &, we find expressions for the displacement vec- 
tors of the quasitransverse waves. Formula (30.13) is completely 
general and exact, but it is here inconvenient, since nappears sep- 
arately, though this direction is the least represented in the dis- 
placement of a quasitransverse wave. We are interested only in 
the direction of u, so we multiply (30.13) by (1—é)(?~«?) = —h2(é + 
7) to transform it to 


u=C{E+7)((1 —f)A—Wn)+C(l —8) [hn}}. (30.24) 


Correspondingly, (30.7) is altered by replacing Kk? by n° +2 from 
(30.4) to give 


(E+ ) (A?+ (1 —HE—jHCd — 8). (30.25) 


This is a very convenient form, especially for considering the 
special directions (¢=0). There are three possibilities for ¢—0: 
either the first factor on the left tends to zero, or the second one, 
or both together. In the first case, @ is a quantity of the second 
order of smallness because ¢-—-0, So & +7 will be also of second 
order, and 


aoc 
f = 0 


with 
C=0, A?—2y(1+ 7) + 0. (30.26) 


Thus here, although ¢=0 and é +n =0, the first term in the braces 

in (30.24) will be of a high order of smallness, so u=C{hnl, i.e., we 
have a purely transverse wave. When h’+ (1—& KE —n) =0, the first 
term persists in (30.24), i.e., a=C (n+ h) in accordance with 
(28.28). Finally, we have both factors on the left in (30.25) zero 
together, which corresponds to an acoustic axis; then (30.24) gives 
uis indeterminate. Note that £=1 from (30.24) gives u=Cn directly, 
i.e., a purely longitudinal wave. 
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Substitution of the approximate values given for £, and & by 
(30.17) and (30.18) into (30.24) gives us the displacement vectors 
of the corresponding quasitransverse waves; (30.24) is an exact 
relation, so the order of approximation for these vectors will be 
governed by that for the é. 


The relationships of this paragraph give a virtually complete 
solution for elastic waves in crystals, namely determination of the 
velocities and displacements for all three waves for any direction 
of the wave normal in any crystal. 


Chapter 6 


Elastic Waves in Transversely 
Isotropic Media 


ol. Covariant Form of the A Tensor 


Christoffel's equation (15.21) splits up into one linear equation and 
one quadratic one for any direction of the wave normal only in the 
case of a hexagonal crystal or a transversely isotropic medium; 
this is the only case in which it has a comparatively simple general 
solution. 


The tensor for this medium is as in (19.15), but here we 
shall use another covariant expression having several advantages. 
A notable feature is that this expression is derived via extremely 
general arguments, since we uSe only the following properties of 
tensor A: (1) that it is transversely isotropic, (2) the symmetry, 
and (3) the homogeneous quadratic dependence on the components 
of the wave-normal vector n. 


Transverse isotropy means that there is only one physically 
distinct direction (the sixfold axis in a hexagonal crystal), which we 
denote by the unit vector e. All directions perpendicular to e are 
completely equivalent in the free medium,* but we envisage one 
containing a propagating wave whose phase normal is n, not a free 
one. Hence the direction of n is distinguished as well as that of e. 
The properties of interest are governed by the second-rank tensor 
A and are dependent on e and n, apart from possible scalar param- 
eters. Then A is a tensor function of e and n, A=A(e, n), and 
also of several scalar parameters. 


* A medium is considered free if it is subject to no fields or 
stresses, in particular, if it is free from waves or other processes. 


eal) 
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Here considerations of covariance apply, which indicate that 
the tensor may be expressed via vectors only in a certain way. 
First we consider the form of the dependence on one vector. By 
definition, the components of a second-rank tensor behave as do 
the products of the components of two vectors in response to co- 
ordinate transformations; but if A is dependent on a sole vector 
(e.g., n), the components of the latter allow us to construct only 
one combination of tensor type, namely the dyad n-n. Of course, 
there is also the tensor n* dual to n (section 12), whose compo- 
nents are also functions of the n;, but this tensor by definition is 
antisymmetric, and this addition drops out for the symmetric ten- 
sor A. Thus it is clear that the most general dependence of A on 
one vector n is of the form 


A=a+on-n, (31.1) 


in which a and b are any scalars. Scalara (or, more precisely, 
the isotropic tensor a, see section 13) may always appear in the 
expression for A, because all the requirements imposed on the de- 
pendence of A in n will still be complied with. Of course, a and b 
may also be dependent on n, but only via an invariant combination 
of the components ny, and the sole such combination for one vec- 
tor is the square n’. Ifnis unit vector, then n’ = 1,soa and b are 
simply numbers independent of the n,. Expression (31.1) defines 

A for the isotropic medium of (19.10), which is not accidental, 
since the only distinctive direction is that of n for a wave in an 
isotropic medium. The problem is more complicated for a trans- 
versely isotropic medium, but it can still be solved without dif- 
ficulty. From vectors n and e we can construct the dyads e -e, 
n-n,e-n, andn-e. The symmetry of A means that the unsymmet- 
rical dyads e-n and n-e must appear as the symmetrical combina- 
tion e-n+n-e, and these dyads then allow us to construct the tensor 
as 


A==a)+an-n+ age-e+aj(e-n+n-e), (31.2) 


in which ao, @;, ad), and a, are certain scalars. It is true that here 
we have not considered all possible combinations of e and n that 
are of tensor type; in addition to eX, nx, and [en]*, which are anti- 
symmetric and therefore disregarded, we have the combinations 
C(e -fen}+fen]-e), C(n-fen}+fen]-n), fen] -[en]. However, the 
first two have the property of changing sign on inversion of 
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the coordinate system, because they have odd numbers of vectors, 
each of which reverses in sign, whereas A, being a true even-rank 
tensor, should not change on inversion (section 8). Of course, we 
might seek to balance out this change of sign by including in C a 
scalar* whose sign also reverses, but the only scalar of this type, 
piqr], requires three independent vectors, while we have only two, 
eandn. As regards [en] -{en], we have from (12.43) for e* =n? =1 
that 


(en) - [en] = [en]? + en -(e-n+n-e)—(e-e+n-n). (31.3) 


Thus this merely gives combinations of e and n that already appear 
in (31.2). 


Then (31.2) (in which @p, a;, a), and a, are certain scalars 
dependent in the general case on e and n) is the most general pos- 
sible form for the dependence of a three-dimensional symmetric 
second-rank tensor on two vectors e and n. 


So far we have not used property (3), i.e., the homogeneous 
quadratic dependence of A on n, which allows us to determine the 
form of the scalars a), a;, @2, and a3, which are invariant and so 
must be dependent only on invariants constructed from e and n, of 
which there are only three: e° =], n’ =], and ne. Now @) is not 
attached to expressions containing n, SO ay must be quadratically 
dependent on n. This shows that 


a) = 6,n? + b, (ne)? = b, + 4, (ne). (31.4) 


Scalar a, cannot contain n and so is simply a number. For a) we 
have, by analogy with (31.4), 


Scalar a3 can contain n only in linear form, so 
a, = b,ne. (31.6) 


This defines the form of A completely for a transversely iso- 
tropic medium; (31.4)~(31.6) show that it is dependent on the six 


* A pseudoscalar is a quantity that does not alter on rotation of the 
coordinate system but that changes sign on reflectionor inversion. 
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scalar parameters by, by, @,=b3, by, Ds, bg, whereas these are [see 
(19.7) and (19.15)] five elastic moduli for a hexagonal crystal; the 
reason is that (31.2) with (31.4)-(31.6) is somewhat more general 
than (19.15). To determine how by, ...; bg are expressed in terms 
of the elastic moduli we have merely to compare (31.2) with 
(19.15); here el|x3, so ey =e, =9, eg = 1, ne=n3. Equating identical 
components of (31.2) and (19.15), we get a system of equations: 


— 2. 2 2 
ay any = im i h egltg Aggy» 


—_ 2 2 2 
Ay G05 = hegtt AG 3H Ag ge 


Olad 
QyN3- Gy = (yg + Aga) M3, ( 
a+ ani+ a+ 2asn, = dyy(l — 03) 1 AgyM: 
a, —— day — hee. 
which is readily solved to give 
ahr 82 = Nam deat Aa Asa 2g Fag) nis | (31.8) 
y= hagtHhag — Meg) 13+ 23 = (Arg 1 4g — ta Ao) 3° 


Comparison with (31.4)-(31.6) shows that (31.2) contain five inde- 
pendent parameters in the case of a hexagonal crystal (as should 
be so), which are expressed in terms of Agg as follows: 


by = Deg. 92 = 5g = Day — Neg 83 = Any — Aco | (31.9) 
by =)yy + Agg— 2g — 4Pgqe 85 = Arg te Aga — Pr t+ 66° 


Then A is expressed as 
A = 6,-++ 6, (ne)? +- bn -n-+ (6,+ 04 (ne)’)e- e+ bsne(e-n-+n- e). 
(31.10) 
The advantage of a covariant representation for A are obvi- 
ous; (31.2) is much simpler and more compact than the expanded 
form of (19.15), and it reveals the structure of A, i.e., the general 
form of the dependence on e and n. A very important point is that 
b,, bo, etc., are essentially invariants, i.e., they resemble (31.2) as 
a whole in remaining unchanged under any orthogonal transforma- 
tion of the coordinates. This cannot be said of the Aqf, which are 
dependent on the choice of coordinate system; so (31.9) is not of 
covariant type, since a different choice of basis would cause the 
parameters bg to be expressed differently in terms of the Aqp in 
the new frame of reference. However, although the equations of 
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(31.9) are correct only when the X, axis is parallel to L®, the nu- 
merical values of the bg given by them are unaltered, because the 
bg are scalars, i.e., invariants. 


Although (81.2) is simple, (31.3) allows us to put it in a some- 
what different form, which is even more convenient in many calcu- 
lations. For this purpose we replace the ne(e-n+n- e) of (31.2) by 
the quantity [en] -(en]}+e-e+n-n-—(1- (en)’) , Which (31.3) shows to 
be equal to it. We also introduce the unit vector 


___len] ___ ler] po 
ce ies (31.11) 


Combination of expressions containing identical dyads gives us that 


A=cCy+¢n-n+c.e-e+ce-e, (31.12) 


in which 


CoB, + Bo €)= Sy C= Sot Sy C3= g,(1—25) (31.13) 


and 


By = 0, — by = hy — Ayg — gy, 

B9=))4+b,= hag t Aig — Ay. 

£3 = 93 + bs = Aya + May, ota) 
Bg = 94 = yy H+ Agg — 20g — 4044, 

Bs = 05 = hy3 + gg t hog — An: 


From these we may express the Agg via the parameters gg: 


My =£, +k» hig = £3 — £1 — &» es (31.15) 
hay == 2, + 29 + 4 + Ba heg = £1 + £5: 


Vector c becomes indeterminate when n=e, but the term csc .c 
then becomes zero, so (31.12) continues to apply to A for all cases. 
This expression is more compact than (31.2); moreover, the fact 
that c is a vector perpendicular to e and n Serves to simplify many 
calculations. 


The principal invariants of (31.12) are 


Ay == 3€9 4+: Cy + Co + C3, (31.16) 
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nAn = Cyt C+ ¢,+ 6s, pen) 


(A), = (Cg + 01 + C2 + 65)? + 2 [c5 — ¢3(€, + cy) — CC, [me]?], (31.18) 


Ar = C9 (3¢y + 2€3) + (ey + C9) (2e,, + €3) + €4¢4 [ne]?, (31.19) 
nd?n = (cy + c,y + 4 (Cy + 2€y+ 2c,) n2, (31.20) 

nAn = (Cy + 3) (Cg + ¢2 [ne]’), (31.21) 

|A| = (y+ C5) [(Cy + ©) (Cg + €2) — c,¢,n3}. (31,22) 


These may be calculated readily by the methods of Chapter 2; |.A| 
will be considered as an example. We use (12.25) and (12.70) to 
get 


Al = ley t¢ cg¢-€1 + (eo + c¢ + €) (en - n+ ce + en + 
st [(Cy + eye + €) (Cyn 9 + Ce + CDM; 
then (12.72) and Table II give 
|A| = 02 (cy + 6,) + ey [(¢ +6, —c,€ + ¢) (cn - 2 + Cy€ -e)], + 
+ Clq [ (Co + C3€ + €) [en] - [en] ], = 


= C5 (CoA C5) + lo (CoH es) (C1 H M2) TH hyla (t= 43) (Cy 1 es): 


which reduces to (31.22). 


The scalar coefficients cy, ..., Cz (Or @g, ..., @3) In the expres- 
sion for A may be expressed via independent invariants from the 
list (31.16)-(31.22), e.g., via At, Ay, nAn, and nAn. 


(31.10) readily yields the explicit form of the fourth-rank 
NikIm tensor for a hexagonal crystal. We rewrite (31.10) in terms 
of subscripts as 


Ai, =r RitemM 2m om {(218¢ 7 ais D4€ 1€ m) or ar 635115 4m te 
+ (081m + Og 16m) Cie eT 95 (C1 Bem + CRemou)} Mim: (31.23) 
This implies 


Kitem = (03 — 8) 813 gm + Oy Bp Q81m + Bim ote) 1b 
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+ (85 — bp) (88 pm + S pmeiey) 
=f by (85 pO O m+ 1ml Rept dnl Cn +01 mee p) a i byl :€1€ pe» (31 24) 


This last expression differs from the expression in braces in 
(31.23) in being symmetrical in the subscripts, in accordance with 
the properties of the Aj,gm, of (6.2), and in such a way as to leave 
the value of (31.23) unaltered. Expression (31.24) was first cviven 
in [31], while the covariant form of (31.12) has been used in [36]. 


Finally we derive the expression for the tensor A inverse 
under multiplication with respect to the A of (31.12), which we 
Shall need in later work. Starting from (13.34) and (13.37) we get 


R= A?— A A+ 4 (At? — (AL. (31.25) 


However, it is simplest to use (13.33) withA=—c), @=cyn'n+cq@e- 
e+c,c-c, and then to use (12.77). Simple steps give 


A = (Cy + €3) (Co + Cy lg —~ CN Nn — 6,€ + e) — 
— [85 (Co + €, + Cg) — Cy C9] [Me] - [ne]. (31.26) 


Equation (31.24) shows why the A of (31.10) for hexagonal 
crystals differs from the general transversely isotropic tensor of 
(31.2) and (31.4)-(81.6) on account of the condition bg=b.: the three 
properties listed in the second paragraph of this chapter, which de- 
fine (31.2), take no account of the symmetry of the Aj;jJm tensor, 
which for transverse isotropy can depend only on 6; and e7, which 
themselves can give rise to only five independent combinations hav- 
ing the appropriate symmetry in the subscripts, these combinations 
appearing in (31.24). Here the additional condition bg=b,y is acon- 
sequence of the symmetry with respect to the subscripts in the 
tensor for the elastic constants. 


32. Phase Velocities and Displacements 


The basic equation of Au =y‘u is solved without difficulty for 
the tensor A having the form of (31.12) for any direction of the 
wave normal n. We have cn=ce=0, ce’ =1, so 


Ne = (Cy) + €3)6, (32.1) 


i.e., the displacement and phase velocity of one of the waves cor- 
responding to n are given by formulas derived from (31.12), (31.13), 
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and (31.14): 


aay serra ad (32.2) 


[[ae]}| ° 
v2 == Cy 4-0, == (E, + Bs) + (82 — 8s) 93 = 66 + Cas — *c6) - (32.3) 


Now u, 1 n, so one of the waves is always purely transverse in a 
transversely isotropic medium. Knowing one of the solutions to 
(15.21), it is easy to find the other two, the simplest approach be- 
ing as follows. The displacement vectors of the three isonormal 
waves are mutually perpendicular, so the unknown displacements 
uy and u, must lie in a plane perpendicular to vector c, l.e., ina 
plane parallel to vectors n and e. This may becalledthe merid- 
ional plane. Then for uy or uy we may put 
U = TN + He. (32 .4) 


Substitution into (15.21) gives 


(Cy Cy A Ce + €) (HA + HE) =A (TA + HE); 


comparison of the coefficients to the linearly independent vectors 
n and e gives us that 


(Cy + Cy) % + Cy AgHy = AN. (32 .5) 


CoM 3H + (Cy + Co) Ny == No. 


The characteristic equation for this system is 


Cyt — CN, 
CyNy Cot Cy — } = (A — Cy)? — (¢y 4+ 6g) (A — €,) + Cy ¢ [ne}* = 0, 


which implies that 
l a eS 
=v? = Co + > (c, tet y (C, — Cy)" —- 4c,¢,n?). (32 .6) 


Then (32.5) gives 


21s cat RCo Ci). Coll 
Ue C\is cae eae (32.7) 


Thus (32.2) and (32.3) are accompanied by the following two 
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solutions: 
re es a \ * somes e, (32.8) 
G=QtbtatVG=—p4 iam) (82.9) 
and 
pee, (32.10) 
B=, ty (te — V(e, — ¢,)? + 4¢,c,7°). (32.11) 


Christoffel's equation is easily solved in this case because any 
plane parallel to n and eis a symmetry plane in a transversely iso- 
tropic medium. This is obvious when A is put in the form of 
(31.12), because c is normal to the (n, e) plane, and reversal of its 
direction by reflection does not affect A. Hence any direction for 

n lies in a Symmetry plane and so is special in the sense of section 
17. Thus the general case of propagation of elastic waves for a 
hexagonal crystal reduces to the particular case considered in sec- 
tions 17 and 28. From (31.12) we get that 


An = (Cg ¢)) 4+ Conse, (32.12) 
M’n = [(eg+ c+ ¢,¢,n3| n+ cn, (2¢,-+¢, + 6) e. (32.13) 


Then condition (17.7), [n, AnjA’n=0, is satisfied for any n; we find 
at once from (32.12) that 


[n, An] = con, [ne], (32.14) 


and the general formula of (17.16) leads to the velocity of (32.3). 


Consider the special cases. First let the wave normal coin- 
cide with the sixfold axis: n=e. Then ng=ne=1 and (31.13), (32.9), 
and (32.11) give 


vi=e,+28,+ 8;+8,= 9 == Sit B= Ay (32-15) 
Then the general theory (section 18) shows that e is a longitudinal 


acoustic axis, with uy||n|le, while (32.2) and (32.10) do not give de- 
finite directions for u, and u,, as should be found here. 
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The second particular case is nie, nj3=ne=0. Then 


W=O +83 UB Tosh MHS the =A (32.16) 
and for the displacements 


Von, u=I[nel, uy=—e. (32.17) 


In both of these cases uy defines the displacement of the 
purely longitudinal wave, while u,; and u, do the same for the purely 
transverse waves. In the general case the uy of (32.8) will be the 
displacement vector of the quasilongitudinal wave, because we al- 
ways have c;— Cp = 2— So— syns > 0 (see Table III), so the addition to 
n in expression (32.8) for u, will be less than that for the u, of 
(32.10), i.e., Up deviates least from the direction of n. Comparison 
of (32.9) with (32.11) shows that vi > vi correspondingly. 


Consider now the n for a hexagonal crystal such that a purely 
longitudinal wave can propagate along these directions. From 
(18.2) and (32.14) we have the condition for this as 


(n, An] = cone - [ne] = 0. (32 .18) 


In addition to the cases n=e and nie already considered, this gives 
Co =Zo+ g ns =0, so, from (31.14), 


&9 iy —h,,—2A,, 


Se 
3 &4 Air A33 — 2Ay3— 4g, 


(32.19) 


But 0 <n =1, so this condition can be obeyed only if the elastic 
constants of the transversely isotropic medium obey the condition 


lar <0: (32.20) 
Table UI shows that purely longitudinal waves can propagate in 
many hexagonal crystals in the directions denoted by 3], the angle 


formed by the longitudinal normal with L*, as well as along the di- 
rections ng=1 and n,=0: 


n,=costy = Vf — &, (32.21) 


The two quasitransverse waves have the same speed in the 
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case of an acoustic axis; from (32.3) and (32.11) we have 
(¢; — ¢,) (C, — ¢,) = ¢,c,n%. (32.22) 


It is readily seen from (31.13) that this condition reduces to 


This implies the case nj =1 (n=e) considered above and also the 
condition 


(8s — &2) (&s — &s) (32 .24) 


n= 9 ’ 
&s+ &4 (gs — &s) 


3 


which can be satisfied only if 


O< (2s — £2) (8s — 8&3) <1. 


gi + g,(&s— &s) (S229) 


Table III shows that ice, magnesium, and quartz are among the 
crystals that have acoustic axes differing from e. This table gives 
#q, the angle formed by the acoustic axes with the symmetry axis: 


cos$, = 8s — 82) (8s— 3) 39 96 
. &4(85— 83) +82 aa. 


A hexagonal crystal has rotational symmetry around its six- 
fold axis as regards the elastic properties, so a circular cone of 
longitudinal normals or acoustic axes will occur around the e axis 
if (82.20) or (32.25), respectively, is complied with. 


This rotational symmetry also means that all the wave sur- 
faces for a hexagonal crystal will be surfaces of rotation, which 
may be derived simply by finding the section in a symmetry plane 
passing through the e axis, after which rotation around e gives the 
surface. Thus we may use here the results of section 25 for the 
sections of the wave surfaces by a symmetry plane. 


The tensor A=ANof (31.12) takes the form of (25.13) for all 
wave normals lying in any given meridional plane: 


a=(* 0 as Co@ + @ 0 ) (32.27) 
O nt 0 Cot C3 
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if the x; axis is set along c. To apply the general formulas of sec- 
tion 25 to hexagonal crystals we therefore put 


Ma=eyo-+cn-n 10,03 es= 
= gyn +. gy (ne)? + gyn-n-+( (gon? + g,(ne)*) e- e, (32 .28) 


nn = Cy +- C3 = (8, + 5) 2° + (go — Bz) (ne). (32 .29) 
Then (25.5) gives the curve formed by sheet T, (purely transverse 
waves) of the refraction surface as 


mum = (g) + gs) m? + (ko — £5) (me)? = 1. (32 .30) 


Taking x =x,|le, we have 
me—x, m= x?+ y?, (32.31) 
SO 


mum = (2) + £9) ?+(gi +g) "=, (32.32) 


_ ‘ew 0 
a 0 £1 -+ 8 


Then, from (31.14), we should put in (25.6)-(25.9) that 


Jet giter-ae oe (32 .33) 


e=ot+ f= hy OF =2,+ &5 = Meg. (32 .34) 


This defines the section of sheet T, completely; (25.19) shows 
that ht and |A™| must be found for the other two sheets. From 
(32.28) we have 


M = (29; + 2. + 83) m+ (289+ 24) (me) = 


= (Ay, Ee gy) 19? LE (dugg — a1) (rte). (32.35) 


We use thetwo-dimensional formulas (14.24) and (14.28) to get 
JAD] as 


| d" | = (Cy C}) (Co +- Co) — €,C, (ne)? —= 


= [(g, + gs) a? + go (nelle, ga + (ey + 24) (ne))— 


— gy (ney [gon” + g,(ne)’). (32 .36) 
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Then (31.14) gives 
|x” | = Am‘ + Bm’ (me) +.C(me)', (32 .37) 
in which 
A =)asdes, B= ditdss — 24g (rr + 23) — A. 
C = Mgt ag Onn 2043) Ags (Aga — Ana). (32 .38) 


From (25.19), (32.31), (32.35), (82.37), and (32.38) we have the 
equation for the section of sheets L and T, of the refraction surface 
by a meridional plane of a hexagonal crystal: 


A(x?—-+ y?)? + Bx2(x? + y*2) + Cxt— Dx?—Gy?+1=0, (32.39) 

in which from (32.35) 
D == Rag try GHA, +Ay. (32.40) 
Expressing the A" of (32.28) in terms of subscripts, we have 
ad = acbulena, (32.41) 

in which 
hacoa = (83 — 81) Bachns + 81 Bab es + Sgah pe) — 
— Bo (lal c3ng + Saclvla) + £2 San€cly + 

H+ gable + By gby + Beye aly) + aloe cl rl ag: (32.42) 


This last expression is derived via the arguments used for (31.24). 
It is readily verified that A gepq has the required symmetry and 
gives (82.28) when substituted into (32-41). From (25.53) and 
(32.42) we have 


Mod = Maood = (28, Bot &;) Osate (28, = £,) Cae ue (32.43) 


or, from (31.14), in coordinate-free form, 
M == (i, + gy) + (Aggy — My ee. (32 .44) 


We use (32 .41)-(32.44) to get the section of the wave surface 
for a hexagonal crystal by a plane through the e axis, which is as- 
sumed to be parallel to the x; coordinate axis; hence e, =1 and e, =0 
in this case. Substitution of (32.42) and (32.44) into (25.54) and 
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(25.51) gives, with Afy =Aqy4o =Aoq 4, = 0, that 


A, = 2A,,A4, + AS, — S*A,, + Ags), B,C, = 3A$), 
C, = B, = NyNss + Ne sa g; “ AS aa AS ~~ s*(A,, ' Ax; + 2X a) (32.45) 
D, a A, ee A$, D, = Zo Ne, - ee oa $*(r,, t Aga))s 


Here the Aq are as in (19.7). From (31.15) and (32.28), 


AS, = (8, + ,)87 + (6, + By + 6,82 = Ay, 87 + Aga s?, (32.46) 


Ss — 2 42 2 52 : 
AS, -- g,$ + £8, + 23S) = NaS; es Ness) A = £35,S)- 


The quantities of (25.58) thus take the following values for a hex- 
agonal crystal: 


(A,B) = 2ay - 3’, (C, D) = 2By - 3¢’, 
(A, C)=<(6a-y), (B, D) = (6B -y), (32.47) 
(A, D)= 4aB- 7, (B, C)= 9¢?- y’. 


Here the symbols are 


a= A33Aaq = (AsaSt + N85); B i Raves - (gs; a NgaSz)) (32.48) 
Yrar B — 4, Ag = 3 = A, i rag Ags - Nias C = 8,S,S). 


Substitution of (32.47) into (25.57) gives us after a few steps that 
R= (aB = Oly? - 4B - €?))? + 36ayO7} -— al?G? + 27aC*). (32.49) 


If we take s(ray-velocity vector) as our radius vector (S;=x, S»=y), 
the above equation becomes the section of the wave surface ina 
hexagonal crystal by a plane parallel to the e axis. From (32.48) 
and (32.49) we see that this is an equation of degree 12 containing 
only even powers of x and y. A direct calculation shows that the 

R given by (25.52) will (see section 25) have all the terms of de- 
gree above 12 in x and y cancelling out even in the general case, 
which once again gives us (32.49). 


To demonstrate this we apply (32.49) to an isotropic medium, 
which may be considered as a particular case of a hexagonal crys- 
tal. Comparison of (19.6) and (19.7) shows that here we have Ag33 = 
AjisAqg =Aqy—2Agqg, aNd Bg =Ayg +Agqg = Aqy—Agg, SO, from (32.48), ay =0 
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and 
y=at B= 2A Agg — Ay + Ag 
Fs a ae OO (ame OO (care (32 .50) 
y - 4aB - €*) = Ay, ~ Aga)’, 


in which r? =x’ +y*= s*. Then (32.49) becomes 
(A,, ory Neg PCC = ACP a Naa) = 0, 


i.e., it splits up as it should (see section 24) into the equations of 
two circles: Panag (longitudinal wave) and r =h44, (transverse 
wave). 


The transverse isotropy means that (32.49) gives not only 
the section of the wave surface by a plane parallel te the axis but 
also the complete equation for the two sheets L and Ty, of this sur- 
face. This is readily derived by replacing the y" 35 of (82.49) by 
y" +z’, which gives us a surface of rotation obtained by rotating the 
curve around the symmetry axis el|x,. 


The above is a discussion of the section of the wave surface 
for a hexagonal crystal, but the result is actually much more gen- 
eral, being the equation for the section of that surface by any sym- 
metry plane for the cubic, hexagonal, tetragonal, and orthorhombic 
systems. In fact, from the relations of section 19 for tensor A, on 
the assumption that n,. =0, we get the following expressions: 


Cubic crystal: 


Awa * Nga 0 (A,> ne A4g4n,n, 
A = 0 Nei 0 (32 .51) 


(Ai. + Ags )A,D, 0 Aga + Ay 
Hexagonal or tetragonal crystal: 
Amy + Aggns 0 (Ay, + Agana, 


A = 0 Aget, Agel 0 (32 .52) 


(A,, + Aga) N, 0 Nga + Agi 
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Orthorhombic crystal: 


An ae n; 0 (Ai; + Ags n,n; 
ie 0 Neel + Nx4Dy 0 : (32 .03) 
(Ay, + Nee nn, 0 Age m + A333 


The A tensors thus coincide precisely for hexagonal and 
tetragonal crystals if ny =0, while a cubic crystal appears as a par- 
ticular case (A33 =A44, Age =Aqy) and an orthorhombic crystal differs 
only in the replacement of Ay, by A;;. The curve given for all of 
these by the wave surface with a symmetry plane is governed by 
the two-dimensional tensor A" of section 25, which is derived by 
striking out the second row and second column in (32 .51)-(32 .53), 
and which has the form 


2 2 
Ail PAggn, Ais t Again, 


(32.54) 


2 2 
(A,3 + Aga) D3 Aga, + Ag3N3 


with appropriate replacement of the A wp for cubic and orthorhom- 
bic crystals. The curves for all these types of crystals are given 
by (32.49); we merely have to insert the Aq@~B appropriate to each. 


The two-dimensional tensor 7 of (25.2) and (25.12) defines 
the section of the sheet for the purely transverse waves; it follows 
from (32.51) that ntn=Ayqy, i.€., Tab =Aqgdqh, for a cubic crystal, so 
the section of any wave surface for purely transverse waves by a 
symmetry plane* is a circle in the case of a cubic crystal [see 
(25.4), (25.5), and (25.32)]. 


33. Comparison of a Hexagonal Crystal 
with an Jsotropic Medium 


A hexagonal crystal (transversely isotropic medium) is the 
sole type of anisotropic medium for which the equations of the 
theory of elastic waves allow of an exact general solution in terms 
of square roots. All the same, even here it is desirable to use the 
method of comparison with an isotropic medium, because the exact 
formulas are sometimes toocumbrous. For this reason, and to 
illustrate the method of Chapter 5, I consider here some of the 


* By this plane we mean one perpendicular to a fourfold axis, or a 
plane equivalent to this. 
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relationships for a hexagonal crystal on the basis of comparison 
with an isotropic medium. 


From (27.7), (31.16), and (31.17) we have 
L ] l 
a= yt re(l— mi) +7 a=e + 7 (By +8,)+ 


l l 
tg Gor Bs 16a) go oa 


1 
b= tZe(—N-FQ=e,—F(eteyt i — OF 
l 3 
+5 (3g, — 84+ 85) ns + > 4%}, 
c= A+ b= 8,4 8,4 28,03 + 843, 
whence we get from (26.16) and (26.17) after averaging that 
On = (0) = gy +4 8% +e 8 fe Bs 
(33.2) 


2 
Om = (0) = &3t FE 8 — 3 8s: 
Then from (26.7) 


2 17 
(Fn) = 95 [7 (8, — g5)+ gy, (= g.— 285} 8 Si 14g.(¢,+2¢,)]- (33.3) 


This defines the mean-square elastic anisotropy of a hexagonal 


crystal, while <Fn)> /KA*>4 is the corresponding relative aniso- 
tropy (section 26). On the other hand, (27.9) gives 


F(A} — (A= fey ea( = 98) PA 28(1 — 18) = 


=(Il— ny[ (I — 13) (g;—8,—8 4m) + 2n3 (8, + g ny |. (33 .4) 


Then 


4 
(F) =45| (Ge, +eit+eetse, (4g,—8,)|- (33.5) 


Substitution from Table III into (33.3) and (33.5) shows that 


CF CP >: 
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Formula (27.27) gives for a hexagonal crystal that 


h=— cen -(n[en}). (33.6) 


Thus vector h always lies in the meridional plane, and h=0, which 
defines the longitudinal normals, reduces to (32.18). From (27.31') 
and (33.4) we have 


F 24 I 
ee ieee + (ne) (g, — ¢,)? + 2nde3 . (33.7) 
Then (27.42) gives 
) y) 9 (1 _ nv ; 
x == g? — AP =~ (gs — C9)", (33.8) 


SO 


ny (I — nt) | |, 


(33.9) 


Thus, as we noted in section 28, here compliance with the trans- 
versality condition causesxk to be determined by a completely ra- 
tional expression. Tensor A' is expressed as follows: 


A’ =A—A®°~—c)+¢n-n-+ ¢6,@-e+ Ce -6, (33.10) 


in which 


c= — (cc, (ne), cf == 5 (eye, [3 (ne®—1]}. (33-11) 


Thus A' differs from A only in the replacement of cy and c; by cp 
and cj}, so (31.16)-(31.22) can be used with the appropriate changes. 
In particular, we get from (31.22) that 


I 9 
| A’ | = > (ne)? [ne]! 03 (Co — 5) = 2 eI. (33.12) 
Comparison of (33.12) with (33.6) and (33.9) shows that la|=+ Kh?, 


in accordance with (28.7), the upper (lower) sign corresponding to 
a positive (negative) value for 


Co— Gs Ba— Bat edneye (33.13) 
2b Ss Og — Ba — Sst (ne)? (3g2+ Bs— Gi + 3K (e)’) 
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Simple calculations based on (33.6) and (33.9) readily show that the 
general conditions of (28.34) (for acoustic axes) lead to (32.22), 
which was derived by direct solution of (32.3) and (32.11). Simi- 
larly, we may vcrify for a hexagonal crystal all the other general 
relations of section 28 for the special directions of any crystal. 


The approximate methods of sections 29 and 30 retain their 
value for hexagonal crystals although an exact solution is available 
here, because the approximate formulas give rational formulas for 
u and v’ that are of high accuracy. Moreover, all directions ina 
hexagonal crystal are special, which leads to simplification of the 
general formulas of sections 29 and 30. 


The first approximation for the velocity of the quasilongitud- 
inal wave is given by (28.13), (30.12), (33.6), and (33.12) as 


vix=a+bh—a+6(1+h’?+ /e|)= 


(en)? [en]? c5 


= a+ b+ —s-— (26 + (¢, — 85) [en)) = 


m(l=no(ato%—%) (gg a4) 
[ 2c, + ¢, (3n3 _ 1) — ca)" 


The displacement is given by (30.14) with ¢=0 and 


=C)+¢,+6¢,n;+4 


a 2 — 
7 Cl = [ne] oa &s) : (33.15) 
the result being 
Uy = +SEE (20-+ (co — g,) [ne}?} [n [en] ]. (33.16) 


The conclusions of section 30 show that we make an error not ex- 
ceeding the fourth power of |h| in taking only the first approxima- 
tion; (3.6) implies that h=0 for n1e and nile, so we may assume 
that for ¥=arccos (ne) =7/4 (ne=1/V2) we have |h| close to its 
maximal value, i.e., 


282+ 8% 2 (Ass — Ani) 
[A Glas —_ = 11 ; 
max sest erty ei—es © (Ais Aga) — Qdgg fA Ags ree 
Table III gives values of this for some hexagonal crystals, which 
show that the error of the first approximation is only 0.31! ~ 0.01 
even for the highly anisotropic crystal of zinc, while this error is 
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less than 10 * for cobalt (medium anisotropy), i.e., is negligibly 
small. Thus the formulas of (33.14) and (33.16) (first approxima- 
tion) may be considered as exact for most hexagonal crystals. 


The velocity and displacement for the quasitransverse waves 
may be found via (30.23) and (30.24), but it is simpler to use 
(33.14) and (33.16) with the exact solutions of (32.2) and (32.3) for 
transverse waves. We know v% and vi, SO v5 is found from 


2 2 
4cons (c, — Cy —- con) 


v2 = A.—v*—v? =c. te ner (1— Mes eet or) 
: v y r 2 [ 2c, +c, (3n3 — 1) —c,]” 


) (33.18) 


The direction of the corresponding displacement is found as the 
vector product of the displacement of (32.2) and (33.16): 


Mo = [Uy [en] | = [n [en] | ee (26 +. (c,— g;) [en|] n. (33.19) 


Equations (83.14) and (33.18) may be considered as the polar equa- 
tions of the quasilongitudinal and quasitransverse sheets of the 
phase-velocity surface in a hexagonal crystal (nj=cos ). 


34. Mean Transverse Anisotropy 


The mean elastic anisotropy of section 26 was derived by 
reference to the isotropic medium most similar in elastic proper- 
ties. The covariant form of (81.12) is a simple general represen- 
tation of the A tensor for a transversely isotropic medium (hexag- 
onal crystal), and Christoffel's equation has exact solutions, so 
this approach may be extended to this case, which means that the 
analogy with the method of section 26 allows us to choose the param- 
eters of the tensor of (31.12) in such a way that the latter differs 
on average as little as possible from tensor A. This defines the 
fictitious transversely isotropic medium most similar on average 
to the given crystal as regards elastic properties. Let the tensor 
At for this medium be put in the form of (31.12): 


A. = (8, + 8213) + fy: n+ (B+ 8423) & e+ 8; [ne|?c-c. (34.1) 


By analogy with (26.6), parameters g;, ..., g; are sought from the 
minimum of 


(FY) =: ( (At — A))p= (A). (34.2) 


232 ELASTIC WAVES IN TRANSVERSELY ISOTROPIC MEDIA 


Here the direction of e must first be chosen. The choice is obvi- 
ous for cubic, tetragonal, and trigonal crystals; e lies along a 
higher-order symmetry axis. A monoclinic crystal has only one 
distinct direction, namely the L? axis or the normal to the sym- 
metry plane, and this is naturally taken as the direction of e. The 
choice is also unambiguous for orthorhombic and triclinic crystals: 
for orthorhombic ones, the direction of e is that of a twofold axis 
(normal to a symmetry plane), while for triclinic ones it is that of 
the longitudinal normals (section 18). In both cases the choice is 
not unique, So a selection must be made from among the possibi- 
lities on the basis of the least difference between the velocities of 
the transverse waves. The squares of the latter are vi and v5 for 
this direction in an orthorhombic or triclinic crystal, so the direc- 
tion of e here is that for which |v4—v3|/(vi+v3) is minimal. Condi- 
tion (34.2) gives rise to the following equations (s=1, 2, 3, 4, 5): 


0 (F') 
Of s 


t aAt 
=2((A —A)5-), = 0. (34.3) 


Tensor At is given by (34.1) as a homogeneous linear function of 
the 8s, So Euler's theorem gives 


3 t 
Yes On ye (34 .4) 


Multiplication of (34.3) by g, and summation over s gives us a re- 
lation analogous to (26.20): 


((A'— A) A’), = (A), — (AA), = 0. (34.5) 
(34.1) and (34.3) together imply five equations: 


(A ~A)r = 0, (nh(A — A))e-+ (e(A' — Aye) =0, | 
(n(A‘ — A)n) =0, 
(nie (Ai — A)e) =0, ([nefPc(A' — A) c) = 0. 


(34.6) 


We use (34.1) with<ng >=1/3,< ns >=1/5 [see (26.16) and (26.17)] to get 
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t l 
(AS )t= 3 (981+ 6 gy + 3g3 + By + 285). 
(n3A') = (e+ 4g, + 9g, + 3g,-+ 2g). 


(eMe) = z (38, -t 482+ 83+ 24). 


t 1 (34.7) 
(n\n) = 7g (log, + \0g,-+ l5g, + 3g,), 
t ] 
(nied e) = 72 (5g, + 8g. + 3g3-+ 384), 
t 2 
({neP cA c)= 15 (081 + B2+ 485). 
The notation to be used is 
(A), = za, (ngA)t (ede) = ty (nAn) os 
2 (34.8) 
\e) = 2 =F 
(nie. e\ = 5 ty. ({ne?cAc) = rs 4 


Then system (34.6) becomes 


92, + 68,-+ 3234+ g4+ 2g,=— d), 

15g, + 17 go + 584+ 4844 85 = ay. 
15¢, + 10g,+ 15g,+ 3g, = dy, (34.9) 

og, + 8g, + 3g, + 3g,= dy, 

981 + 82 + 485 = 4s. 


The solutions are 
Z= re (213d, — 90d, — 28d, + 77d, — 84d,), 
= hy (— 225d, 41 14d, -+ 28d, — 105d, + 84d,), 
Ana — 5d, + 2d, +d, — 2d,-+- 2d,), (34.10) 
+e (55d, — 30d, — 8d, -+ 35d, — 204,). 


&4 = 
Bs = (— 15d, + 6d, + 2d, — 5d,-+ 8d,). 


Formulas (34.8) and (34.10) define completely the elastic moduli of 
the transversely isotropic medium most similar on average to the 
given crystal as regards elastic properties. The tensor of (34.1) 
for that medium allows us, by analogy with section 26, to discuss 
the mean-square transverse elastic anisotropy of the crystal. As 


234 ELASTIC WAVES IN TRANSVERSELY ISOTROPIC MEDIA 


a measure of this we may [see (26.27), (34.2), and (34.5)] use the 
expression 


VF) = VA), — (A), = V (AY). (34.11) 


The relative mean-square transverse elastic anisotropy [see 
(26.28)] is similarly defined by its measure 


t2 
A‘ = f/f ere") seh dt (34.12) 


A transversely isotropic medium has five elastic constants g),..., 
g-, so the Al closest to A may be chosen on the basis of five param- 
eters, instead of the mere two available for an isotropic medium. 
Then we would expect that At of (34.1) and (34.10) will differ less 
from A than does the Ay of (26.2) and (26.13), and also that the 
mean transverse anisotropy of (34.11) or (34.12) will be less than 
the mean anisotropy of (26.27) or (26.28). This will be demonstra- 
ted in Chapter 8 by reference to actual crystals. 


It is clear that the actual A may be satisfactorily replaced by 
the corresponding At if the relative transverse anisotropy of 
(34.12) is small enough; many topics may be discussed approxi- 
mately on this basis. 


35. Comparison with a Transversely Isotropic 
Medium * 


In Chapter 5 we compared the elastic properties of a given 
crystal with those of the most similar isotropic medium in two 
ways: by averaging over all directions of n (section 26) and for a 
specified direction of n (section 27). Similarly, there are two ways 
of comparing a crystal with a transversely isotropic medium. The 
above section corresponds to the first (average) approach, while in 
this section we deal with the approach for a fixed wave normal n. 
Here the averaging operation is omitted, and A’° is sought (see sec- 
tions 27 and 34) from the minimum in 


F = ((A° — A)’);. (35.1) 


* This section constitutes the results of [36]. 
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Here we take A° in the form of (32.12): 


M®=a,+an-n-+ae-e+a,e-e, (35.2) 


in which @p, aj, @), and a; are certain functions ofn, e =[en]/|fen]]|, 
and unit vector e is chosen as in the previous section. Here in- 
stead of the five constant coefficients gg (s=1, ..., 5) of section 34 
we have to find four functions @g (s=0,1, 2, 3) of n. The subse- 


quent steps are very much as in Sections 27 and 34. From (35.1) 
we have that 


((.° oy le — 0) (35.3) 
Ay 
and 
: oA 
ya, ((A° —A) Sy \ — (A), —(AA% = 0. (35.4) 
s=0 
SO 
F = (A) = (AA), = (A?) — APD eae) 
in which 
ee ee (35.6) 


The system of (35.3) has the form 


Ai =n\'n=eNe=—cAhc=0; (35.7) 


which is expanded to give 


3a, + 4, + 47 a,=A,. + a,n,+ a,= edhe, 


(35.8) 
a+ a,+ a,ni=nAn, a,+4, == CAC: 
The solution is 
(1-4 n3) [ec] A [ec] —aAn + niehe 
ag = rn | re ’ 
_ nAn— nie Ae — [ne]? - [ec] A [ec] 
a 2n? [ne}? j (35.9) 
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(1 — 2n3) nAn-+ njeAe — [ne]? [ec] A [ec] (35.9) 
00 On nee 

3n2cAc —n2A,-+ nAn —[ec] A [ec] 
igre eB 


2 
2n3 


Here we have used Ay={ A(e-e+e-c+[ec] -[ec])},;=eAe+cAct 

[ec] Afec]. The solution of (85.9) becomes an indeterminacy of 
type 0/0 for all a, if ny=0, because for ne=0 we have [see (12.47)] 
for any tensor A that A; =nAn+eAe+cAc, so any three of the equa- 
tions of (35.7) imply the fourth, and system (35.8) contains only 
three independent equations for four variables. For ne=0 we have 
from (31.3) that c-c=l1—e-e-—n-n, i.e., the last term in (35.2) is 
expressed via the first three, So we may put 


AX = uy + ayn n+ aye-e. 


Performing the calculations of (35.3)-(35.9) with this expression 
for A°, we get 


A= e\c, ay=nin —cAc, a,=e\e — cc. (35.10) 


The same result is obtained directly from (35.8) by putting n, =a, =0. 


We can transform (35.9) to the following more compact and 
convenient form by using (31.3): 


ay = [ec] Alec]-+-—[nel[e, Ae]. | 
— lem|{e, Ae] | __ [ne] [ny An] 
n3(1 —n‘) ae n3(l —n3) | 


i. 
a, == 2cAc — A, + ~~ ean. 
3 


(35.11) 


These relations do not follow from (31.3) and (35.7) with ne=0, 
but (35.2) and (35.6) give 


eA\'n = eAn— n,(a, + a, + a,). 


Substitution into (35.11) readily gives the result that (35.12) is 
obeyed for ne=0 also (see below). 
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The definition of (31.11) for c becomes meaningless for n=e 
and ne=n,=1, and expression (35.2) for A° becomes Simply a+bn- 
n, So the above formulas are unsuitable in their present form for 
directions of n lying close to e. 


Returning to the general case, we see that (31.3) and (35.7) 
together give (for ne= 0) that 


e\’n==n\'e=0. (385.12) 


From (35.7) and (85.12) we have that nt A'nLe, el A'eLn, so 


Nel] Mall [en] |e. (35.13) 


We now put 


Nex W, (35.14) 


whereupon (35.7) implies that vector w must be perpendicular to 
c, i.e., must lie in the meridional plane: 


tock c=. (35.15) 


From (35.13), A'e=k,c, A'n=k,c; scalar multiplication of these by 
c gives k, =we, ky) =wn, So we may put the result of multiplying A' 
by the three independent vectors e, n, and c as 


ANle—=we-c, An=wn-c, Ac=w. (35 .16) 


We have shown in section 12 that these results define A' uniquely. 
Use of (12.58) gives 


as (w-[en| 4-We-c- [nc\-+wn-c- [ce}). (35.17) 


~ [enje 
Use of the definition of (31.11) for c and property (35.15) gives 

we -(nc] + wn-(ce]—[c, wn-e -we-n|= [c[wlen}]] =a: |[en]|, 
So (35.17) becomes* 


A'’=W-e+t+e-W. (35.18) 


* Note that (35.18) is correct for [ne] # 0; the case [ne] =0 requires 
a special discussion. 
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Tensor A' is defined by (35.6) as the difference between tensor A 
for the given crystal and the A® of (35.2) for the transversely iso- 
tropic medium most similar to it; (35.18) shows that this differ- 
ence is completely determined by one vector w, with wic from 
(35.15), so A' is dependent on two parameters only, if c is taken as 
given. It is readily shown that the A' defined by (35.18) has the 
properties of (85.7) and (35.12), and also [see (12.70)] has the 
property 


|A’| == 0. (35.19) 
From (35.18) we have also that 
F =(A”), = 2w?. (35.20) 


Thus the length of w directly defines the transverse anisotropy of 
the crystal (section 34); (35.2), (35.6), and (35.18) show that the A 
for any crystal may be put as 


Azz A" + A’ =a, + an-n+a,e-e+ac-c+wete-w, (35.21) 


with the ag given by (35.11) and we=0. For comparison we note 
that (28.60) with xk =0 implies that the tensor may be put as A=a+ 
b(n-n+h-n+n-h); but the condition x=0 is a very severe restric- 
tion, whereas (35.21) is always applicable, i.e., for all crystals 
with a general direction for n. This shows that comparison With a 
transversely isotropic medium in the general case allows, as we 
would expect, a closer approximation to tensor A than does com- 
parison with an isotropic medium. Chapter 7 demonstrates this by 
reference to particular crystals. 


Tensor A' has the properties of the A‘ of section 27, and also 
the property |A'| =0, so we may put, by analogy with (27.33) and 
(27.38), that 


A =—F (A), = — w?, (35.22) 


AS + ALA’ =A! (A? — w?) =0. (35.23) 


The latter equation shows that the eigenvalues of A' are O and 
+|/w|. From (12.72) and (35.18) we also have that 
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Cs [cw] - [cw], nAln = — ( [wr] c)? = — [wn|’. (35.24) 


By analogy with section 27, we can transform the basic equa- 
tion Au=Au by putting 


u=ce+tu, we=0, AQ=a+a,+M. (35.25) 
Substituting of (35.21) and (85.25) into Christoffel's equation and 
multiplication by c gives us a relation analogous to (27.20): 
= wu’. (35.26) 


Then Au=Au becomes 
(a, — an-n—ane-e)u —~w—wu'-u’. (35.27) 


All the vectors n, e, w, and u' appearing here lie in the meridional 
plane, because they are all perpendicular to c, so (35.27) is only a 
two-dimensional vector equation, and we can apply the relationships 
of section 14. We put 


A=4a,—an-n — ae-e, y= A. (35.28) 
Then from (14.16) and (14.19) 


| A] =5 { Ay)? — (A%)t] = @30) + a,a,(1 — ns). (35.29) 
A=A, —A=bh tan - n+ ae -e, (35.30) 
a A l 
{=A ea es aa (35.31) 
in which 
by == ay, — a, — Ag, 
359.32 
A= |A|=(a, — @,)(a, — 4) — a,a,n3. ( 


Thus (35.27) is transformed to a form entirely analogous to (29.3): 


a’ = ,w — wu’ - 7{H’. (35.33) 


Matrix y of (35.31) differs from matrix P of (29.2) in being sym- 
metric. We have cy=(b)/A)c, so 
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cyw = cru’ =0, (35.34) 


because all the vectors of (35.33), as before, lie inthe (e, n) merid- 
ional plane. 


If vector yw is small, as is usually the case, then (35.33) re- 
sembles (29.3) allows of approximate solution by iteration. Putting 


Bi) = w= — (bw + awn -n-+ a,we - e), (35.35) 


we get the successive approximation via the recurrence formula 
Bik v1) = TW — Wie) > TAR) (35.36) 


The k-th approximation gives the correction to the eigenvalue of 
(35.26) for the quasitransverse wave as 


Nay = WH ip y (35.37) 


AS in section 29, it is easily verified that the k-th approximation 


gives the terms correctly up to quantities of order lw [2k +1 inclu- 
Sive. We have from (14.18) that 
y=yy-lyl, 
while (35.31) and (35.32) imply that 
¥, 7 (285 + a, + ,)/A = (by + a,)/A, 
lyl = 1//A| = 1/A, 

SO 

Pw = Ete) ww (35.38) 


By analogy with (29.25) we conclude that we have for any approxi- 
mation that 


Big) = An TW +O. (35.39) 


while (35.36) and (35.38) imply the following recurrence formulas: 
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—_ b-+- a, 
The say = | — FT Nay (Ay WTW + 4). 


(35.40) 
S21 = (ig) WH 1 Oy”) a a 7a) 


We have for the zero approximation that u,=0, 710) = £(9) =0;while 
(35.40) gives for the first approximation that (1) =1, (1) =O, in 
accordance with (35.35). In the second approximation 


, 


9 b . 
Uo, = {W— WW: w= (! —— eve ww) yw -—~— ie W. (35.41) 


From (35.387), the correction (1) to the eigenvalue in the first ap- 
proximation is 


f 


. I ee 
hq = WIWS= TW + a, (wr) + a, (we)’). (35.42) 
For the second approximation 


7 7 b ; 
hg) == WU = WW ( | — eae ' (35.43) 


As in section 29, this approximate method requires the pre- 
vious determination of the displacement vector, which is then used 
to determine the phase velocity. Moreover, (35.36) and (35.37) 
allow us to find the displacement and velocity of only one of the 
quasitransverse waves, namely that for which the displacement 
vector deviates least from c. This is clear from the fact that the 
iteration process will converge to precisely that wave, since it has 
the least |yw|. The displacement and velocity for each of the other 
isonormal waves may be found to the same accuracy once they are 
known for one wave; but the approach of section 30 (for an isotropic 
reference medium) is also convenient, this method having the dis- 
tinction that we first find the velocity and then find the correspon- 
ding displacement. Moreover, the method is suitable for direct 
determination of the parameters of any of the three waves. 


Consider now the explicite form for the characteristic equa- 
tion |A— A| =0, in which A is defined by (35.21): 
{A — Aj = |A — A®— A’ = 


1s — A] — (A — A®) A’), + (4 — A°) A’), = 0. (35.44) 
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Here we have used (12.25) and (35.19). We introduce the symbol 


x=A— Qo» (35.45) 
to get from (31.22) and (35.27) that 
[A — A°| = (% — 45) [(x — 4) (* — 4) — 214,75], (35.46) 
(A — AA’), = — [ew] (x — ayn - n— aye - e) [cw] = 
= — xw’?+t a, ({wn] c)? + a, ({we]c)?. (35.47) 


But c is perpendicular to e, n, and w, so [wn]||c and [we]||c, which 
means that 


({wn] c)? =[(wn]?, ( [we] c)? = (we]?. (35.48) 
Further, from (13.34) 
X — AO == (X — A, + & — AP? — (4 — A%: (A — AY) 
and, since (A— A’)e is parallel to c, 
((, — A°) A’); = (APA), = 0. (35.49) 
Then (35.44) becomes 


(x — @,)[(x — @,) (x — a,) — a,a,n3| = = xw’ — a, (wn)? — a,(we}?. (385.50) 


Here w=0 gives the equation for a hexagonal crystal: 
(¥ — 43) [(* — 2@,)(* — a.) — a,a,n3| = 0, (35.51) 
which has the roots 
x, =a, x, =>(a,+0,+ V(@,—a,+4a,a%), (35.52) 


which correspond to (32.3), (32.9), and (32.11). If |w| is small but 
not zero, we can use the iteration formulas 


w°x(,,— a, [wn]” — a, [we] 
st i, a, (35.53) 
(%(4) — 41) (X(_) — %) — 20,03 


i) = 3 


Xe gt) = 930 
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2 2 2 
W'X,) — a,[wa)” — a, [we] 


5 a ie ie 
= (*(e) — 93) (*(2) — *x) 


Xp =xX,. (35.54) 


The first of these corresponds to the quasitransverse wave whose 
displacement vector is closest indirectiontoc. The first approxi- 
mation from (35.53) gives the same result as (35.42). 


To find the displacements of the waves we note that (35.25), 
(35.26), and (35.45) give 
wu = x — Q3, (35.55) 
so (35.27) becomes 


(x —ayn-n—aye-e)u' =, (35.56) 
whereupon (35.28), (35.31), and (35.32) imply that 


ic Soe eae) reac . (35.57) 
x(x—a, — a) + aja, ¢ — nj) 


This exact formula defines the displacement of any of the waves 
from a known solution x to (35.50). Substitution of the approximate 
values X(k) given by (35.53) and (35.54) gives us U(k) to the same 
accuracy. Here, as in section 30, the k-th approximation for x is 
correct to terms of order lw [2k +3 inclusive, while the k-th approxi- 
mation for u' is correct to ones of order lw|2k +2 inclusive. 


To conclude we note that (35.15) and (35.21) give 


w= [c{Ac, ec} ]. (35.58) 


This defines w directly via the initial tensor A and the vector c; it 
is analogous to (27.27). 


Chapter 7 


Elastic Waves in Crystals of the 
Higher Systems 


In this chapter the methods developed in previous sections are ap- 
plied to crystals of the cubic, tetragonal, and trigonal systems. 


36. Cubie Crystals 


Section 19 gives the form of tensor A for cubic crystals; 
from (19.12)-(19.14) 


A=c,+¢on-n-+ 3), (36.1) 

Cy hag Cp == Aa Agge C3 == At — At — 2A (36.2) 
ns 0 0 

v= | 0 no 0 |], (36.3) 
0 0 vn 


Here the coordinate axes should coincide with L? or L‘ axes. 


From (13.34), (13.35), and (13.37) we see that matrix v sat- 
isfies the following conditions: 


Vor, (v7), = avn = ait ny nN, (36.4) 
v= nv'n = n+ n+ nf, |v| =ninjn3, (36.5) 

vy > [(¥:)° — (v"),| == > ( SNS aie n3n?, (36.6) 
nvn = 3\v| = vr + navn — nvn = (°) — 5 (3N — 1), (36.7) 
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3N — 1 = (ni — 13) + (45 — n3)° (15 — ny. (36.8) 


These equations, with those of section 13, give us the principal in- 
variants of tensor A, which are 


A, == 3¢,+C) + cy (36.9) 
nin=c,+ce,+e,N, (36.10) 

(A?), = (€, 4 C9)? + 2Cy (C, + €3) + €5 (2c, +-€3) N, (36.11) 
A, = 3c? + 2c, (c, +¢;)+3 (2c) + ¢,)(1 — N), (36.12) 


nin =(c,+-¢,)’ + 2c3(¢,+¢,)N + ¢2(¥), = (wAn)?+ cin, val, (36.13) 


nXn = ci —c} é 3ny 
= 1 — e3-+-—> (2c, + ¢3)(1 —N)+ c3nv'n, (36.14) 


JA] = =ci(c, +¢, + ¢,)-++ 5 €,¢,(2¢,-+ ¢,)(1 — N)+ ¢3(3c, + ¢,)|¥ |. (36.15) 


\ 


Then from (26.16) and (26.17) we get the mean elastic anisotropy 
as 


(y=s. (nly i, (NM) =06. (36.16) 


oO 


Thus for a cubic crystal 

(Ay) = Ay = 8c, +e, +c, (aAn)=c,4+ co -+-0.6c,, (36.17) 
and from (26.13) 
A, ~ adn) =c,+4-0,2c,, 


+ 
(36.18) 
5 (S3aAn =A yee) + @) 43, 


= _— 


b, — 


so the Ay, of (26.2) for the isotropic medium most similar to a 
cubic crystal on average is 


Min = Cy) + 0.20, + (Cy + 0-40.) 0-1. (36.19) 
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The difference between A and Ap is 


Ay SAA, Ss (» = at), (36 .20) 


cr 


Vv 


This is proportional to c,. For Fy we have from (26.6) that 
mn _ 4 36.21 
Fy = (A), = 55 (1 +50). (36.21) 


The form of (36.1) shows directly that the difference from an iso- 
tropic medium arises from the csv term and that this difference 
vanishes for c;=0. We therefore call c, the anisotropy parameter 
of a cubic crystal; but section 26 shows, from (26.6) and (26.7), 
that a measure of the mean anisotropy of a cubic crystal is 


VF) = VAR) = 0.4¢5. (36.22) 


On the other hand, if we assume that the anisotropy is character- 
ized by the csv term, a measure of this is 


V ((cqv)?), = V0.6 cp = 0.775c,, (36.23) 


which is nearly twice (36.22). Thus the actual anisotropy, as de- 
fined from section 26, is much less than it might appear at first 
Sight. 


The Fm of (36.21) is dependent on the direction of n, so the 
extreme values are of interest as well as the mean; these corre- 
spond to maxima and minima in N. We seek a turning point from 
the function f=N-—2A (n’—1), after which we obtain (with no summa- 
tion over k) the equations 


n, (a, — dr) =0. (36.24) 


R 


Multiplication of each by its n, and summation over k gives A=N. 
From (36.24) we have three possibilities: 


I. Nn, = ny = 9, n= N= I, (36.25) 
l 
II. n, =0, m=n=N=5, (36 .26) 
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II. v= n= n= N = (36 .27) 
in which kj, kp, and ky are all different and take the values 1, 2, and 
3. Then Nain 173 (case III) and Nyyax =1 (case I), so (36.21) gives 


(36.28) 


The extremal N and Fy, from (36.25)-(36.27) correspond to sym- 
metry axes of orders 4, 2, and 3, respectively. 


From (36.11) we have 


(AP), = (Cy C9)? + 2ey (Cy + C3) + 0.603 (2ey + C5). 


Substitution of this with (36.22) into (26.28), with the numerical 
parameters of [34], gives us An =V < Fy>/<A‘>,; Table IV lists 
this for some cubic crystals. The range of A, given in this table 
covers nearly the entire range for cubic crystals with known elas- 
tic constants. It is clear that aluminum and the alums have low 


elastic anisotropy, whereas brass and lithium are relatively highly 
anisotropic. 


We may also compare a cubic crystal with an isotropic me- 
dium for a fixed direction of the wave normal (section 27); then we 
get from (27.1)-(27.3), (27.7), (27.9), (36.9), and (36.10) that 


a=, +5 ¢,(1—N), b =e, ++ ¢5(3N — 1), (36.29) 
—— n|, (36.30) 
F—(A"), = = 63 (1 —N)(3N — 1). (36.31) 


We see that F=0, which implies A'=0, for N=1 (n||L.) and for 
N=1/3 (nl|L’), so A=A° for waves along the fourfold and threefold 
axes, and a cubic crystal in these directions does not differ from 
an isotropic medium. This agrees with the general deductions of 
section 18 on high-order symmetry axes in any crystal. From 
(36.28), we see that F,, is not zero for any n. The various methods 
of relating a cubic crystal to an isotropic medium may be compared 
by finding the mean of the F of (86.31). We shall see (section 49) 


202 ELASTIC WAVES IN CRYSTALS OF THE HIGHER SYSTEMS 


that 
l l 
{1 \= 9: (ni nN, ) = 705 [05° (36 .32) 
SO 
oa 36.33 
Oe as a ( 
and 
4 
(FY) = a5 ae (36.34) 


Comparison with (36.22) and (36.23) shows that A°=at+bn-n 
(in which a and b are defined by (36.29)] differs less from A than 
does the Am of (36.19) or the tensor c,;+c,n-n. The definition of 
(27.2) shows that F cannot be negative, so the zero values of F 
found for N=1 and N=1/3 represent the absolute minimum of F. 
The maximum F is given by dF/dN=0, this being c3/6 for N=2/3. 
Hence 


0.F C=, : (36.35) 
and this maximum F is less than the maximum Fy, of (36.28), 


which again demonstrates the advantages of the unaveraged tensor 
0 
rae 


Consider now the special directions. Here (17.7) gives 


Mm, Mo Neg 


(n, An] An =[n, valvn =| > monk] — 
LL 
== Ny Myths (Mi — n3) (n3 — n3)(n3 — nt) = 0. (36 .36) 


Then a cubic crystal has purely transverse waves for n,.=0 or 

Nk, = Nk)» which conditions define symmetry planes; this agrees with 
the general conclusions of section 17, but (36.36) also implies that 
the special direction of a cubic crystal lie only in symmetry planes. 
Thus the cone of (17.10) splits up into 9 symmetry planes for a 
cubic crystal. 


The quantities of section 27 are expressed as follows for a 
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cubic crystal [see (36.29)-(36.31) and (36.4)-(36.7)]: 


A’n = ** (vn — Nn), (36.37) 


= 
! 


ae (nv’n — N?), (36.38) 


2 
as 2 aK?) | pa | —N)(3N — 1 (36.39) 
& D) (x dt D2 C Ob? 753 )( ). : 


¢3 


— ye = 
Ocoee oe gas 


(N?2-+ 4N — 4nv’n — 1), (36 .40) 


] c3 


Longitudinal normals have (section 28) h=0, which (36.37) 
shows is equivalent to (36.24); only symmetry axes (or normals to 
symmetry planes) can be longitudinal axes in a cubic crystal, 
which agrees with the general conclusions of section 18. Equations 
(36.24) are equivalent to h=0 and are conditions for turning points 
in N, and hence in the nAn of (86.10) also, which is also in agree- 
ment with a general property demonstrated in section 18: nAnis 
extremal for longitudinal normals. 


The acoustic axes are (section 18) special directions that all 
satisfy (36.36), so they also can lie only in symmetry planes for a 
cubic crystal. One of the components of the wave-normal vector is 
zero for a symmetry plane coincident with a coordinate plane, e.g., 
n3=0. In that case 


n+ nze=t, N= at ni = 1 — 2n? nj, (36.42) 


navn =n} + 1} = 1 — 8nini=— >—, | v| =0; (36.43) 


in which (36.38), (36.40), and (36.41) give that h’, x, and |a| take 
the following values: 


2 


C 
W= py (1—N)2QN—1), «= 


a (36.44) 
3 
Ja] =z (1 — NRQN — 1). 
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Two components of n must coincide, e.g., Ny =Ns, for a diagonal 
symmetry plane. Then 


n?+-2ne—=1, N==n}-+ 2n}, nv'n = nS-+- 2n8, |v] = ning (36 .45) 


and 


2 
nea nbn (n— Bp, x= |B | ad] nh — ah 


(36.46) 


3 
C3 
Ja = 2/9] (nt — nip 


Then, in accordance with section 28, xhas a rational expression 
and complies with the condition |qw|=+ Kh’. 


Now it is seen that condition (28.34), h’-2x*=2k, which gives 
the acoustic axes, for the case of (86.42)-(386.44) becomes 


a —n)|4][]2]@n— 2)—2]=0. (36.47) 


The expression in square brackets cannot become zero, because 
(36.42) gives 1/2=N<1, and even the most highly anisotropic cry- 
stals (Table IV) have |cs/b|< 3/2. Therefore we must have N=1, 
which means n,=0 or no =0 from (36.42), i.e., a fourfold axis. Simi- 
larly for the case of (86.45) and (36.46) we have 


nm] n? — n3 | | 2] (nu? — nd? — 1] = 0. (36.48) 


C3 
b 


Here again the expression in square brackets cannot become zero, 
so the only possibilities are np =0 =n, (L* axis) or ni =n =n (1 
axis). Thus the acoustic axes of a cubic crystal cannot be other 
than symmetry axes of order above two, so a cubic crystal has 7 
acoustic axes. In both cases the condition for an acoustic axis coin- 
cides with the condition x=0; hence only longitudinal acoustic axes 
can occur in a cubic crystal, for whichh=k =q=0 (section 28). 
These axes are directions along which intersect three (L°) or four 
(i) different sheets (planes) of the cone of special directions of 
(36.36). 


The relationships of section 28 readily give the speed and 
displacements of waves whose normals lie in symmetry planes; 
these are obtained by substituting the values of (36.44) or (36.46), 
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respectively, inthe general formulas (28.27)-(28.30). However, we 
now turn to the use of the general approximate methods of sections 
29 and 30 with cubic crystals. 


37. Approximate Theory for Cubic Crystals 


First we consider comparison with an isotropic medium. 

The results of sections 29 and 30 show that it is particularly im- 
portant as regards accuracy in the approximate relations that |h|, 
K,and |q@| should be small. An especially large part is played by 
h, which appears in most of the formulas, the accuracy of the 
methods of sections 29 and 30 improving as |h| decreases. Formu- 
la (36.38) gives h’, while (36.29) shows that b varies little with n, 
because (Table IV) |c3| is usually much less than |c,|: Therefore 
we usually need consider only the factor nv’n—N? in order to find 


<h’s or He ace Simple calculations give (see section 49) that 


‘4 


ie — 0.079, (37.1) 
(5 


(nv’n — N°) =([n, val?) = 


= ().0381, [rt. Vale ax: 
the maximum value being attained for an n whose components nj, 
n,, and nj are defined by 


nt == nn, = 0.093, n> = 0.814. (37.2) 


Then the maximal |h|, and thus the maximal deviation of the dis- 
placement of the quasilongitudinal wave from n, occurs when n lies 
in a symmetry plane perpendicular to a twofold axis ({nj| =|nk|) and 
forms an angle 25°35' with L*. These results are universal in the 
sense that this maximal deviation will occur for any cubic crystal 
of not too high anisotropy near the directions of (37.2), of which 
there are 12 (four per L* axis). From (37.2), we have N=0.68 and 
b=b,=c) + 0.52c3, whereas <b>=c,+0.4c3. The result is 


rh Sa C 
V (hy? = 0.195 ou VP max= 0.28 Leal (37.3) 


Table IV lists the characteristic quantities for all cubic crystals 
whose parameters are known. Column 10 gives Am =2 |c3| /5¥ <A" >t, 
the values of which show that for nearly all these crystals we have 


Va?) <b, < VAP max: (37.4) 


mo™ 
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The exceptions are the 14 crystals Al, RbBr, V, AgBr, Pd, Au, 
AgCl, Pb, T1Br, TICl, and alums containing CH3NHs3. 


From (29.11) we see that |Sh| is the maximal value of u' in 
the first approximation. The corresponding n of (37.2) lies ina 
symmetry plane, so (28.3) and (28.7) are obeyed: 


[nhjah=0, lal= th. (37.5) 


This, with (29.11), (29.12), and (29.24), allows us to simplify the 
expression for the length of u' in the first and second approxima- 
tions and to reduce these to the following form [see (29.15), (29.20), 
and (29.22)}: 


=|onja teh, jaf=lail—laie (37.6) 


|; lex 


The upper (lower) sign corresponds to |a|> 0(|a|< 0). From 
(36.41) we conclude that the sign of |a| coincides with that of c, if 
(37.5) is obeyed, the latter being given in column 9 of Table IV. We 
have |n| =1, so |u'| equals the tangent of the angle x formed by u 
with n. Column 13 gives Ymax =tan7! |us|max- 


From section 29, we have that terms in [h*| and above may be 
discarded in the first approximation, while those of |h|° and above 
may be discarded in the second; in general, the error is of order 
lh|?& +1 in the k-th approximation. The relative error in the ex- 
perimental determination of elastic constants is usually at least 
107°, whereas Table IV shows that <[h|>%< 0.014 even for the most 
anisotropic crystal (lithium) in the first approximation, while the 
second approximation gives an error of 107°, which is of the order 
of the accuracy of the elastic constants. This means that there is 
no need to go beyond the second approximation for any cubic cry- 
stal; Table IV shows that the first approximat‘ion suffices for many, 
because the relative error does not exceed 107°, 


Crystals may be classified as of low, medium, or high aniso- 
tropy. The low type corresponds to satisfactory results on aver- 
age from the zero approximation for the velocity; medium, to the 
requirement for the first approximation; and high, to requirement 
of the second or higher approximation. 


Then for a cubic crystal of low anisotropy we have 
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Ch?> < 10-3, Kn < 0.0316. (37.7) 


Column 11 of Table I shows that 25 crystals out of the 82 (30%) sat- 
isfy this condition: Al, Bak,, W, V, Co, FesO,, NaBrOs, Sr(NOs)o, 
and the large group of alums. The least anisotropic is tungsten 
(Am = 9.0043), while the most anisotropic in this group is vanadium 
(Am =0.04). 


For a crystal of medium anisotropy 


Ch?>? < 1073, 0.0316 < KKh?> < 0.178. (37.8) 


This is the largest group (57% of the total); it includes ZnS, Nal, 
Cu, Ag, and Mo. The Am range from 0.041 (K-A1-SO,) to 0.20 
(RbF). 


For a crystal of high anisotropy 


Ch?>? > 1073, VCh?> > 0.178. (37.9) 


There are only 11 of these: RbCl, RbBr, RbI, Na, Li, FeS,, K, KCl, 
KBr, KI, and Th. The A,, range from 0.22 (FeS,) to 0.34 (Na). 


In the cases of BaF, and Co the cs, and hence all quantities 
including c3;, such aS Am, are zero. This is due to inaccuracy in 
the presently available elastic constants. 


The data give rise to some conclusions on the elements and 
groups in these crystals [52]. For instance, all alkali metals and 
alkali halides have marked elastic anisotropy; most of them belong 
to the high group (the metals and the compounds of rubidium, po- 
tassium, and sodium), while the rest belong to the more strongly 
anisotropic subgroup of the medium group. All compounds of a 
given element are roughly equal in anisotropy, but fluorine always 
causes a reduction. The greater the anisotropy of the alkali metal 
itself, the less that of the halides. For instance, the Ay for com- 
pounds of sodium (Ap =0.34) with F, Cl, Br, andIJ are, respectively, 
0.061, 0.15, 0.099, and 0.099 while for those of potassium (Am = 
0.27) the values are 0.16, 0.23, 0.28, and 0.26. 


All the alums are similar in anisotropy, nearly all belonging 
to the low group, except for K-Al-SO, and K-Ca-SO,, whose aniso- 
tropy is raised somewhat by the presence of K. 
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The anisotropy is related to the position of the element in 
the periodic system; for instance, all elements in the first group 
(the alkali metals, Cu, Ag, and Au) have marked anisotropy, which 
falls fairly smoothly along the group. The medium-anisotropy type 
includes all the cubic elements in group four, but here the aniso- 
tropy increases along the group. No similar statements can be 
made about other groups, since these contain only one or two cubic 
elements. 


A much simpler form can be given to the approximate equa- 
tion for the L sheet of the refraction surface of (29.36) and (29.37) 
in the case of a cubic crystal. We divide (29.36) by v® and put it as 


8m?» mA™m — m'AT + mA mA™m —(mA™m)y — 2m?m (A)? m =0 (37.10) 


while (36.1), (36.3), (36.10), and (36.13) give for a cubic crystal that 
t= (8¢;- e9-t-¢3) mi, mA™m = (ce: 4-2) m+ cg (mj nee ee m3), 
m(A")’ m == (c+ ¢2) m®+- 2¢3 (c+ co) m’ « 


X (my m3 + m3) + cF (mS + ms = mh), 
so with m=r, m,=X, M)=y, m3 =2Z, we get the following equation 
for sheet L of surface M in a cubic crystal 


cy(xt + yt $ 24) [8r?—c5 (x44 y4 + 24) + (c,—3¢,—5e,) r4] — 
— Qesr? (x8 + y+ 28) 4-76 (2c, —c,+(¢, + €5) (Cy—2.) 72}=0. (37.11) 


Consider now the parameters of the hexagonal crystal on 
average Closest to the given cubic crystal (section 34). The terms 
Cy+Con-n ofthe A of (36.1) already coincide with the analogous 
terms in the expression for the At of (34.1), so we need merely to 
find the At closest on average to the v of (36.3). As our e to re- 
present the L® axis of the hexagonal crystal we take x3||L*. Then 
in this case 


€=(0,0,1), a=(n,, ny, n3), {en} —=(—Anvy, n,, 0) (37.12) 
and 


eve =n?, [en|vlen| = 2nins. (37.13) 
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Then from (34.8) we have 


d,=3, d,=5, d,=9, d,=3, d,=1, (37.14) 


3 7 
ea g,=0 fa gs=~F- (37.15) 
Then the tensor jot closest on average to v is 
7 
Ares a (ner — (1 =e n’| e-e ~~ [ne] - (nel), (37.16) 
while the At closest to the A of (36.1) is 
At=¢,-+ con: n4-c3A%'. (37.17) 
Then simple steps give 
cH t) = = ((A — At) i = wer C(v- A) I= ets. (37.18) 


Comparison with (36.22) and (36.34) shows that the At of (37.17) 
differs less from A than does the Am of (36.19) and the A°=atbn- 

n of (36.29). Column 10 of Table IV gives values of At=v< Ft> /< A®>,= 
0.31 |c3|/V <A°>4 for some cubic crystals. 


Section 35 deals with the comparison with a transversely iso- 
tropic medium; here we have only to find the A° closest to the v of 
(36.3) for any fixed n. As before, we take e||x3, and use (37.12) 
and (37.13) together with 


4 
(— my, —A,, 0), [ec] v[ec] = ia (37.19) 


wo 1—n? 


to get from (35.58) that 


[ec] = 


a,=leclv[ec], a,=9, a,=ni—a, a,=!1—ni— 2a). (37.20) 


Then, from (35.2), the tensor for the transversely isotropic medi- 
um most similar to the v of (36.3) for a given nis 
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Ao =a, + (x5 — a) e e+(1 ay 0 dg )0 220: (37.21) 

while the A° most similar to A is 
0 6 con's occ: (37.22) 


The difference between these is 


A She Mee): (37.23) 
Here 
Ne =c3(ve -— nie), (37.24) 
so from (35.14) 
c\’‘e=we =—0. (37.25) 


Also, we=0 from (385.15), so 
w=C [ec]. (37.26) 


Thus w always lies in a plane passing through the axis e||L* and the 
wave normal n. Multiplication by [ec] gives 


ne — ne 
C= w lec] = cA’ [ec] =c,cv [ec] = c4n,n, aa =|w|. (37.27) 
ny No 


Then we have for A' the representation of (35.18) 
A’ =C(ec]-¢ +-¢- {ec}), (37.28) 


while the following expression [see (35.21)] is correct for the en- 
tire A of (36.1) for a cubic crystal: 


A= ¢,-- 4).¢,-+ Cott - n--c,(n;— a,)e -e-+ 
=“ e5(1 =n 2a))e¢-e-+C(ce- [ec]+ [ec] - e). (37.29) 
The transverse anisotropy is now given by (35.20) as 


2 
F = (A), = 2w? = 20? = 2 sin'9 sin?dg, (37.30) 
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in which we have the usual spherical coordinates 
n,=sindcosg, n,=sindsing, n,—=cos d. (37.31) 


From (37.30) it is clear that F, and hence A', must become zero 
for ny=N) or ny=0 or ny = 0, i.e., for all directions lying in the four 
symmetry planes passing through L‘. Then in these planes A° 
coincides exactly with A, and the properties of the cubic crystal 
do not differ from those of a hexagonal one. - The largest F occurs 
for directions of n lying in a plane perpendicular to L‘ and bisect- 
ing the angles between the above meridional planes, i.e., forming 
angles of + 7/8 with the x, or x) axis. For these directions 


2 
C 
F = Ppax=—- (37.32) 


For the mean F of (37.30) we have 
(F)=(A")p= =. (37.33) 


Comparison with (36.22), (36.34), and (37.18) shows that the tensor 
of (37.22) is the best approximation to A. 
38. Tetragonal Crystals 


The A tensors of (19.15) and (19.18) are for hexagonal and 
tetragonal crystals, respectively; the only difference between them 
lies in the form of Aj, namely in which 


ATSt oe AREX — cnyny, (38.1) 
in which 
C= Nyy — yg — 266. (38.2) 
Thus we may put the A for a tetragonal crystal in the form 
A=A,—cnyn,6, A,p=Cyo + cya a+ C€ +e 4 C3€° 6, (38.3) 


in which Co, C;, Cy, and C3 are aS in (31.12)-(31.14) for a hexagonal 
crystal, e|{x,||L*, and @ is the following very simple matrix: 
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0 1 0 
6—{| 1 O O}. (38.4) 
0 0 0 
whose properties are 
6: = 0, j2—— |] —e.e, H#—(j2?— |] ——e.-e, 3 — fj, (38.5) 
It is readily seen that 
be=0, nin = — [ne] 9 [ne] = 2n,n,, [nej In =n? — ni, (38.6) 


cite = 1, ni2(nej} 0, ni?n =[ne? = 1 — 2}. 


The c of (38.2) differs from the c3 of (36.2) for a cubic crystal only 
in that Ay, is replaced by Age. 


Consider the special directions possible in a tetragonal cry- 

stal. Here the general condition of (17.7) becomes 
[n. An| \’'n = [n, A,n — cnn in| X [Ni ~ enn, (G9Ayn + A,9) + cf ninsh?| n= 0. 
(38.7) 


2 
Ay is the tensor as for a hexagonal crystal, so [n, Ann] Aypn=0 from 
(32.12) and (32.13), and thus (38.7) becomes 


cnn, {[a, A,al(ca no? - 9A, —A, 9) na — Ia. In| (A, —cnyn,9)?2 a} =0. 
yy h 17, h h h 1%; 


(38.8) 
From (38.3)-(38.6) we readily get 


A,n =(Cgte)a+ecn,e, [a, A,a] =c,n,;[ne], 
A,$n=c,9n 4+ cnn -n 4t- g.[ne] On - [ne], 


i , (38.9 
0A, n= (¢,-+ ¢,)9n, [a, Sn] 0’n =n, (n, — 15), 
[n. On| Ann = — con, (2ey +1 + co) [ne] Gn. 
These show that (38.7) becomes 
cn nn (ny — n3)[c,(€, — C9) + ¢ (28; +c) njn3| = 0. (38.10) 


Then a tetragonal crystal has purely transverse waves in the 
three coordinate planes n,= 0, n. =0, and n3=0, as well as in the 
two planes ny=+n, passing through i’! X3. Moreover, such waves 
can propagate along directions lying in the surface of a cone of 
fourth degree whose equation is obtained by equating the expression 
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in square brackets in (38.10) to zero. From (31.138) this becomes 


An\ + Bn? — Cn’n? + D=0, (38.11) 


in which 
A= 8,(8,+ @5). B= 2e.g, + 5 (8. — &4): (38.12) 
C=c(2g,t+¢), D=g)(8:— &5) 


Thus the cone of special directions of (17.10) for a tetragonal cry- 


stal splits up into 5 planes and the cone of fourth degree of (38.11), 
whose axis is e||L*. 


The condition for longitudinal normals in a tetragonal cry- 
stal is 


[1, An] =cyn, [ne] —cn,n,.[n, On] =—0. (38.13) 
Both terms must be zero individually if [ne] is not parallel to [n, 


én]. Consider first the case of these two vectors parallel, which 
occurs if 


[[me][#, Sn] ] = [ne] 6n-n=(n} — ni)n=0. (38.14) 
Here 
— __ [ne] [n, bn] pee 2n\ Not 
I a aa [ne]? 1—n3 


We have from (38.14) that 1- né =2ni, so the condition for the 
planes nj— n3 =0 becomes 


(c+ ent) n, [ne] = 0. (38.15) 


Neglecting the obvious case nie, this is satisfied for n3=9 and 
c, + on? = g,+ g,ni-+ > c(1—n2)=0, (38.16) 
i.e., when 


n= te (38.17) 
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if the parameters obey 


c+ 280 
Oe te (38 .18) 


Both vectors of (38.13) must be zero if ni # ng; since 


[n, On}? = (n} — n3)’ + n?(1 — nj), 


the equation [n, @n] =0 leads to the case of (38.14) already consid- 
ered. We are thus left with the two conditions 


Con, =O, enn, == 9. (38.19) 


which imply that longitudinal normals lie in the planes n, =0 and 
n, =0 at the points where these meet the equatorial plane (n, =9) 
and may also lie at an angle 3 to the symmetry axis (cos J =ns), 
this being defined by 


C,= 8+ 8,03 = 0. (38.20) 


This condition coincides with the analogous condition of (32.19) and 
(32.20) for a hexagonal crystal. 


Conditions (38.16) correspond to intersection of the planes 
ni =n with the cone of (38.11), while (38.20) corresponds to inter- 
section of the planes n,=0 and n, =0 with the same cone. In fact, if 


(38.11) [see (31.13)| becomes 
(e+ cn}) (2g,ni-+ cnt —c,) = 0. 


i.e., is satisfied subject to condition (38.16). This is obvious for 
the planes n; =0 and n, =0 with (38.20) [see (38.10)], So these longi- 
tudinal normals correspond to mutual intersection of the separate 
sheets of the cone of special directions. The four planes n,= 0, 

ny) =0, ny =+n, along the L'|le axis and meet the plane n,=0 along 
four equally separated directions. These five longitudinal normals 
occur in any tetragonal crystal; e is a longitudinal acoustic axis. 
There can also be four further longitudinal normals, which corre- 
spond to intersection of the cone of (38.10) with the planes ni - ng =0 
[see (38.16)-(38.18)] or the planes n, = 0, no =0 [See (38.20)]. 
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Thus a tetragonal crystal can have 5,9,or13 longitudinal nor- 
mals. 


The number and location of the acoustic axes may be found 
from (18.19), if the tensor inverse to the A of (38.3) is found. 
From (12.64), since 6;=0, we have 

A=A,— cnn.) = 
A, + c?n2n26 — cnn, [A,9-+ 0A, — (A,), & — (0A,),], (38.21) 
or, from (31.26), (38.5), and (38.6), 


A= (Co C3) (Cg + ¢, + Co — C1 - 2 — Ce - e) — 
-— [en]? [g5(c,+¢,+c¢,) —¢,c]e-6-— 
—c*nin2e -e — cnn, [c, (2-n0-+ On-n)+-c,(c- c84 8¢-¢)— 


— (Cg ¢, +e, + ¢,) 0+ 2n,n, (g5— ¢,)]. (38.22) 


To write Cont) for me acoustic axes it is sufficient in (38. 22) to 
replace cy by cj= C)— v3 and equate the result to zero. Let A, be 
the tensor derived from (38.22) with c, replaced by cj. Then. 


A, =0. (38.23) 


But Ay is a symmetric tensor, so this splits up into six equations 
corresponding to zero values for the components of A,, though not 
all of these equations are independent. For a real symmetric ma- 
trix A to be zero it is necessary and sufficient for all the eigen- 
values to be zero [see (13.20)]; but the eigenvalues are the roots of 
Raa + Ata —|A|=0, from (13.4), and can all equal zero only if all 
of the following three invariants are zero: 


A. = A, =| Al =0. (38.24) 


To have A= 0 for A=A =A*, it is necessary and sufficient for the 
three equations of (38.24) to be obeyed. If, on the other hand, the 
matrix is inverse with respect to some other matrix (A =B), then 
only two conditions are necessary (not three) in order to give A=0; 
in fact, from (12.18) and (12.20) 


|A| = |B, A= B=|BIB. (38.25) 


Then if A= A=A* = B, we have from |A|=|B|* =0 automatically that 
A, = |B|Bt=0, so here it is sufficient to have At=|A|=0. This is 
precisely the case we have here, so condition (38.23) is equivalent 


to the following two: 
Aj, =0, -JA,{ = JA,|? = 0. (38.26) 


The equation |A,|=|A- v4|=0 is simply the condition for vj to be an 
eigenvalue of A. These two invariant conditions are necessary and 
sufficient for the presence of an acoustic axis. In section 28 we 
arrive at the two invariant conditions of (28.34) for acoustic axes 
by a different route. We expand (38.26) via (12.25), (38.21), and 
(38.22) to get 


A, =Cy (¢g+ C5) (2¢9+ C4) (Co+ i Co) + cc, [ne]? + 
+ cnin? (2c, —c¢ —2g,)=90, (38.27) 


JAL| = (CoA es) [CoH &1) (C0 &2) = M2 9!3] 
+ 2enins|(ey+ C5) (C0) c,c,n’| — e*nind (eye, + c,ns)=0. (38.28) 


However, analysis of the necessary and sufficient conditions 
of (38.27) and (38.28) is greatly facilitated if to this we add other 
equations implied by (38.23), which of course are also necessary 
conditions for acoustic axes. To derive these equations we may 
multiply Ay from left and right by any vectors and equate the re- 
sult to zero, in accordance with (38.23). The simplest relationships 
are obtained if we multiply A, by the pairs (e, [ne]), ({ne], [e[ne}]), 
and (e, [e[ne]]), for many terms then cancel out, and we get 


eA, [ne] = eA [ne] = — Cen nn, (ny — n3)= 0, (38 .29) 
[ne] A, le [ne]] = cnn, (a; — n’) (5+ ¢,+ cn) = 0, (38.30) 
eA, le (me]] = — ¢\n,|(ey + ¢,) [ne]? + 2enins| a0 (38.31) 


To these we may add 


ehe = (6,+ 65) (eg+ ¢, [ne]?) + c2n?n? (2c, —c¢ — 2g,)=0, (38.32) 


Qen2ne 


cAc =, (Cote,+ ¢,)-+ ¢,c, [ne]? — (Cot+e,+e,n2)=0. (38.33) 


2 


Each of the conditions (38.29)-(38.33) is necessary, so from (38.29) 
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we conclude directly that the acoustic axes ina tetragonal crystal 
cannot lie outside the planes n,= 0, ny = 0, Ng =0, or ny=+ny; for 
ny=0 or ny =0 the A of (38.3) reduces to (31.12), the tensor for a 
hexagonal crystal, for which (32.24) and (32.25) serve to determine 
the question of acoustic axes distinct from e. Thus there are four 
acoustic axes lying in the coordinate planes n, =0 and no = 0 if the 
parameters of the tetragonal crystal satisfy (32.25). 


Let ng=0 (but nj ~ 0, n= 0, ni # ns); then (38.30) gives 


Cob ¢, = 0. (38.34) 


Under these conditions | A,|=0, while (38.27), gives (ny =COS ~, Ny = 
sin ¢) 


2? lng y) (£2 — £3) (£2 — s) (Aga — Att) (Age — Aga) 
~- ~ ee berdaiiruass e e 
nin; =z sin ss aero RES ee Oe Fo) eae aaae ENG) (38 35) 


The same result is obtained directly from (38.32), so if 


(22 — £3) (82 — gs) l 
0 < ea es 8) ct, (38.36) 


the crystal has four acoustic axes in planes perpendicular to the 


L‘ axis, whose azimuths m are given by (38.35). 


Finally we have the third possibility 


nn, 1— n2 = 2n?, (38.37) 


which gives us from (38.31) that 
Co + mi (c+ 2g.) = 0. (38.38) 
Here |A,{=0, while (38.27) or (38.33) gives 


n? ___ (C+ 8s) (Bat Sat Bi) — 8a (Sat Se) (38.39) 


a c(c+ g3+ 22,+ 3285) + 225 (G4 + &s) — 22384 


Thus four acoustic axes lie in the planes n,=+n, if the right side 
of this last equation lies between 0 and 1. It has been shown [18] 
that condition (38.36) cannot be compatible with conditions (32.25) 
and (38.39) simultaneously, so the following are the only possibili- 
ties for a tetragonal crystal: 1) none of conditions (32.25), (38.36), 
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and (38.39) is obeyed, and there is only one acoustic axis, along 
L. 2) one of these three conditions is obeyed, and the crystal has 
five acoustic axes; and 3) (32.25) and (38.39) are obeyed, or (388.36) 
with either (32.25) or (38.39), when there are nine acoustic axes. 


The most natural reference medium for a tetragonal crystal 
is a hexagonal one (transversely isotropic medium). From (38.3) 
we see that Ap coincides exactly in structure with tensor (31.12) for 
a transversely isotropic medium, so it is simplest to consider the 
addition -cnjn9@ as the tensor characterizing the difference between 
tetragonal and hexagonal crystals. Hence 


‘t 't2 
A =—cnnf, (A ~) = 2c*nin} 
and the transverse anisotropy of a tetragonal crystal is 


(FY) == (A) = ec? = 0.1330", (38.40) 


However, the method of section 34 allows us to isolate from 
the tensor nyn9§ a similar part transversely isotropic on average. 
We put A =NnyNnoA in (34.8) and apply (38.6), 

d. oad, 0; deed. = 9. 
whereupon we get from (34.10) that 
6,=- 6 = 6, =- 6 /2+ 1/4, &, = 0. 
Hence the tensor of (34.1) most similar on average to cnyn,6 is 
A‘ = c(1 - n2)(1 —e-e - 2e-¢)/4, (38.41) 
whence we have 


CF = <(enyn,6 — A‘ = c7/15, (38.42) 


which represents half the quantity of (38.40). 


An even more precise approximation is obtained by seeking 
the tensor most similar to 0 by the method of section 35. We have 
from (38.6) that 
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cc = — [ec} 6 [ec)] = — ——* 
aaa 
So (35.11) gives* 
PS a a, ZG (38.43) 
: oe 1— ns : 
which implies that 
A =A — = — emmy [9 — TH —@ 2 — 20-0) (38.44) 
— Nes 


We have A'e=0, So we=cA'e =0 [see (35.14)]; thus, as for (37.26) 
for cubic crystals, we have 


w= A'c=C [ec], (38.45) 
in which 


2 2 

C= w (ec]=cN’ [ec] =— cn,n,c8 [ec] =c mma (mim) lw}. (38.46) 

ny ny 
This value of C differs from (36.27) for a cubic crystal only in hav- 
ing cs replaced by c; with allowance for this change, for the conclu- 
sions of the previous section from (37.27) onwards are correct for 
tetragonal crystals as well as cubic ones, except that (37.29) for 
A is replaced by 


A=a,+an-n+a,e-e+a,c-c+CCc- [lec] + [ec]. c), (38.47) 


in which 


/ / 
A) == Cy) — CN nN,a)\, a,=C,, @, = C,- enna), 


(38.48) 
a,==C,+ 2¢n,n,a). 


In particular, (37.33), with |c,| replaced by |c|, applies toatetrag- 
onal crystal, so for |c|=|c,| a cubic crystal and a tetragonal one 
differ identically from the transversely isotropic medium most 
similar to them for a given n. 


The U, (first approximation) given by (35.35) for the displace- 
ment vector of the transverse wave c is 


* Primes denote this ag for A=8@. 
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] 
U = [W = > (W+ aywn-n-+ awe - e). (38.49) 


where from (35.32) and (38.48) 
2Qen2n2 
t—ng (38.50) 


A= (4, — @,) (a, — ay) — 4,413 = a,b) + 2,4, (1 — 13), 


From (38.45) we get 
F C 
uw = —- (by [ec] + a,|{ne]|7). (38.51) 


The sum of the squares of the components of A', i.e., the quantity 
of (37.30), serves as a measure of the difference between A and 
A° as a function of n: 


\" 2 05972 (mi — my c" 49 cin? 
Folu ). = 2W* == 2¢ V2 (2 eP oo 0 sin 4o, (38.52) 


the maximal value occurring for ¥ =7/2 (i.e., in the equatorial 
plane of the crystal) and for g=(2k+1\7/8). The value is 


Fax == (38.53) 
Then from (38.45) and (38.46) 


w=Clec]=— $n (38.54) 


and from (31.13), (31.14), (38.43), (38.48), (38.50), and (38.51) 


oa ese a a | aa 
= 1 = Fe ay AO Neg) HE eae 


2k +1 


Then |yw , in which 


ee || eee eee 3 
IY@ imax =FOQy, May =o) ~ 2A,” 


(38.56) 
gives the order of the error from the k-th approximation (section 
35). Table V gives data for some tetragonal crystals on the basis 
of the parameters of [34]. If a relative error of 10-° will suffice, 
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it is clear that the first approximation is satisfactory for tin, in- 
dium, and barium titanate, since that approximation has an error 
of the order of |yw|°. 


39. Comparison with a Hexagonal Crystal 


Section 35 presents the method of comparing a given crystal 
with the transversely isotropic medium (hexagonal crystal) most 
similar to it for a given n. We have Seen in section 35 that this 
approach provides an approximate method of deriving the velo- 
cities and displacements of the transverse waves. 


However, the method of section 35 is analogous to that of 
sections 27 and 28 (comparison with an isotropic medium), and it 
can be used in an exact analysis as well as in approximate treat- 
ments. The essential point is that the tensor A for any crystal 
(for n3;# 1) may be put in the universal form of (35.21): 


A=A°-+A’, A’=w-ete-w, w=A'e, (39.1) 
Av = uy + Qn - n 4-a,€-e 4- ase ¢, (39.2) 


in which the a, (S=0,1, 2, 3) are defined by (35.9) and (35.11). 
The representation of (39.1) and (39.2) is completely general and 
applies to any crystal; moreover, any direction may be taken as 
that of vector e. Although in section 35 we derived the natural 
conditions* for the choice of e, all the general relationships of 
that section apply for any e. The convenience of this representa- 
tion arises because both parts of the general A (A° and A') are ex- 
pressed in fairly compact form and have fairly simple properties. 


As regards the special directions, we may say that they are 
defined for any crystal by 


[a, An] A?n =[n, (A°+ A’) an] (A°+ A’? n= 0, (39.3) 
with 


[n, A°n] An —0 (39.4) 


* The choice of e proposed in section 35 has the general feature 
that e is a longitudinal normal for any crystal. 
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as for a hexagonal crystal (section 32), because A° has the same 
structure. Then 


[n, A°n](A°A’ + AAS + A) a 
+[a, A’n}(A% + APA’ + A‘AS+ A”) a =0. (39.5) 
From (39.1), (39.2), (85.15), and (35.16) we have 


[n, A°n] = an, [ne], (39.6) 
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A =w-wtwr-c. (39.7) 
Simple steps give 


[2, An] A’n = a,n,|[ne]|[(23 — a9) wa + aynwe] + (wa)? wae]. (39.8) 


Since 
nc = eA°c = cA [nc] =0, (39.9) 
then 
wn -—c\'n = ¢e(\ — A)n-=eAn, (39.10) 
we=c\ée, wi[nc]=—cA(nc}j. 


The general transversality condition then becomes 
nc (a, (a3 — a,) n,|[ne]| + nAc- cA [ac] ] -+ a2n2ed [ne] =0. (39.11) 
Substitution of the parameters for tetragonal crystals [see (38.43)], 


2.2 2,2 
4eniny 2¢njNno 


a,—=¢C3;-+ As a (39.12) 
3 


2% 


gives (38.10) directly. 


From (39.6) and (39.7) we also have the general relation 
[n, An] = ayn, [ne]-+ wna - [nc] = aon,[ne]-+-nAc-[ne}. (39.13) 
Therefore for a longitudinal normal we must have 


aini (| — n’) + (nAc)* = [n, An}? = 0. (39.14) 


274 -ELASTIC WAVES IN CRYSTALS OF THE HIGHER SYSTEMS 


Both terms on the left are positive, so we obtain two conditions: 


a,n,(l — ni)=0, nic =O. (389.15) 


Therefore in the general case we get from (35.11) the conditions 
for longitudinal normals in any crystal as 


nA{nej =—0, (39.16) 
[ne](n, An] = 0. (39.17) 
For tetragonal crystals these give 
NN, (74 — nz) = 0, (39.18) 
c (1 1) + 2cnins = 0. (39.19) 


From (38.20) we have for n, =0 (or np =0) that ay =c,y = 0; if né =n = 


(1—n%)/2, we get (38.17) from (39.18). 


The representation of (89.1) and (39.2) may be used also to 
find the acoustic axes; the condition for these is 


Ay= A+ A’ =Aj}-+w-ete-w=0, (39.20) 
in which 
AY = A°— vj = ay + ayn “n+ aé-e-+-a.c-e, ay = an—v>, (39.21) 


and V4 is the squared velocity of the purely transverse wave. From 
(12.64) or (13.34) and (12.87), 


eS 1 ‘ ‘ 
0 == 0? — aa +  ( (a,)" — (2*),), (39.22) 
we have 
Ai-+ A’ = AY AAT + AYA’ A —ALA'— w=0. (39.23) 
Section 38 shows that condition (39.20) is equivalent to 


Air==Aj:— w’ 0, (39.24) 
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(A,} =| At -+w-c+te-w|=|A}|— [cw] A° [ew]—0. (39.25) 


However, these latter equations are best associated with ones ob- 
tained by equating to zero expressions of the form s,A,s,, in which 
S,; and Ss, are arbitrary vectors; in this way, in particular, we get 
from (39.23) after multiplication from both sides by c [see (35.7) 
and (35.15)] that 


cA\c=cAjc=0. (39.26) 

Now Ajc =(aj)+@3)c, So 
HAT | =e] Al] c= cASA8c = (ay + az) cAle, (39.27) 

so (39.26) implies that 
| AY |= |A° — v7] =0. (39.28) 


This is an interesting result. Condition (39.25) implies that vi is 
an eigenvalue of tensor A, while (89.28) implies that the same v4 

is an eigenvalue of tensor A’, which characterizes the transversely 
isotropic medium most similar (for a given n) to the given crystal. 
In other words, the velocity of the transverse waves along ann 
acoustic axis is as for the transversely isotropic medium most 
similar to it for that n in the sense of section 35. Hence compari- 
son with that medium (section 35), although somewhat formal, en- 
ables one to represent any crystal via a medium of simpler type 
that reproduces some of its physical properties. 


Use of another pair of vectors s, and Ss, gives us from (39.20) 
and (39.23) that 


eA,c = a,n,nw —(a,+ a,)ew=0, (39 .29) 
n\,c= a,n,ew — (a, + a,\nw =, (39 .30) 
eA, [e [ne] ] = ew - (nw — new) — a, (49+ a.) n, (ne)? = 0. (39.31) 


From (39.25) and (39.28), 


[ew] A° [cw] = a,w? + a, ( (nw) c)’ + a, ( [ew] c)? = 0. 
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Now cl|{nw]||few] (nc =ec =we =0), So instead of this we may put 


a,w? + a, [nw]’?-+ a, [ew]? = 0 (39.32) 
or 


v? =[cw,|A[ew,|= a, + 4, [nw, |? + 2, [ew,P, 2, = w/|w}. (39.32 2) 


All of conditions (39.26) and (39.28)-(39.32) are necessary, 1.€., 
they must be complied with for an acoustic axis; they allow us to 
examine the various possibilities, which for an acoustic axis must 
lead to the necessary and sufficient conditions of (39.24) and 
(39.25). 


The above relationships are quite general, being applicable 
to any crystal and any direction exn. The particular case nlle 
may be examined without difficulty directly from the detailed form 
of the tensor A (section 19). 


For a tetragonal crystal we have we=0 from (38.45) and 
nw =nAc =(cnn»(ni —n3)]/(1 — 3), So (39.29) reduces to (38.29). Itis 
readily shown that we can derive from (39.24)-(39.26) all the rela- 
tionships of the previous section that define the orientation of the 
acoustic axes of tetragonal crystals. However, a tetragonal cry- 
stal is of relatively high symmetry, so the relationships of sections 
17 and 18 can be applied directly, the expressions remaining fairly 
simple. However, even for trigonal crystals the operations of sec- 
tions 17 and 18 become cumbrous and complicated, and this be- 
comes even more pronounced for the crystals of the lower systems. 
In all such cases the relationships of the present section substan- 
tially simplify the work; this is illustrated in the next section by 
reference to trigonal crystals. 


40. Trigonal Crystals 


Tensor A for a trigonal crystal is given by (19.19) as of the 
form 


A=A,7+ c0, c= 2h, (40.1) 


in which 


A,=Cyoteyn-n+coe-e4-C,¢-¢ (40.2) 
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is the A tensor of (81.12)-(31.14) fora transversely isotropic me- 


dium, while @ is the following tensor in the components of the 
wave-normal vector: 


Nofls nyn. yn 
nb 
~ n ae 
6— § — 1/43 Mytts ” ; (40.3) 
9 
ny — No 
1 2 


here vector e is directed along the L® axis and X3|[e||L°. Tensor 
6 has the following properties: 


6, = ele=0, nln = — 2 [ne] 6 [ne] = 4n,n$e = 2n,n, (32; _ ns), 
n§ [ne] = 3n,e4 [ne] =5 nn, (3) — n)), 


nh 


no2 [ne] = 4 (3n} — ns) (315 — nt), (40.4) 


(62), = 5 (1 — 02)(1 4-323) = ~ 201, 


(1, On] nm = (n? — 3n2) [9n3 (1 — 03) (1 — 302) — 13 (3n? — 13). 


We may find the A tensor for the transversely isotropic me- 
dium most similar to a trigonal crystal simply by considering 06; 
(34.8), (84.10), and (40.4) show that all the dg and gg become zero, 
so the Aj of (40.2) is the closest on average to A, and 


' f l 
A‘ = cb, (A); = 0? (0), = 5 0?(1 —n2) (1+3n%), (40.5) 
while the transverse anisotropy is 


(F')=(A'?), = 2c*/15. (40.6) 


Comparison of @ with such a medium for a fixed direction of the 
wave normal gives us on the basis of (35.11) and (40.4) that 


ice. Ny (3nf — n5) 
1 2n, (1 — 73) 


a= —(i — 375) a, 


a, =(1—4n3)a,, a,—=(1—5n3)a,). (40.7) 
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Then 
A’ = c {6 — a, [(805 — 1) n-a-+ 


+(1—4n)e-e+(1 —5n3)e-c}}, (40.8) 
w= N’c =e (Se + 2nja,c). (40.9) 


Coefficients ay), @;, do, and @3 are, respectively, 


a,=Cy—e(1—3n2) a}, a,=¢,+¢4,, (40.10) 


a,=c,+c¢(1 — 4n3) 4, a,=¢,+ ¢(l — 5n?)a,. 


The special directions are considered via (39.11). Itis 
easily seen that 


2 2 


3 
Qh = nAhc=z=cnic= > CNN, T[nel] ’ 


3n2 — n? 
we = ede = cele = xem Tia (40.11) 


c n, (3n2—1)(3n? —1 
w [nc] = cA [nc] =cc8 [nc] = — ta SA we 


Substitution of (40.7), (40.10), and (40.11) into (39.11) gives us the 
condition for the special directions of a trigonal crystal as 


l 
n, (3n3 — n?) nic, (3c, — 2c.) + + nyt, (3n? —~ 13) c[3g, (1 — 43) — co] + 
+5 [M3 Gn} — mp — 9n5(1 — m9)(1—3n8)] =o. (40-12) 


The case n3= 0 requires special consideration, because the expres- 
sions for the aj of (40.7) becomes infinitely large; but in the case 
they should be taken as zero, as may be seen by putting n, =0 in 


(40.3), whereupon @ becomes 


0 0 NN 
0 : 2 
0= 0 — an | (40.13) 
i. 2 
nn, ata 0 


It is readily seen that go =nd'n=e6"e=ce"c =(0, so equations (35.8) 
show that the tensor of an isotropic medium most similar to 6° is 
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zero. In other words, nle in (40.1) implies that the Ah of (40.2) 
will be ie so A'=cé"’. It should not be though that, since the gen- 
eral expressions of (40.7) increase without limit for n3 +0, there 
is no continuous transition from n;# 0 to n,=0, for the second term 
in the braces in (40.8) for nj -+-0 becomes a;(—l+n-n+e-e+c-c), 
and, although a;—-«, the tensor (n-n+e-e+c-c—1) tends to zero 
for ne=0. The result, as above, is A'=c@°. In addition, it is sim- 
ple to consider the transition to n3 =0 in (40.7)-(40.9) by reference 
to (40.1), (40.2), and (40.13). The transversality condition, with 
the condition that here 


A,a=(cotc)a, On = 3 (3n? — nije, (40.14) 


becomes 


] 
ry cnn? (323 — nt) (3n? — ny 0, (40.15) 


i.e., coincides with (40.12) for n3;=0, so (40.12) is the entirely gen- 
eral transversality condition. This implies that purely transverse 
waves propagate in a trigonal crystal in the coordinate plane n, =0 
and in the two planes for which 3n$— nf =0, i.e., 


a ee. (40.16 
Me tan gt ob ) 


These planes form angles of +7/3 with the plane n, =0; the three 
planes together pass through L?|le||x, and lie mutually at 120°, in 
accordance with the symmetry of the crystal. 


Section 9 shows that tensor A for trigonal crystals (classes 
18-20 of Table I) takes the form of (19.19) or (40.1)- (40.3), respec- 
tively, whena coordinate axis lies along the L’ axis (or along the 
normal to a symmetry plane). It is therefore completely natural 
(see section 16) to find the transversality condition satisfied when 
n,=0, i.e., when the wave normal lies in asymmetry plane. Trig- 
onal crystals of classes 16 and 17 of Table I give a A tensor and 
an elastic-modulus matrix exactly as for the more symmetrical 
trigonal classes when the x; axis is chosen in accordance with the 
second condition of (9.20). This matrix entirely defines the elastic 
properties, so all properties of all trigonal crystals are identical 
along the appropriate directions. From this we may conclude that 
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purely longitudinal waves will propagate along the x, axis in classes 
16 and 17, since this occurs in classes 18-20. Moreover, this 
property (longitudinality in a plane perpendicular to i) may serve 
in the low-symmetry classes to define the direction of the x, axis 


[12]. These arguments apply also to tetragonal crystals of the 
lower symmetry classes. 


Then the general condition of (40.12) for the special direc- 
tions may be formulated as follows for a trigonal crystal: the 
cone of special directions in every class splits up into three planes 
that pass through the L° axis and that are perpendicular to longi- 
tudinal normals lying in the plane n,=0, together with a cone of 
sixth degree (with L® as axis): 


nc, (3c, — 2c,) +- s nat, (3n? — n3) ¢ [3g,(1 — 4n2)— c,] + 
+0 [23 (3n} — nd)? — 9n3 (1 — n3)(1 — 3n3)| = 0. (40.17) 


The general conditions (39.16) and (39.17) for longitudinal 
normals give [see (40.7), (40.10), and (40.11)] for a trigonal crys- 
tal that 


nN, (313 = n') == (); (40.1 8) 


2¢ yn; (1 — n3)-+ cn, (8nt — n5) (1 — 4n3) = 0. (40.19) 


For n,=9, ny =1~—n§ the last equation becomes 
2c¢,n, — cn, (1 — 4n3) = 0. 
If nj =3n3, 4n3 =1— ng, then (40.18) implies that 
2¢,n,-+ 2en, (1 -— 4n;) = 0. 
Now 2N» = vi-x, so in both cases we get the same equation 
4 (£4 £43)" nz — c?(1 — ng) (1 — 4n3)? = 0. (40.20) 
This is what would be eects from the presence of the L® axis. 


Equation (40.20) is cubic in ng and has one or three real roots, 
which correspond to three or nine longitudinal normals. Moreover, 
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the case n,=0 requires separate consideration; from (40.14) 
[n, An] =c[n, 0°n] == n, (3? —n}) [ne]. (40.21) 
so three further longitudinal normals lie in the equatorial plane: 
ny=0, m=+ V3n, (40.22) 


the directions of these not being given by (40.18) and (40.19) for 
ng=0. It is readily seen that (40.18) and (40.19) correspond to the 
intersection of the planes n, =0, ni =8n5 with the cone of (40.17); 
the three longitudinal normals in the plane ne =0 of (40.22) also 

lie in the cone of (40.17), but they are not lines of intersection with 
other sheets of the general cone of special directions of (40.12). 
Hence not all the longitudinal normals are the result of intersec- 
tion of different sheets of the cone [n, An] A’n=0. 


From (39.24)-(39.32) we can readily consider the number and 
orientation of the acoustic axes in a trigonal crystal by analogy 
with the treatment (section 38) for tetragonal crystals. It is found 
[18] that there may be four or ten acoustic axes, the values of the 
elastic parameters determining which number applies. 


Chapter 8 


Reflection and Refraction of Elastic Waves 


41. Boundary Conditions for Plane Elastic Waves 


So far we have considered plane elastic waves in a homogeneous un- 
bounded crystal, which is an idealized case, because we virtually 
always have waves in a crystal of restricted dimensions. This 
means that we have to consider the behavior of elastic waves at the 
surfaces bounding a crystal, which is much more complicated than 
the problem of waves in an unbounded homogeneous crystalline 
medium. For this reason we shall consider only the behavior of 
plane waves at an infinite plane boundary, on both sides of which 

lie unbounded homogeneous media differing in density and elastic 
properties. 


This is a boundary problem in the theory of elastic waves, 
and the boundary conditions play the main part in solving it. These 
conditions are formulated in different ways in accordance with the 
properties of the media and of the contact between them. For in- 
stance, the two may be rigidly coupled at the interface, so the dis- 
placement vector must then be continuous from one medium to the 
other. Let q be unit vector normal to the plane of the interface and 
directed from the first medium into the second. Then, if the origin 
of the coordinate system is located on that plane, the equation of 
the latter in vector form is 


ppc) (41.1) 


in which r is the radius vector. The condition of continuity of the 
displacement vector may be put as 


ul — ali 0 (rq = 9). (41.2) 
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in which ul! and ull are the displacement vectors of points in the two 
media at the interface. 


The stresses at the interface must also be continuous. This 
condition may be derived from the on=P of (3.11), as suitably 
modified. In place of o we put o! (the stress tensor for the first 
medium), while n is replaced by q, the normal to the interface. 
The density P of the external.surface forces is here replaced by 
the stresses exerted on the first medium by the second, i.e., ollq. 
The second boundary condition is therefore 


(a! — allyg = 0 (rq =0). (41.3) 


Thus we have the boundary conditions of (41.2) and (41.3) 
when the two solids are in rigid contact, and these split up into six 
equations in terms of the components. 


The boundary conditions take a different form for the free 
surface of a solid. By free is meant absence of contact with any 
medium whose elasticity and inertia could in any way influence the 
motion of the surface, so such a surface is, strictly speaking, one 
with a vacuum, or at least a gas at low pressure. Further, the term 
free surface implies freedom from external forces. The condition 
of (41.2) drops out for a free surface, because there is no second 
medium, and hence no conditions related to the displacement of the 
surface of the first medium. The absence of external surface 
forces also means that P=ollq=0, so there is left only the vector 
boundary condition 


which is equivalent to three equations in terms of components. 


A feature common to all the boundary conditions of (41.2)- 
(41.4) is linearity and homogeneity in all the quantities represent- 
ing deformations (u! and ull) and stresses (co! and cll). As regards 
plane waves, these general features are sufficient to give us the 
basic laws of reflection and refraction. From (15.2), (15.3), (15.5), 
(15.6), (15.8), (15.12), and (21.32) we have 


a= ye? = weio(mer—h 
Ou, . (41 oO) 
Oj = Cy ppp ST = LC, ,, mM 


— Opiw(mr—ft) 
OX rat” ple 


k 
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or 


6 == o%e!?, ory == 100, pM ,U? . (41.6) 
We will apply (41.2)-(41.4) to the case where the deformations and 
stresses in both media consist of plane waves of the form of (41.5) 
and (41.6). Those in the first medium are denoted by 


’ le 
= 220 k 
Bp) oe Wipyé : 
SiR) = OCR)” 
Bete ¢ t = oa 1 
9, = 0, (Myr fe Rel Zi ase R 


while those in the second medium are 


" ” ip, 
Win) = lp? (R) 
1% 41.8 
Op) a a PU, ( ) 
Pin =O, (ir — bt), kR=1, 2... BY 
Conditions (41.2) and (41.3) then become 
k' i. k” ie 
Zine *— Luge * =0, (41.9) 
k! adi k? - 
( >, He ek) See >; ae) q == Q. (41 .10) 
k=1 \e) R=] ( 


The expressions attached to the phase factors ek, e'"k are in- 
dependent of coordinates andtime, so (41.9) and (41.10) are linear 
relations between exponential functions, which should be identically 
satisfied for any instant and for all points on the interface. Ex- 
ponential functions with different exponents are linearly indepen- 
dent, so (41.9) and (41.10) can apply only when all the phases ¢,, 
Dr coincide at the interface: 


¢ == sae =o 6 9, = ey =O (qr = 0) (41.11) 


or 


e Op, (Mm, = e) = Wy, (Mf ero t), (41 12) 
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no matter what k, and k, may be. Equation (41.12) applies for any 
t, so 
‘= ,, SO SoS... =o. (41.13) 


Thus all the waves in (41.9) and (41.10) must have the same fre- 
quency. Conditions (41.12) reduce to the equations 


a —m' rom r=... =m ,,S. 1.1 
Mat = 16. My fF = My Me yn t (41.14) 


These may be put as 
Coy gy) = (Mey Mp) 7 = (m) (2) mi,.) = 0 


for all k, and k,, with qr= 0. Hence any radius vector perpendicu- 
lar to q must be perpendicular to the difference of any two refrac- 
tion vectors of (41.9) and (41.10), which is possible only if all these 
differences are parallel to q: 


Mp — Min || Mey — Me.) May — May | (41.15) 


or, which is the same, 


[ey Ms)? q| ao [e,) 3. Mp.» q| = [i n.) = Mp.) q| = Q, (41 16) 
or, finally, 


[md] = = [te ] = [a] = «= [eng]. (41.17) 


Equations (41.17) express the general laws of reflection and refrac- 
tion for plane elastic waves at the interface between any two media 
in the most general covariant vector form. They imply that the 
vector product of the refraction vector of any wave by the normal 

q to the interface must equal any other such product. Let a bea 
vector equal to any of the vector products of (41.17): 


= [7449] — [747] (41.18) 


Then all the vectors q, m(),..., M(")> M(1);- , M(KM) will be per- 
pendicular to a, so they will all lie ina single plane (the plane of 
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incidence), whose equation is 


ar = 0. (41 .19) 


This is one of the basic laws of reflection and refraction for elas- 
tic (and electromagnetic) waves at the interface between any two 
media. 


Comparison of the absolute values of the vector products of 
(41.17) shows that, with |m|=1/v, 


OE ats gs ee ee (41.20) 
v; U2 Up: Uv) Ups 
Here z4,..-, Vien are the angles formed by the refraction vectors of 


the corresponding waves with the normals to the surface (cos y = 
nq); the sines of these angles are proportional to the correspond- 
ing phase velocities. This is the second basic law of reflection 
and refraction, which applies also to electromagnetic waves. 


We form the vector product of q and equation (41.18): 
(g [mq] |] —=m—mq-q=(qal; (41.21) 


in which m is any of the vectors M(k,)> m (ky): We put 
mgq= [ga] =[q[mgq]|}— 6, (41 .22) 


which shows that £ is the projection of the refraction vector on the 
normal to the interface, while b is the projection of this vector on 
the interface plane. From (41.21), 


i ee el (41.23) 


Thus all waves occurring at the boundary between two media have 
their b vectorially equal. This is equivalent to both of the laws of 
reflection and refraction formulated above. 


From (41.23) we have that all the refraction vectors differ 
only in their projections on the normal to the interface, so a 
straight line through the end of b parallel to q will be the locus of 
the ends of all the m vectors if these are laid off from a single 
point. This feature allows us to give a simple geometrical defini- 
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tion of the directions of the refraction vectors for all waves if the 
common projection b on the interface is known. Here we must re- 
member that by definition (section 24) the refraction surface of 
(24.6) is the locus of the ends of the m vectors, so the end of each 
m vector must lie on a straight line parallel to q and also on one 
of the three sheets of the appropriate refraction surface. Hence 
to find Mk)» m(k) we should construct curves for the intersection 
of the refraction surfaces in the two media in which lie all the m 
vectors (Fig. 14). The plane of incidence is defined by q and b, 
which must be known. We draw AB parallel to q through the end 
of b to find the ends of the m vectors as the points of intersection 
with all of the sheets of the refraction surfaces in the two media 
(L', T’, L", T; Ty, Fig. 14). 


The problem is solved analytically as follows. Into the equa- 
tion of (24.6) for the refraction surface, 


JA —1|=|A"|—AT+ AZ —1=0 (41.24) 


we substitute the general expression of (41.23) for the refraction 
vector: 
m= 6+ gq. (41.25) 


in which parameter remains undetermined, while q and b are 
given. Since (41.24) is of sixth degree in m, we get a complete 
equation of sixth degree for é. First we assume that all six roots 
of this equation are real,* which means that AB (Fig. 14) actually 
does intersect all sheets of the refraction surface above and below 
the interface. It is clear from geometry that the points of inter- 
section lying above the interface (first medium) have é < 0, while 
those below (second medium) have > 0. Then the three negative 
roots ~ of (41.24) and (41.25) should be taken for the first medium, 
the three positive roots being taken for the second. However, the 
problem is really more complicated, because the wave energy ac- 
tually propagates along the rays, whose directions may differ sub- 
stantially from those of the corresponding phase normals, which 
are parallel to the refraction vectors. In principle, this allows the 
refraction vectors to be directed into the second medium while the 


* A definite physical meaning also attaches to complex é in (41.24) 
and (41.25), as we shall see (section 44). 


REFLECTION AND REFRACTION OF ELASTIC WAVES 289 


wave propagates in the first, and 
vice versa. Such cases are rare, 
but they are possible for crystal- 
line media with special orienta- 
tions. We will assume that we 
have the simpler case where 

— < 0 corresponds to a wave in the 
first medium and é > 0 to one in 
the second. 


Then for a givenb the bound- 
ary conditions in the general case 
imply that six distinct plane elas- 
tic waves can occur near the inter- 
face: three in the first medium and three in the second. Stress is 
placed on the words for a given b, because this restriction is ex- 
tremely important, since the boundary problem for plane waves 
can be posed in different ways. The usual approach is that a wave 
is given in the first medium as coming from infinity (the incident 
wave); only this wave would be present if there were no boundary, 
which gives rise to additional waves in both media, which in the 
first medium are termed reflected, while in the second they are 
termed refracted. The problem is to find the directions of propa- 
gation and the velocities (the refraction vectors) and also the vec- 
tor amplitudes of the reflected and refracted waves, these quanti- 
ties for the incident wave being given. The incident wave at the 
boundary resembles the others in that it must satisfy the general 
boundary conditions of (41.2)-(41.4), so its refraction vector, de- 
noted by m, also must be expressed in the form of (41.25). Know- 
ing m, we find from (41.18) and (41.22) that 


Fig. 14 


a=([mqg], (41.26) 


b = [q[mq]} }. (41 .27) 


This defines the plane of incidence (i.e., a) and also b, so (41.24) 
and (41.25) give the displacement vectors of the three reflected 
and three refracted waves. The refraction vectors give us the ve- 
locities and directions of these waves, but the amplitudes remain 
to be determined. Here we use Christoffel's equation in the form 


of (24.15), 
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(A” — lha=0. (41.28) 


Now m satisfies (41.24), so the solution to (41.28) for u may [com- 
pare (17.27) and (24.21)] be put as 


u-u= A(A” —1). (41.29) 


Multiplication of this by an arbitrary vector p (up ~ 0) and includ- 
ing up in the undetermined factor A, we have 


u = A(A™ —1)p. (41 .30) 


Thus the refraction vectors give the displacement vectors of all 

six waves apart from the undetermined scalar factors A, which may 
be found by substituting (41.30) into (41.9) and (41.10), which now 
may be put as 


uytu,+4,+ 4,tui+4,— (uo +4; + 4,)=0. (41 .31) 
(9) + 6, +9,-+ 6, -4+ 9, -+ 9, — (65 + 9; + 4)))q = 0, (41 .32) 


in which (ug, Uy, Ug), (Oy, Oy, Og) are, respectively, the vector ampli- 
tudes of the displacement and the tensor amplitudes of the stress 
of (41.6) for the incident waves (quasilongitudinal and quasitrans- 
verse). A single (double) prime denotes a reflected (refracted) 
wave. This gives six linear equations, which contain the six A of 
(41.30) as well as the given displacement vector of the incident 
wave. These are solved for Ap, Aj, Ay, Ap, Ay, Ay to get all the 
parameters of the reflected and refracted waves. 


This result relates to the general case of rigid contact be- 
tween two solids; the case of (41.4) (free boundary) differs only in 
that the second medium has no waves, so the two systems of 
(41.24) and (41.25) are replaced by one for the first medium only. 
There are only three reflected waves for a given incident wave, 
whose amplitude factors are given by the three equations 


(8) + 9, + 9,-++ 9,4 9;-+ 9,)q = 0. (41.33) 


The problem is thereby much simplified, although the general mode 
of solution is as before. 
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The above relates to the usual approach (incident wave given, 
reflected and refracted waves to be found), but a different approach 
is possible, in which we do not specify any wave in advance but 
seek to determine the possible sets of plane waves on the two sides 
of an interface that are allowed by (41.28) together with (41.2) and 
(41.3) or (41.4). Here b is unknown as well as the € of (41.25). 
This is a more general formulation, but also a more complicated 
one, and the mode of solution is also different. The approach al- 
lows us to establish the occurrence of new types of wave essenti- 
ally related to the boundary, which cannot propagate in an unbound- 
ed medium (Rayleigh surface waves). In section 46 we consider 
in more detail the boundary problem in this approach. 


42. Reflection of Elastic Waves at the Free 
Boundary of an Isotropic Medium 


Here we consider the simplest possible boundary problem 
for elastic waves. The refraction vector of the incident wave is as 
in (41.25); it must satisfy (41.24), which for an isotropic medium 
takes the form of (24.7'): 


((a—-+ 6) m? — 1) (am? — 1° =0, (42 .1) 


whence we have for longitudinal waves 


m? = ay (42 .2) 
and for transverse waves 
m= —. (42.3) 
The corresponding displacement vectors must satisfy (24.7): 
(A™ —1)u=(am’?-- bm- m—1)u=—0. (42 .4) 


For a longitudinal wave (u=wU)) 


am, —1 = 75 — 1 = — bmi, (42.5) 


so from (42.4) 
b(m,- m,— mn) Uy = b[m, [mm to] }=9. (42 .6) 


whence 


peas (42.7) 
(42.3) and (42.4) give for a transverse wave that 


1m, = 0. (42 .8) 


From (41.238) 
m= b+5g, m=b+h¢ (42.9) 


and u, may be put as a linear combination of two vectors orthogonal 
tom,: a=(bq] and (&,;b- a°q), with arbitrary coefficients C, and Cy: 


u,=C,a+C,(&,6 -- a’q). (42 .10) 


The first of the two components of u;, namely a, is perpendicular 
to the plane of incidence, while the second is parallel to it. Instead 
of t,.b—a’q we may take also (m,a]. The boundary conditions of 
(41.33) are put in expanded form via (41.6); replacement of the 
Cijki by AijkZ and elimination of the common factor iw gives 


Nigar (Mgt 1g, Uo, Ty ply, TM, 1)) q,=9. (42.11) 


This is the most general boundary condition for plane elastic waves 
at the free surface of any homogeneous medium. Here m and u are 
the vectors of the incident wave, mj and uy are those for the reflec- 
ted quasilongitudinal wave, and mj, uj, My, uy are those for the re- 
flected quasitransverse waves. This condition could be generalized 
formally even further if m,ujz were replaced by the sum of several 
such expressions for several incident waves; but the linearity of 
(42.11) implies that the problem would reduce to solving for each 
wave separately. 


We apply (42.11) to the particular case of an isotropic medi- 
um. First we determine mp, mj, mj; from section 41, the ends of 
these vectors must lie at the points where sheets L and T of 
(42.2) and (42.3) meet a straight line parallel to q drawn through 
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the end of the vector m, that is re- 
flected at 0 (Fig. 15). The m, of 
Fig. 15 is the refraction vector of 
a transverse wave, because it forms 
the radius of the larger sphere re- 
presenting the transverse-wave 
Sheet of (42.3) from the refraction 
surface. This gives us the vectors 
m, and m, for the reflected waves, 
to which correspond three inde- 
Fig. 15 pendent displacement vectors: one 

for the longitudinal wave of (42.7) 

and two for the transverse wave of 
(42.10). An analytic solution for mj, and m, requires joint solution 
of (42 .2) and (42.3), respectively, with 


mi=b+89, mi =—b+iq. (42.12) 


Substitution of (42.12) into (42.2) and (42.3), with b’ =a? ={mq]’, 


gives 
w=—V ye (42.13) 


a 
P=—V >a’ (42.14) 


The negative signs to the roots correspond to my and m, directed 
upwards from the interface. Figure 15 shows that the normal of 
one of these waves (that of the same type as the incident wave) 
forms the same angle with the interface as does the normal of the 
incident wave. This corresponds to equality of the angles. of inci- 
dence and reflection (one of the basic laws of reflection), but it is 
correct only when the first medium is isotropic, and then only for 
the reflected wave of the same type as the incident one. From 
Fig. 15 and (42.2), (42.3), (42.13), and (42.14) we have 


B= FSG, (42.15) 


in which £) and £, relate to incident longitudinal and transverse 


waves. 
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Formulas (42.12)-(42.14) give the refraction vectors of the 
reflected waves, so we have only to find the displacement vectors. 
Here we use (42.11), with substitution of the tensor of (26.31) for 
the AijkJ of an isotropic medium: 


whence we have 


di pai p 4) = (0 — 2) myyQ, fa (Ui gqym, + M4944), 
or 
dejar” p4,9) = (6 — a) mu -g+a(4-m-+m-a)q),. (42.17) 


The refraction vectors of the two reflected transverse waves 
coincide for an isotropic medium, so we may combine the last two 
terms in (42.11). Consider first the case of an incident longitudi- 
nal wave. For the displacements of the reflected waves, by anal- 
ogy with (42.7) and (42.10), we put 
uy = Cym,, 4, = Cia —C,(a’g — £6) (um) = 0). (42.18) 
Substitution of (42.7), (42.17), and (42.18) into (42.11) gives 
(b— a) (Cym} + Com,’)q + 

+ a (2C ym, + m,+ 2Cym,-m)-+ m)- uit 4: m.)q =0, (42.19) 
or [see (42.2), (42.3), (42.12) and (42.15)] 

b—a 1 ' ¥9 , 

ba (Cot Co) 9 1 24 [By (Cy — Go) BF 55 (CoH Go) G] + 


+ altiCia — Ci (a? — &") b— 22a°Ciqg] = 0. (42 .20) 


Vectors a, q, and b are mutually orthogonal in pairs and so lin- 
early independent, so the coefficients to these must become zero 
individually. This gives us three equations: 


tC; =0, (42.21) 


i } ant 
(TF + 2at2) (C+ C;) — 2Qatia°c; = 0, (42.22) 
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2&, (Cy — Cy) — (a? — §, ) C, = 9. (42 .23) 


Setting aside the case a=0 or Eo =0, we have from (42.21) that C,= 
0, so the reflected transverse wave has no displacement compo- 
nent perpendicular to the plane of incidence of (42.18). From 

(42 .13)-(42.15) we have 


pag +20 = a(t,’ — a?) = 1 — 2a. (42 .23') 


We solve (42.22) and (42.23) for Cj and C, to get 


Bhs 4a72,¢,a” + (1 — 22a’) 


(42.24) 


Aaiy (1 — 2aa?) 
CC, = = oC 42.25 
2 4a%oé,a® — (1 —2aa’) © 


Consider now the reflection of a transverse wave polarized 
perpendicular to the plane of incidence. Here 


u=—Cya, moi y= VY -—4 =—§. (42 .26) 


Condition (42.19) alters only on account of the terms related to the 
incident wave and becomes 


b—a 


SE 8 Cig + aC ha +a [2Cym,-my-+ mi} -u;-- ay mi}g—=0. (42.27) 


As before, we get 


E(C, —C)=0, (42.28) 


(1 — 2aa”)C) 4 2,a°C) = 0, 
2at'C'-+ (1 —2aa’)C)=0. 


“UY 0 


(42 29) 


The latter two equations may be solved for Cy and C, different from 
zero only if the determinant is zero: 


(1 — 2aa?)? — 4at ka? = 0. (42.30) 
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But this equation cannot be satisfied for &) and &, real, because 
(42.13) and (42.15) give En< 0, &;> 0, so both terms on the left are 
positive; hence C)=C,=0, and only a transverse wave will be re- 
flected, whose displacement is as for the incident wave [see (42.18) 


and (42 .28)]: 


“= tu,. (42 .31) 


A transverse incident wave with its displacement vector in 
the plane of incidence gives 


u,=C,(6,5 — a’g), §,=§, —=—€. (42.32) 


The boundary conditions of (42.11) now reduce to (42.21) and 


1 — 2aa*)C, + 2aza’C’ = 2a',a°C,, 
: a di ae on we | (42.33) 
2akC,-+ (1 — 2aa2) C= —(1 — 2aa’)C,, | 
whence 
C= 4a2,a? (1 — 2aa’) . 
0° (1 = 2aa?)?? — 4a°66,0? ~* 
(42.34) 


ies 4a°€,6,a7 + (1 — 2aa’) 
2 4076.0? — (1 — 2aa’) e 


The case of normal incidence on the boundary demands spe- 
cial consideration; here a=0 for all waves, so the refraction vec- 
tors of all waves are parallel to q. Secondly, the plane of incidence 
becomes a meaningless term, so the displacement of a transverse 
wave cannot be resolved into components parallel and perpendicu- 
lar to that plane, so the displacement vectors should be substituted 
unchanged into the boundary conditions. Then for normal incidence 


| 


1 ’ 
(42 .35) 
| l I l 
ou V ape a Vw | 


_ —_ ee ee 
m,=—m,=5q. m=—m 7149 


A longitudinal incident wave gives uy =C)q, Ug = Coa, ujq=0, and the 
general boundary conditions 


D6 — a) mu-g+a(m-u+tu-m)gq|=0 (42 .36) 
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(with summation over all waves) become 
(a+ b)& (Cy — Co) q — au, = 0. (42 .37) 


But q and uy are linearly independent (orthogonal), so both terms 
on the left are zero, i.e., 


un’ =0. (42 .38) 


Thus only a longitudinal wave is reflected at a free boundary, the 
amplitude of the displacement vector remaining unchanged. 


From (42.36) we have for normal incidence of a transverse 
wave that 


— (a+ 6) & Coq + af, (4, — 4,)=0, 


whence 
u=0, #,=4,, (42 .39) 


i.e., only a transverse wave with the same amplitude for the dis- 
placement vector is reflected. The reflected wave differs from the 
incident wave only in the direction of propagation. 


The second special case occurs when £)=0, which is possible 
only for a transverse wave with a large angle of incidence zy, which 
must be such that the perpendicular to the plane from the end of 
m, (Fig. 16) touches the longitudinal wave sheet at A, which lies on 
the interface. This case is impossible for anincidental longitudinal 
wave, because |m,|<|m,|. From (42.13) we have 
(=o, a=—Co. (42.40) 


— 9_. | 
b= 0. a gee eh 


i.e., a longitudinal wave propagates along the boundary. Here 


fate i yi = b 
ac is a atb” a(a-+ 6)’ (42.41) 


a,=C,a + C,(§,0—a’q), 4, =Cia —C,(,6-+ a’q). 


Substitution of (42.40) and (42.41) into (42.36) gives 


(6 — a)a’Cig + aff, (4, — 4.) —@? (Clm, + Cm))|=9. (42.42) 
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Fig. 16 
or 
a? ((b — a)C, — 25, a(C,—C,))qt+ a3(C, — Ci)a+ 
+ a(& — a*)(C,+C,)o6=090, 
whence 
Cae Se Cc, C=C. C=—C, (42 .43) 


The same result is obtained from (42.28) and (42.34) with &)=0. 
43. Reflection at the Free Boundary of a Crystal 


Here we consider in more detail the general case of reflec- 
tion of plane elastic waves at the free boundary of an anisotropic 
solid. We saw in section 41 that this problem is treated by first 
finding the refraction vectors for the reflected waves. We take as 
known the refraction vector m of the incident wave, as well as the 
vector amplitude u of this. Subscript k as usual takes the values 
0 (quasilongitudinal), 1, or 2 (quasitransverse in the latter two). 
We also assume that the m, for the reflected waves have already 
been found by joint solution of (41.24) and (41.25). Then from 
Fig. 17 


m=6-+q, ob=[q{mg]], &=mq, (43.1) 


m=b+5q, m=b+iq, m,=—b-+h¢9. (43 .2) 
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We now have to find ug, uj, uy for the 
reflected waves. From the m, we 
can determine from (41.30) the ux 
apart from the amplitude factors Cx: 


f nt, 
“,==C,\A * — \)p = C,u), (43.3) 
in which p is arbitrary, provided that 


! 
(AM * -1)p% 0. In particular, pro- 
vided that the last condition is obeyed, 
we may take p=q, p=a, or p=b. 


In this case (41.32) becomes 
(qs: 3+ 9,)q=9, (43 .4) 
in which o is the stress tensor for the incident wave, C1 being the 


same for the reflected waves. Omitting the common factor iwe!?*, 
we put from (41.6) for the reflected waves that 


(721) = rjtn (%e) (42)p (43.5) 
and for the incident wave 


0 = Cj j1q (M8); ()q- (43.6) 


Substitution of (43.2), (43.3), (48.5), and (43.6) into (43.4) gives 
fsee also (42.11)] 


CU), +CU'+CU,+U=0, (43.7) 
in which U and Uk are defined as follows: 
U=(M+tN)a, Ui, = (M+ &,N) ap (43 .8) 
while tensors M and N are 


M = (Mia) = (1109/0) N = (Niq) = (€171n9/91) = pA”. (43.9) 


Equation (43.7) is easily solved; it is multiplied by [U,U,] to give 
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cpm — Lei 5.19 
Uy[ UU] 
Similarly we have 
ie = u[¥Uo) ee Ue (43.11) 
Uy |U;U5| : Uy [U0] 
Use of (43.8) with (12.25), (12.50), and (12.77) gives 
U5[Y; U;J=VIM+ SN, V = al) (aa), (43 .11') 


in which tensor S is as follows: 
L pete at bectl a 2! fg D (1) (1) Cf afl) (1 l n 
= 7 (iy [41 Ne ay 3, [aa]. a + 55 [ay? at?) - uf , (43.11") 


this having the eigenvectors raf!) uw”, (u wu i), (u ufu (1)) and the 
corresponding eigenvalues £4, &, 5. Expressions analogous to 
(43.11') and (43.11"), but with u,{!) and £). replaced by u and é, 
apply also to the numerators of (43.10) and (43.11). 


The general solution is given by (48.3) and (43.8)-(43.11) for 
reflection from a free boundary if we know the refraction vectors 
of the reflected waves. From (42.16) and (48.9) we have for an 
isotropic medium that 


M=(b—a)q:-b-+ab.q, N=a+0q-q. (43.12) 


For example, suppose uy =Cymy, ul? =m), uf!) =a, us!) =f b- a’q; 
then we get (42.24) and (42.25) from (43.8), (48.10), and (43.11). 


Thus the main difficulty lies in finding the refraction vectors 
of the reflected waves, i.e., the parameters es which are found by 
joint solution of (41.24) and (41.25). Let 


l 
Kin = Mpin OM + 75): (43.13) 


then, with m=b+éq, we have 


A™ = A+ 25K + A (43.14) 
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It is easily shown from (12.25) and (12.64) that 
la+B-+ y]=fa]-+ |8}+ty|+ 
+ le BA D+B T+ @) + 7+ B+ BY + 180) + 
+ arBrye -— (arBy + Brya + y2oB)t. (43.15) 


Use of this with (43.14) converts (41.24) to 


JA" — 1] = AS + QA + AE + 2AS3 + Ag? + 2A E + Ap = 0, (43.16) 
in which 
Ay=|A%|, A, =(A%— K)p. Ap =[AT(A? — 1) 44K A4,, 
Ay=4|K|+ (AT A? — AT —A°) K}, — MEK, +(A%R),, 
Ay=[(A® — 1) A+ 4K (A? — 1h, 
As =[(A° — 1) kK]. Ag =| A? — 1 |. 


(43.17) 


This equation is almost always extremely cumbrous, especially 
for crystals of low symmetry; it simplifies when the plane of in- 
cidence is a Symmetry, whereupon equation (41.24) for the refrac- 
tion surface splits up into (25.5) and (25.19): 


mim = 1, (43.18) 
[27 — 1[=|t*|— 7 +1 =0, (43.19) 
in which 
T= (Tap) = (Agaoa)» (43.20) 
T™ = (1) = (Ag cael Ma)» a, b,c, d=1, 2, (43.21) 


and the x, axis is assumed perpendicular to the symmetry plane. 
Equation (43.18) gives the section of sheet T,. Substitution of 
m=b+éq in (43.18) gives 


qrge? + 26:q: + 6b — 1 =0, (43.22) 
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whence 


/ l non ..avTra 


The sign of the square root has been chosen on the basis that Es < 0 
for a reflected wave (Fig. 17). 


In (43.19) we have to substitute as follows, by analogy with 
(43.14): 


rm = 7) 4 Dey 1 beng, (43.24) 
in which 


l 
%ab = 7 hacdb (0.94 = 9.94) (43.25) 


All tensors are given in the symmetry plane in these relations, so 
we apply the relationships of section 14. A relationship for the 
two-dimensional matrices qa, 8, and y is found from (14.24): 


la+-B-+ y[=J]o/+/8/+ly/+ 
+ a.Be-+ Bryer t+ Year — (28 4+ By + yk. (43.26) 


We use (43.24) and (43.26) to transform (43.19) to 


Bos -+ 28,8 -++ Bot + 2B,-+-By=0, (43.27) 
in which 
=F] By =the, — (0%, B=] — 1], | (43.28) 
B, = 4| «| cer? — (2909), — 24, By = thx, — (2x), — 


The complete equation of fourth degree of (43.27) has to be 
solved to determine the refraction vectors in the general case, 
even when the plane of incidence is a symmetry plane. 


The displacements are easily found for all waves in this case. 
Relations (43.18) and (43.23) apply for purely transverse waves, 
whose displacement vectors are perpendicular to the symmetry 
plane (section 17), i.e., to the plane of incidence, so we may put 
u, =Cya, uj =Cya for the corresponding ‘incident and reflected waves. 
The displacement vectors of the other two waves lie in the plane of 
incidence and satisfy 
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(ce — 1l)u—0, (43 .29) 
so from (14.39) and (43.19) 


(43.30) 


whence 
i= C (77 —|— vn) p. (43 31) 


Thus the displacement vectors of all waves lie either in the plane 
of incidence or perpendicular to it. The same is true of the U of 
(43.8), since the tensors of (43.9) do not change in type on multi- 
plication by vectors, in the sense of being perpendicular or paral- 
lel to the plane of incidence. The latter is evident also from con- 
siderations of symmetry, so all the vectors in (43.7) also belong 
to one of these two types, and (48.7) splits up into two separate 
equations: one for the vectors perpendicular to the plane of inci- 
dence, 


Cu; +U,=0 (43.32) 
and one for the vector parallel to that plane, 
CU SCy SU = 0: (43.33) 


In the first case tensors M and N of (43.9) reduce to scalars (sec- 
tion 25): 


M==qth, N=qrq. (43 .34) 


so fsee (43.8)] 
U,=(gro +4,q7q)Cia, Ui =(gtb+kigtg) - a (43.35) 


and the solution to (43.32) is 


Ca TOG (43 .36) 
qtb-+ 5,qtq 
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In the second case we obtain a two-dimensional problem, tensor M 
being analogous to tensorx of (43.25); more precisely,* tensor k 
is equal to the symmetrized tensor M. The solution to (43.33) is 
found from (43.10) and (43.11) with U;=a 

a{U,U] i AW. (43.37) 


Co — Foy C= alo 


with U, Uy, U, defined by (43.8) and (43.31). 


As an illustration we consider the reflection of elastic waves 
from the free surface of a hexagonal crystal. The simplest case 
is when the plane of incidence is perpendicular to L®, and this dif- 
fers from that for an isotropic medium only in that the refraction 
surface splits up into three circles (instead of two for an isotropic 
medium). If the symmetry axis is perpendicular to the boundary 
(q=e), any plane of incidence is a symmetry plane, and (43.23), 
(43.27), (32.28), and (32.42) may be applied to give 


It SO + Gy + (Lot 83 $+ 24d a 
_™ + 3g,-+83+8» 


a 
a eee 4 =0, |*(=— 7 e5e’. 


Then (see section 14) we have from (43.27) and (43.28) that 


By =aghyy 8, = By=0, By= (a2 — 1) 0,02 — 1), 
By = hy (Ay, @? — 1) + has Aya? — 1) — gfe’. (43.39) 
(Ag? + Ay, @* — 1) (Aggh? + Aya? — 1) — ga??? = 0. 
Thus (43.27) is here biquadratic; it gives &5< £}< 0 and also the 
corresponding refraction vectors for the quasilongitudinal (m5 =b+ 


Enq) and quasitransverse (m,=b+é4q) waves ({mo|< |m5|). We have 
from (32.33) for the purely transverse wave that 


t= 2+ o5+(6.—g5)e-e. (43 40) 
SO 


bq=90, gra=—£i+-8, btb=(g,+ g,) a? 


* The tensor ag =(a+qa)/2 (section 10) is said to be symmetrized 
with respect to tensor qa. 
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and from (43.23) 


peas ee (43.41) 


From (43.36) we have Cj =(C,; substitution from (43.24) and (43.38) 
into (43.31), with p=q, gives for the other two waves 


tt = (Ayb? + Aya? — 1) g — 886. (43 .42) 
From (32.42), (43.9), (43.25), and (43.38) 
M=)13q° O-+ dD gg, N= 09 = )ggt (Aggy Aga) 7G: (43.43) 


The result from (43.8) is 


UL; =% (P, + Pith )g +(Q:+Q#)6. s=0, 2, (43.44) 


in which 
Py = Ag? — 1) — Aig ag tt gg) 8%, Py = Aga hay (43.45) 
Q) = Ay Qu1@? — 1), Q9 = — Apgdy 
Then we have 
a [Uo] = a” (to — &) [P1Q, + (P2Q1 — P1Q2) tok ++ 
2 2 2,2 
+ P2Qi (b> + & )+ PrQeto & I. (43.46) 


The numerators in (43.37) are found from this by simple replace- 
ment of } or &) by &) or &, for quasilongitudinal or quasitrans- 
verse incident waves. From (43.44), we have for an incident quasi- 
longitudinal wave that 


U = Cofto(P; + Poet) g + (Qi + Q2%8) 6} (43.47) 


and (43.37) gives, with £,;=—£, for q=e, that 


Co= 5 o— 9) (PQ, + (P,Q, — P1Q2) toto + PQ, Gi: Eo ze 


+ PQ |. 
Qotots | (43.48) 
Cy = — F2[P1Q, + (PiQe + P2Q1) + PQ). 


D =(to-+ %)[P1Q, — (P2Q, — PiQ:) fobs + P2Q, (B+ by ) + PrQuita I 


306 REFLECTION AND REFRACTION OF ELASTIC WAVES 


The solution for an incident quasitransverse wave is obtained simi- 
larly. 


An isotropic medium may be considered as a particular case 
of a hexagonal crystal; here we put g, =g,=g,=0, gy =Aq,=@; £3 > 
A33— Ag, =b, whereupon (43.48) becomes (42.24) and (42.25). 


44. The Complex Refraction Vector 


and Inhomogeneous Plane Waves 


So far the refraction vector has been taken as real, but the 
equations of motion of (15.4) may be satisfied by the functions of 
(15.5) Subject to more general assumptions. In fact, plane waves 
of the form 


uw — y®eiv(mr-0) (44.1) 


can satisfy (15.4) and (15.21) for an isotropic medium even if the 
refraction vector m is complex: 


mam’ -+-im", (44.2) 


‘ 


The conditions that m' and m" must satisfy are found from (24.7') 
and (24.8) after substitution from (42.2). In particular, 


l 


m? = mm” — m+ im!’ m" = ane (44.3) 

The right side is real, so we must have 
m’ mm” = 0, (44 .4) 
m — m'” =sa5° (44.5) 


Thus the real and imaginary parts of the complex refraction vec- 
tor for an isotropic medium must be mutually orthogonal. Sub- 
stitution of (44.2) into (44.1) gives 


u— w°e-em'r piw(m'r—t). (44.6) 


The physical significance of m' is precisely that of the ordinary 
refraction vector of (21.32), since this appears in the phase as be- 
fore, SO we may put 
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/ 


, on 
ira (44.7) 


with n' as unit vector of the phase (wave) normal perpendicular to 
the planes of equal phase, while v is the phase velocity. We see 
from (44.6) that m" defines the change in amplitude. Only a de- 
creasing amplitude is physically possible for a wave propagating 
to unrestricted distances, so a wave of the form of (44.6) cannot 
exist in an unbounded homogeneous medium, since its amplitude, 
and hence its energy, would increase without limit for m"r< 0, 
\r|—- 2. We introduce the unit vector 


i NE (44.8) 
| mn” | 
This vector defines the direction of most rapid variation in the 
amplitude with r,i.e., during propagation of the wave. The planes 
defined by 


nr — const. (44.9) 


are planes of equal amplitude (amplitude planes), so the vector n" 
perpendicular to them is naturally called the amplitude normal, by 
analogy with the phase normal n'. 


We have n'in" from (44.4), so the amplitude planes are al- 
ways perpendicular to the phase planes in an isotropic medium .* 


At a distance r from the origin such that 


rn” =), (44.10) 


in which A is the wavelength: 


U Pie 


k= = Siw (44.11) 
1 ! ; 
the amplitude has decreased by a factor e@™ }m"|/[m | while the 


ff 
energy (square of the amplitude) has decreased by ett |m /}m']_ 


* Here it ig assumed that the medium does not absorb the clastic 
waves. 
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The ratio 
peel (44.12) 


fm | 
characterizes the rate of decrease of amplitude with distance and 
is termed the absorption coefficient. The vector m"= lm"|n" is 


called the extinction vector. 


Thus the complex refraction vector consists of the ordinary 
refraction vector and an extinction vector, whose directions de- 
fine the directions of most rapid change of phase and amplitude, 
and whose lengths define the rates of spatial variation in the phases 
and amplitude, respectively. This may be taken as a definition of 
the complex refraction vector. 


Plane waves having a complex refraction vector are termed 
inhomogeneous if their phase and amplitude normals are not paral- 
lel. This name is related not to the change in amplitude in space 
generally (such a change would occur also for n'||n") but to the 
change within a given phase plane. Similarly, homogeneous plane 
waves are ones of the form of (44.1) with real refraction vectors 
(m'"=0) and also ones with complex m such that 


m” —Cm'. (44.13) 


The occurrence or otherwise of these inhomogeneous waves is 
closely related to the boundary conditions, which have to be con- 
sidered in solving (15.4), as for any other differential equations. 
The boundary conditions can be specified only at infinity if the me- 
dium is unbounded and entirely homogeneous (all points equivalent). 
Such boundary conditions for plane waves may be formulated ex- 
plicitly as follows: the amplitude must be bounded throughout 
space, including at infinity. In particular, a solution to (15.4) in 
the form of (15.5) for an infinite homogeneous medium implies the 
assumption that the wave fills the whole of infinite space, i.e., that 
the displacement at infinity is represented by expressions such 

as (15.5) with the same u® and k. This is physically possible for 
homogeneous waves with a real refraction vector; but a complex 
refraction vector means that the amplitude (and hence the energy) 
must somewhere at infinity become infinitely great, which is 
physically meaningless. Hence waves of the type of (44.6) cannot 
satisfy the equations of motion together with the boundary condi- 
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tions at infinity for an unbounded medium; hence the presence of a 
boundary to the medium is essential to the occurrence and prop- 
erties of inhomogeneous waves. All the same, once such a wave 
has arisen in Some way at a boundary, equations (15.4) describe 
its subsequent propagation within the medium, so it is reasonable 
to examine the possible properties of these waves on the basis of 
the equations of motion without consideration of the boundary con- 
ditions, Since Such a wave under all circumstances will have prop- 
erties compatible with (15.4). We shall consider the case of gen- 
eration of inhomogeneous plane elastic waves at the free boundary 
of an isotropic medium. 


In Chapters 3-5 we consider wave propagation assuming the 
direction of n given, the displacement vectors and phase velocities 
of the three corresponding isonormal waves being the unknowns. 
Here of the two parts (n and v) of the refraction vector 


m = (44.14) 


the first is taken as known while the second (the phase velocity) is 
to be found. This means that combination of the two in m at first 
sight appears formal. In fact, in Chapters 3 and 5-7 we mostly 
dealt with Christoffel's equation in the usual form: 


(An v2)w-=0, [At-- v?|=0, (44.15) 


where n and v appear separately. However, the refraction vector 
gave simpler and more compact expressions in relation to the 
energy flux, the ray velocity, and the wave surfaces; moreover, it 
is essential to the discussion of the reciprocal-velocity surface. 
In previous parts of this chapter we have seen that the refraction 
vector plays a very basic part in relation to reflection and refrac- 
tion, where it was found necessary to represent the vector in the 
form of (41.25) rather than (44.14): 


m— b+ 2q. (44.16) 


while the normal (44.15) is unsuitable for finding €, the more gen- 
eral (24.6) being needed: 


lA™—1|=0. (44.17) 
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Finally, we encountered the vector in the complex form of (44.2) 
in relation to decaying plane waves. It is clear that the form of 
(44.14) cannot be used for inhomogeneous waves, although the real 
and imaginary parts have direct physical meanings. The form of 
representation of the vector thus varies from one problem to 
another, only the vector as a whole remaining significant. 


The vector is a fundamental concept of the theory of any 
wave process in any medium; in particular, vector m plays an 
equally important part in the propagation of electromagnetic waves 
in transparent, isotropic, anisotropic absorbing, magnetically 
anisotropic, or optically active media [17]. The refraction vector 
was first introduced in [37]; its most general definition is (44.1) 
for a plane monochromatic wave. If this vector is given, we may 
take 


k—=om (44.18) 


as a definition of the wave vector. 


We can now give the following general formulation of the 
problem in the theory of elastic waves. Consider a set of several 
homogeneous media each having its own density p and elastic- 
modulus tensor cijkl. These media can carry plane monochro- 
matic elastic waves of the form of (44.1) if the vectors m and wu? with- 
in each medium Satisfy 


(A™ — 1)u°=0 (44.19) 


while conditions (41.31) and (41.32) or (41.33) are satisfied at any 
interface between two media. The m of (44.14) can be used only in 
the highly idealized case where we assume that (a) the homogene- 
ous medium is unbounded and (b) the elastic wave is homogeneous; 
then (44.19) reduces to (44.15). Violation of (a), i.e., presence of 
boundaries, leads to the problems considered in previous parts of 
this chapter. Now we consider inhomogeneous waves, which can- 
not exist except in the presence of a boundary. Thus (b) may be 
violated only if (a) is violated; but (44.19) must be obeyed for waves 
within a medium in all cases, so we may first elucidate what re- 
strictions it imposes on m and w? before considering the boundary 
problem. The theory of inhomogeneous elastic waves is compli- 
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cated and poorly developed, so we consider only an isotropic me- 
dium that does not absorb elastic waves. 


For an isotropic medium (44.17) takes the form of (24.7): 


(m?(at-b)—1)(mPa 1p ==0, (44.20) 


so with m=m'+im" we get 


nit, = 0, (44.21) 


, 2 AL 
= s4 my Mm, =, mim, =0. (44 .22) 


The complex vectors m, and m, have 2x 3=6 components each; on 
these six (44.20) imposes only the conditions of (44.21) or (44.22), 
and the relationships needed to define m,) and m, completely can 
come only from the boundary conditions. The displacement vec- 
tors are found from (44.19), which for isotropic media takes the 
form of (24.7): 


(A” — l)u=(am?—1)u + bum-m=O0. (44.23) 
Let m=m, in (44.21) and u=u); then (44.23) gives 
(s5—!) + mm =o 


whence 


uy = (a + b)uym,-m,— Cm. (44.24) 


Thus the displacement vector is proportional to m); the coefficient 
of proportionality C can be arbitrary, as always in the solution of 
linear homogeneous equations. We called the wave longitudinal for 
m real, because the displacement vector lies along the wave nor- 
mal. Here the term can be used only in a nominal sense, because 
m,=m,+imj, but the name will be retained, though in inverted 
commas. 


For the case of (44.22) we have from (44.23) that 


um, = 0. (44.25) 
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Here u, is orthogonal to m, in the sense that the ordinary 
scalar product is zero,* so the wave may be called "transverse." 
As in the usual real case, condition (44.25) is satisfied by two 
linearly independent (complex) vectors u,. Elucidation of the prop- 
erties of uy and u, is equivalent to elucidation of the state of polari- 
zation for inhomogeneous waves. The subsequent sections deal 
with this. 


45. Invariant Characteristics of the 
Polarization of Plane Waves 


Section 23 dealt with the elliptical polarization of plane waves; 
here we consider polarization in more detail. The vector of (44.1) 
in the most general case may be put as 


au =e? = (4% + In) el? = uy’ + iu’, (45.1) 


while the real part, which has the direct physical meaning of a dis- 
placement, is 


u’ = R= u°'cos ¢ — sin 7 P=ow (mr — ft). (45.2) 


It follows directly from (45.2) that the end of u' describes a plane 
curve, Since it is a linear combination of two constant vectors u"' 
and u’" with variable scalar coefficients cos @ and Sin go. 


Equation (45.2) is the polarization curve in vector parametric 
form. We take u' as the radius vector R, being eliminated by 
forming the vector products by u®’ and u?" (See section 22). The 
result is 


[Ra] = [a a™ sing, [Ru™] = [4% a} cose. 
Taking Squares and adding, we have 
[Ra + [Ra }? = [a 4°" |2. (45.3) 


Here R is not the usual three-dimensional radius vector but lies in 


* Orthogonality for complex vectors a and b is frequently under- 
stood as meaning a*b=0. 
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the plane aw’, uv"), It is clear that the curve of (45.3) cannot be a 
parabola or hyperbola, because (45.2) sets a bound to the length of 
R. Thus (45.3) in the general case represents an ellipse. The 
square of the radius vector must be constant for circular polariza- 
tion, which gives us (23.5): 


(a)? — (ny? = wn” — 0. (45.4) 


Then (45.3) becomes the equation of a circle of radius lu?’ |= Ju?” | 


so (45.4) gives an invariant criterion for circular polarization. 


3 


If u’’ and u°" are mutually perpendicular but unequal, 


wo” —0, |u|] aI, (45.5) 


which gives a canonical ellipse, in which u°' and uw?” define the 


magnitude and direction of the semiaxes. For example, we may 


take the direction of u°' as that of the x axis and that of u°" as the 
direction of the y axis, which gives 
[Ru ?=(u') yw, (Ra? = (a)? x? 
and, from (45.5), 
bea eae a), 
Here (45.3) becomes 
x" +a Ing a (45.6) 


(nu)? )? a (un)? 


Vector R has a fixed direction for linear polarization; any change 
in g produces a change parallel to R itself. The condition for this 
may be put as 


|r. |=. (45.7) 


From (45.2) we have dR/dg=R'=-u"' sin g—u"" cos g, so 


[RR’| == —[ 2" 0", (45 .8) 
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hence (45.7) gives 
(a a?" | —0. (45.9) 


Here the sum of the positive terms on the left in (45.3) must be 


zero, SO 
(Ra°}] = [Ra )—0, 


so R is parallel to uw" and u’". Thus (45.9) is an invariant criterion 
for linear polarization. Condition (45.9) may also be put as 


0” — an”, (45.10) 


where the real factor ~ may ae the vane 0 and ~, which corre- 
spond to the particular cases uw? "=0 and w =0. 


This approach also gives a simple solution for the sense of 
rotation of u, which is defined by the direction of [RR'], which forms 
a right-hand screw with the direction of rotation of u. 


We have the general case of elliptical polarization if neither 
(45.4), (45.5), or (45.9) is obeyed; here the magnitude and direc- 
tion of the principal semiaxes of the displacement ellipse are given 
by (22.22) and (22.23), with p and q replaced by u”’ and u°": 


8, 


a — ro] — 


= (ue Pia) + V (Ca Pa” 22 — 4 faa |?} 


(tae Pa" Pe — Va” Pa” PP — 4 [a I 


(45.11) 
aji{a" (aa || -- a2a |!{a® [a a" | | — an”, 
bl{e™ JaM a || — Pa? Va" Jaw) ) — 62u™. 
Then 
ae 4-6 (n'y, ab [aa p’. (45.12) 


The general formulas of (45.11) include the particular cases 
of circular polarization and linear polarization. In the first case 
we see from (45.4) that the expression under the root becomes zero, 
and we get the radius of the circle of vibration as 


[RI = [a | = [a |. (45.13) 
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In the second case [u°'u’"|=0 and b?=0, so for the maximal length 


of R we get: * 
lajJ== R= a" y +a"? = fal. (45.14) 
We have seen in section 22 that w’' bisects all chords of the ellipse 


tt F : 
parallel to u”’ and vice versa, so u"' and u°" are conjugate semi- 
diameters of the ellipse. 


Even more convenient and compact relations are obtained if 
we use uw’ directly without resort to u"' and uo". We can put (45.3) 
in the form 


Re? == |p| 2 (45.15) 


Thus R is real and lies in the plane of uw” and u°", or (which is the 
same) in the plane of u’ and uw? , so it must have the form 


|S ae 5 (an + a*u), (45.16) 


We substitute (45.16) into (45.15) to get for the complex scalar a 
that 


ed beeen (45.17) 


The principal axes of the ellipse of (45.15) correspond to 
turning points in R® subject to (45.17). As usual, we form the func- 
tion 


{[@2y= + (a2u 4 o* we"? 4. Qaa* | 9/2) — 2 (ax* — 1), 
in which A is an undetermined multiplier; here a@ and ~* must be 


* For a complex vector, |u| denotes the modulus, i.e., the positive 
square root of the scalar product of the vector by its complex 
conjugate: 


lu) = Va = Via" + ia”) (ua — ia") = Va Pa? = | 


[see (45.1)]. 
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considered as independent variables, since each is expressed via 
two independent parameters (the real and imaginary parts of q@). 
We equate to zero the derivatives of f with respect to aw and a* to 
get 


wo + ({u9|2— 2)a*=0, ({w9f?—2Qatu”’a*=0. (45.18) 


We multiply these by aw and a*; in addition, with (45.17), then gives 


k= (a2u” 4 aw 4 2/02] u9|2) = Rexr. (45.19) 


On the other hand, we have an equation for A: 


nu” | 4°]? — 2h 
Pd ee fa |? —(|u|?—22?=0, (45.20) 
whence 
l , 
Ka= (a)? + |a™ |). (45.21) 


The upper sign corresponds to the major semiaxis and the lower to 


the minor one, so 


l ; ] 2 
a= (\u P+ ju"), b= 5 (Ju? — fu"), (45.22) 
Then we have 
ju” | =a?— 67, |u|? =a? + 8?, (45.23) 
1 
a’b? =F (|2°|4 eae |"? |2) — eh ; [2% u* |? aus lf] 2, (45 .24) 


Here we use the following relationships for the complex vectors: 


Jul? aa", (aa)? = we — (uu)? = |u|? — [ul (45.25) 


But 


| a]? == |? = (4)? + (0)?, (45.26) 
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ja | — | 2? | —_ | (a)? — (a)? 4 Qt’ "| = 


(a)? — (a PP? + 4 (a we”), (45.27) 
SO (45.22) coincides with (45.11); (45.18) gives @ as 


a ———— ee ee 


oe? 
qe P ae (45.28) 


Multiplication of numerator and denominator by a@ and use of 
(45.17) and (45.21) gives 


| 2? | 
go = a (45.29) 


Then a for the major semiaxis is 


Ted | ve 
wa fT eat Vlas aie (45.30) 


and for the minor semiaxis is 


| a? | a a” 
ol, wa alV a. (45.31) 


Here the upper or lower sign may be taken. For example, taking 
the upper sign in (45.30) and the lower in (45.31), we have by sub- 
stitution into (45.16) that 


02 a 
Rmax == 5 ( Wed | 19 +- a La"), (45.32) 
u” 


Rnin = p=—4(7/' ie al su). (45.33) 


It is readily seen that ab=0. 


Eqs. (45.32) and (45.33) mean that a and b (radius vectors of 
the major and minor semiaxes of the ellipse described by u) are 
given in magnitude and direction by the real andimaginary parts, 
respectively, of the following complex vector: 
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a= qu’ =a + ib. (45.34) 


This vector differs from wu? only in multiplication by the scalar 
complex unimodular factor ¥ a? | Ar”? , which transforms wu? and the 
corresponding ellipse to the principal axes. Further, we have 
from (45.34) that 


uu? == |u|? (45.35) 


As criterion for the direction of rotation we have, since 
{wu*) == — 2 (uu), (45.36) 


that the real vector ifu*u] must form a right-handed screw with 
the direction of rotation of u. 


Formulas (45.15), (45.20)-(45.27), and (45.32)-(45.35) still 
apply if the amplitude wis replaced by the complete vector u= 


u’el?, since the phase factor eiY cancels out. The uy derived from 
u via (45.34) is called reduced, and uy is multiplied by the modulus 
of the factor when u is multiplied by an arbitrary complex scalar 
factor. Replacing u by u, =fu in (45.34), we have 


ty, = (bu), = Y/ HEE! Bu = [Blu (45 37) 


This multiplication leaves the shape and orientation of the vibration 
ellipse unchanged, the size being increased by a factor |B |. Hence 
the reduced vector for the total field vector u=u°e!? and for the 
vector amplitude u’ are the same. 


The direction of rotation also does not alter when u is multi- 
plied by an arbitrary complex scalar factor f£, since [uu*] is then 
multiplied by |@|*, so the sign of if{uu*] remains unchanged. Thus 
multiplication of u by an arbitrary fixed complex number alters 
nothing except the size of the vibration ellipse, so we can easily 
establish the relation between the polarizations of two vibrations 
u and uw, occurring in a single plane and satisfying uu,=0. Letn 
be the normal to the (u, u,) plane; then nu=nu, =0, and so u,= [nu] = 
[nu,], where uy=fu. But nis a unit real vector, so R,;=(nR,] from 
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(45.2) and R? =R, and so the real vectors 
R, and R, always remain equal and mutu 
ally perpendicular during their periodic 
variation. The curves they describe 
therefore have the same shape, size, and 
sense of traversal, but the two curves 
are mutually perpendicular (Fig. 18). 


From (45.32), (45.33), and (45.36) 
it follows that replacement of u by its 
complex conjugate u* leaves the vibra- 
Fig. 18 tion ellipse unchanged in shape, size, 
and orientation, but that the sense of 
traversal is reversed. 


The condition for linear polarization is given by (45.9) and 
(45.36) as 


[uu*] =0. (45.38) 
For circular polarization we have 
u? == 0, (45.39) 


sou must be zero or an isotropic vector. 


The following general relationships apply to any complex 
vector: 


| |4 4-[uu*}? = |u|’, (45.40) 


|{wue,]|? = |a[? [ay]? —| au, Q, (45.41) 


so for linear polarization we must have 
js]? == |a?|, (45.42) 


and for circular polarization 


|w|4 + [wu*]? = 0, (45.43) 
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or 
||? = |{au")]. (45.44) 
The radius of the circle is given by (45.13) as 
l , l ; 
[Ri =szlete |= sla—#'|, 
or 


R| = pga (45.45) 


Normal n to the plane of u also enables us to obtain relation- 
ships that completely define circular polarization. Condition 
(45.39) may be considered as the condition for u to be orthogonal 
to itself. On the other hand, un=0, so u, being orthogonal to u and 
n, may be put as 


u =P (nu). (45.46) 


Scalar multiplication by u gives u’ = 0, which is (45.39). Vector 
multiplication by n gives 


[nu] = 8 [n [na] |] = — Ga. (45.47) 


Comparison of (45.46) with (45.47) gives B° =-1l, B=+i, so 
ut! (nu). (45.48) 
Scalar multiplication by u* gives 
in{uu*)—=+|a|*. (45 .49) 


From (45.36), here the upper and lower signs correspond to op- 
posite senses of description of the circle. 


In (49.38)-(45.49) we can understand by u the total variable 
vector of the wave or the complex amplitude u’: the result is pre- 
cisely the same. 


The shape of the polarization curve may also be judged from 


pe | (45 .50) 
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From (45.22), the ratio of the squares of the semiaxes of the po- 
larization ellipse is 


b= =6l—Y 
qe ae (45.51) 


1.e., is completely determined by y. We have from (45.38) that 
for linear polarization 


u* = Bu, (45.52) 


in which 8 is a complex scalar. Taking the modulus of both parts, 
and remembering that |u* |=|u|, we have 


i 


|p| =1. (45.53) 


We multiply (45.52) scalarly by u and take the modulus of both 
parts to get |u|?=|u’|, which coincides with (45.42). Conversely, 
it is readily shown that (45.38) follows from (45.42), so y takes the 
value one for linear polarization, while y =0 from (45.39) for cir- 
cular polarization. Finally, for the general case of elliptical po- 
larization we have 0< b’< a’, so from (45.51) we have 0<y< 1. 

A further criterion for the form of polarization is then 


{ == 0 — circular polarization, 
0 < y¥ < 1 — linear polarization, (45.54) 


{=7 1 -- elliptical polarization. 


Obviously, the necessary and sufficient condition for the polariza- 
tion curves for two different vectors to coincide is that their y 
coincide. 


The general relations (45.32)-(45.54) for the polarization have 
the advantages of being invariant (independent of the coordinate 
system) and of being formulated for the complex displacement vec- 
tor of the wave as a whole, so there is no need to separate u into 
amplitude and phase factors in order to use them. 


These relationships for the polarization of the displacement, 
as represented by the complex vector u, can be transferred to any 
complex vector, no matter what its physical or mathematical sig- 
nificance. 
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The following are some general definitions [17] on this basis. 
We are given an arbitrary three-dimensional complex vector 


A=A + 1A"; (45.55) 

which will be called 
linear if [AA*]) = 0, (45.56) 
nonlinear if [AA*] + 0. (45.57) 


In turn, a nonlinear complex vector A is called 
linear if A?7—0O, (45.58) 


elliptical if A* # 0. (45.59) 
Finally, an elliptical vector A is termed 
canonical if A” — A’ (45.60) 


The meaning of these definitions will be quite clear from the argu- 
ments of this section; in particular, we can give the following brief 
but exact and complete definition of an inhomogeneous wave: a 
plane wave with a nonlinear refraction vector. 


46. Inhomogeneous Waves at a Free Boundary 


Section 44 allows us to characterize the polarization of in- 
homogeneous waves propagating in an isotropic solid. The "longi- 
tudinal" wave of (44.24) is elliptically polarized in the plane of the 
refraction vector Mg, which from (45.60) is canonical, because 
(44.21) gives its Square as real. 


It is readily shown that the "transverse" wave of (44.25) can 
be linearly polarized, for the vector 


uw) =[mym{] = — 27[mimj{} {ut | = 0) (46.1) 


satisfies (44.25). The direction of the linear polarization is per- 

pendicular to the plane of the complex nonlinear refraction vector 
m,; here section 45 (Fig. 18) shows that the polarization ellipse of 
vector uw is orthogonal to the ellipse of m, (ujym,=0). The general 
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expression for u, is a linear combination of these two vectors with 
arbitrary complex coefficients, so in the general case the polariza- 
tion of u; may range from linear to elliptical, the direction of the 
plane of u, varying within wide limits. We introduce a unit vector 
p perpendicular to the plane of m,, which may be defined via 


2 i 
i| m, m,| 


| rs ar a (po = 1, = Q, == p*). 46.2 
| a, ma] p pm, P=Pp) ( ) 


Then the general expression for the displacement of the "trans- 
verse" wave is 


u,—=C\p +C, [pn], (46.3) 


in which C,; and Cy, are arbitrary complex coefficients. The square 
of u, is [see (44.22)] 


pC Cy a ae — C2. (46 .4) 


Taking Cy =4 iVvaCy, we get ul =0, so a "transverse" inhomogeneous 
wave in an isotropic medium can be circularly polarized. The 
plane of u, (the plane of polarization) must have a definite orienta- 
tion relative to m,;. Here vector u, takes the form 


w= C(p £iValpm]|)=C((op = Valpmi])+iValpm,]). (46-5) 


Figure 19 shows the corresponding vectors; it is clear from this 
that the plane of u, passes through the vector OB=Va[pm]] and the 
vector OA, or OAg, which is equal to p+ Va[pm;]. The inclination 
3 of the plane of polarization to the normal p is given by 


(46.6) 


tan = Val|pmi]|—= Val mi | 
i.e., is proportional to the length of the extinction vector (section 
44). The end of u, describes a circle in this plane once per cycle. 
This shows that the plane of polarization of u, in the "transverse" 
wave may lie at an angle to the plane of m,; this angle, and the 
angle of the plane of polarization to p, may vary, C; and C, being 
the decisive quantities. 
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Fig. 19 


Now we consider two particular boundary problems that arise 
for inhomogeneous elastic waves. The first is a logical extension 
of the case discussed at the end of section 42 (Fig. 16), where we 
saw that a transverse wave incident at a limiting angle zy, defined 
by (42.40) via 


p= 6, uy—= Cob, (46.7) 


b , 


+- 


will give rise to a reflected longitudinal wave propagating parallel 
to the boundary of the isotropic medium. An angle of incidence 
greater than zy, (Fig. 16) does not allow line A'B' to intersect or 
touch the longitudinal-wave sheet, so the point of intersection will 
be imaginary. Then for % > y) we have 


l 
ato’ 


2 
= [ neiq] = mi sin’ > mij sin? bo = 


(46 .8) 


SO E becomes purely imaginary: 
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and the refraction vector of the reflected longitudinal wave becomes 
a complex nonlinear vector: 


my =btlg, m= (46.10) 


a+b° 


This is the case of an inhomogeneous wave of formulas 
(44.21) and (44.24); from (44.2) and (44.6), 


nm, = ting, uw we tend elv(br—t) (46.11) 


The amplitude of this wave will increase without limit away from 
the boundary (qr< 0) if we take the upper sign, so the lower sign 
should be taken in (46.10), which causes my, to be uniquely deter- 
mined by the boundary conditions. The displacement vector of 
this wave is ug =Cypmp, in which Cj is given by (42.34); also, £)= 
—in, so this coefficient is complex. Further, the above argument 
shows that this reflected inhomogeneous "longitudinal" wave is 
elliptically polarized, the polarization ellipse lying in the plane 
of incidence with its major axis b parallel to the boundary plane. 
The phase planes of this wave are perpendicular to b=mp, so they 
propagate along the boundary. 


We assume the incident transverse wave to be polarized in 
the plane of incidence, since components normal to the plane of 
incidence are reflected independently (sections 42 and 43). The re- 
flected transverse wave is also linearly polarized in the plane of 
incidence, because its displacement uj = C,(é,b— a’q) is a linear 
vector. From (42.34) with £,;=—in, we have that the amplitude co- 
efficient satisfies 


| C2 | =| Col. (46.12) 


This relation coincides with the corresponding result for the re- 
flection of electromagnetic waves under analogous conditions 

() > %, i-e., for internal reflection), but the analogy is restricted, 
because elastic waves are always totally reflected ata free bound- 
ary, since no wave is produced outside the medium. 


The second case of inhomogeneous waves at a free boundary 
of an isotropic body is related to the different formulation of the 
boundary problem given at the end of section 41. So far we have 
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taken the incident wave as given (via the refraction and displace- 
ment vectors), but a more general approach is to assume that all 
possible waves are present at the boundary and then to determine 
what combinations of these waves can Satisfy the boundary condi- 
tions and the equations of motion, and what values of the param- 
eters are required to do this. This problem will be considered 
first for the free boundary of an isotropic medium. From (41.17) 
and (41.23), all the refraction vectors must have the same projec- 
tion b on the boundary plane, while their projections é on the nor- 
mal q are given by m’=1/(a+b) and m’ =a, so there are four pos- 
sible values for €: two for longitudinal waves (+£,)): 


= + Vag, mi xb tag. (46.13) 


which correspond to two longitudinal waves 


uy = Cy my = Cy (6b + ing). (46.14) 
and two (+ &;) 


a) ta, wees (46.15) 


which correspond, from (42.18), to four independent transverse 
waves: 


uy =Cia, uy =CF(a'gz2,8). (46.16) 


The boundary conditions of (41.17) for the refraction vectors are 
Satisfied no matter what a (or b) may be. It remains to satisfy the 
boundary conditions of (41.33), which for isotropic media take the 
form of (42.36) and lead to the equation 


oz (ci +Cy)q + 2a2 (Cy mg — Cy m;) + 
+ af (Ci —Cr)a + §,(CF(a?q — 6) — Cy (a’q + §,6)) + 
+a°(Ci mi + Cz mj)] 0. (46.17) 


But a, q, and b are linearly independent, so this splits up into three 
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equations: 
(Ci —Cr)=0, (46.18) 
(1 — 2aa’) (Cy +. Cy) 4 2a%,a’ (Cf —Cy)=0, (46.19) 
2aks(Cy —Co)—(1 — 2aa*\ (CH + C7) =0. (46.20) 


Here we do not consider as givena priovi either a or any of the 
Cz (s=0, 1, 2), which is why the former symbols Cg and Cs are 
not used, for these distinguish the given incident wave from the 
unknown reflected one. To these we join the equation 


I 


my. Mo 


ita’, (46.21) 
whereupon (46.18)-(46.21) together cover all possible cases of 
plane monochromatic waves at the free boundary of an isotropic 
medium. In particular, these contain the solutions to all the prob- 
lems considered in section 42. In fact, if we specify a’ and an in- 
cident longitudinal wave sa ae 7 and also assume that there are 
no other incident waves (Cf =0), we get system (42.21)-(42.23). 
Putting Cy =C,, Cy =Cz =0, we ta the problem of (42 .382)-(42 .34). 
However, the system of (46.18)-(46.21) contains far more than 
this, for it allows us to examine all possible combinations of plane 
elastic waves at a free boundary. Equation (46.18) is unrelated to 
(46.19) and (46.20), so we may consider only the latter two. For 
example, we may ask whether there can be a wave combination 
such that C. =C, =0. From (46. ma and (46 eae it follows at once 
that this is possible either for Ci 3C.= =1-2aa*=0 or for C{+Cj = 
£,=0; the same result is obtained from (42.24) and (42.25). 


Consider now the possible existence of the waves Cf, Cy 
(Cp =Cy =0). System (46.19) and (46.20) becomes 


(1 — 2aa’)C§ + 2at,a°C} = 0, 


(46.22) 
2QatCct —(1 —2aa’)C} = 0. 


For Ci, Cy to be different from zero we must have 


(1 — 2aa’)?? + 4a%:,:,a? =0. (46 .23) 
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This is possible only if either a’< 0 or €9&,< 0. The first can be 
disregarded, because b=([qq] is a purely imaginary vector if ais 
purely imaginary; but then the extinction vector (section 44) will 

be parallel to the boundary plane, and the latter is taken as infinite, 
so the wave amplitude will increase indefinitely in some direction. 
As regards &, and £,, they are, from the definitions of (46.13) and 
(46.15), positive if they are real; thus we only have to consider the 
case of €) and £, purely imaginary, which occurs if 


as — (46.24) 
Thus we put 


F 1 : 1 
en eeserat er, 1= | a? or (46.25) 


the signs of &) and é, being identical. Equation (46.23) gives after 
squaring that 


(1 — 2aa’)4 = 16a‘q! (a? — 5] (a? — sar) (46 .26) 


~ 


We expand the brackets and introduce the symbols 


22040 pee! 46.27 
= eg ee (46.27) 

to get 
2(1— g) x? —2(3 — 2g) x? + 4x —1=0. (46.28) 


Only real x > 2 are physically significant [see (46.24)]; it is found 
[38] that this equation has only one such root for any actual iso- 
tropic medium, the value being 


219 ox 262 for Oc gc. (46.29) 


The lower sign must be taken in (46.25) if the amplitude is not to 
increase above the boundary. Thus 


wees x I ae x —?2 
bo == Vy on Gace yal y/ 5 (46.30) 
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From (46.22) we get Cj/xé,=Ct/(x—1)=C, so from (44.6), (46.14), 
and (46.16) we have 


t= C| xy (b+ gq) ev olra +. (x — 1) (s-4 — i) ge ti Ira | ele Or—2), 
(46.31) 


This represents a plane wave propagating parallel to the boundary 
surface along the direction of b with the phase velocity 


l l Ya 


U8= OZ —- 


Tw (46.32) 


eo 
From (46.31), the amplitude u° is of rather complicated structure: 


x—l 


wo = x | 7 1 — JEgh Le) gti] & |((e— 1 em — xe%) b, (46 .33) 


inwhich ag=w|&|rq, a,=w|é&|rq. The wave is elliptically polarized 
in the (q, b) plane in the general case. The shape of the ellipse is 
dependent on the distance rq of the point in the medium from the 
boundary; it is readily deduced via the methods of section 45. The 
principal axes of the ellipse are parallel to b and q. Linear polar- 
ization is possible only at those points where ruou?* ]=0, i.e., when 


ipa ces 46 34 
pe EE Da ee | ( 
or 
ponte (46.35) 
x 


Now |£,|>|é,| and rq=0, so a)~— a,=0, and hence e0~ “1<1, and 
thus (46.35) must be obeyed at some distance from the boundary; 
the vibrations will be linearly polarized along q (normal to the 
boundary) at points on some plane parallel to the boundary. Condi- 
tion (46.34) cannot be obeyed, because 


Sista Pee clack) 


so linear vibrations parallel to the boundary are impossible. 
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The amplitude decreases exponentially away from the bound- 
ary, so the energy of this wave is largely localized near the bound- 
ary; the waves of (46.31) are therefore called surface waves or 
Rayleigh waves, since they were first studied by Lord Rayleigh in 
1887 [39]. 


It is simple to generalize the results of section 43 to the free 
boundary of any crystal. In place of (43.7) we may put (41.33) in 
the following form, by analogy with (46.17): 


Ciug + clu} +cfuy + crus +Cruy +CyUy = 0, (46-36) 


in which the Us are defined by (43.8), while the corresponding pe 
are found as the possible solutions to (43.16) for some b; they are 
therefore functions of b. Thus (43.8) in principle allows us to find 
all the Us as functions of the Cijln> 4 and b. The most general 
boundary problem then becomes that of finding all possible Cs and 
b that satisfy (46.36). If we specify b one of the Cs (incident wave), 
while seeking to determine Cg, this will be the usual approach to 
reflection from the free boundary of a crystal, which was consid- 
ered in section 43. If, on the other hand, we takebas undetermined, 
as also some of the Cg (putting the others equal to zero), we in 
this way can find other types of wave analogous to the Rayleigh 
waves of isotropic media. 


Consider the following two cases. First consider the possi- 
bility of satisfying the boundary conditions of (46.36) in the pre- 
sence of two waves Uy and Up. In that case (46.36) reduces to the 
equation 


CU, 620.0, 0. (46.37) 


The following is the condition for the existence of finite C,) and C, 
that satisfy this equation: 


[UU] = 0. (46.38) 


This condition defines b, if the condition can be met; it also finally 
defines the expressions for U,) and U,, whereb appears as a param- 
eter, as well as C)/C,. This process has been carried through 
for an isotropic medium in (46.22)-(46.31). A scalar equation (see 
section 43) may be written in place of (46.38) for the case where 
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the plane of incidence is a symmetry plane of the crystal: 


a {UU} 0, (46 .39) 


Since Up and U, lie in the plane of incidence and a||[U)U,]. In the 
particular case of the orientation considered in section 43 for a 
hexagonal crystal, we get from (43.46) and (46.39) that 


PAF, PQ)ib+ PQ G+E)t PiQky—0. (46-40) 


This equation here replaces (46.23). Taking an isotropic medium 
as a particular case of a hexagonal crystal (section 43), we can 
show simply that (46.40) becomes 


(4aba? — (a+ b))& —(a+ db) =0, (46.41) 


which is a different form of the condition of (46.23) and leads to the 
same equation (46.28).* 


Now consider the possibility of relation (46.36) for the case 
of three waves: 


CU, + CU, + CU, =0. (46.42) 


which implies linear dependence of vectors Ug, U;, Up, then the 
condition for finite Cy, Cy, C, becomes 


U, [UU] =. (46.43) 


It is readily seen that (46.43) reduces to (46.39) for isotropic me- 
dia, since U,|la (section 43), as when the plane of incidence coin- 
cides with a symmetry plane of the crystal; (46.42) in this case 
splits up into C;=0 and (46.37). However, we cannot assert a priori 
in the general case that (46.42) and (46.43) are equivalent to 

(46.37) and (46.39) and give nothing new. This aspect requires ex- 
amination. 


* This may be shown by multiplying (46.41) by )—&» [See (43.46)] 
and expressing Ee é in terms of a’. 


Chapter 9 


Elastic Waves and the Thermal Capacity 
of a Crystal 


47. Statistical Theory of the 
Thermal Capacity of a Solid 


Dulong and Petit in 1819 discovered the rule that the atomic ther- 
mal capacity of any solid is 6 cal/deg. This rule agrees well with 
experiment for suitable high temperatures, and classical statistical 
physics readily explains it by considering each atom as a three- 
dimensional harmonic oscillator with quasielastic binding to some 
equilibrium position, the distribution of the energy over the degrees 
of freedom being invoked. This distribution indicates that each de- 
gree of freedom at equilibrium has the same energy kT/2, in which 
T is absolute temperature and k is Boltzmann's constant, which is 
1.38044 x 10°*® erg/deg. The three degrees of freedom in the mo- 
tion of a harmonic oscillator therefore have 3kT/2, but the total 
energy present is twice this, because the potential energy of an 
oscillator is equal to the kinetic energy per oscillator is therefore 
3kT, and the energy per mole is 


U == Skt = 3RT, (47.1) 


in which L =6.02486 x 107° mole“! is Avogadro's number (the num- 
ber of molecules in a gram-molecule) and R is about 2 cal/deg 
(the universal gas constant). Then the specific thermal capacity 
at constant volume is 


C= Cy =54 =3R ~6 cal/deg, (47.2) 


which is Dulong and Petit's rule. 
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However, there are marked deviations from this rule, especi- 
ally at low temperatures; the thermal capacity also tends to zero 
as T—0. Einstein explained this by replacing the classical expres- 
sion by Planck's quantum value for the mean energy of a one-di- 
mensional oscillator of frequency w: 


Ari 
= Soar (47.3) 


in which h=1.05439 x 1072! erg-sec is Planck's constant. Then the 
mean energy per mole is 


uaa — She gp lk (47.4) 


7 
ptolkT an | pia RT — | 


For hw/kT <1, (high temperatures) we have ehw/kT ~1+hw/kT + 

, and (47.4) gives the result of (47.1); but (47.4) gives C=dU/dT 
as approaching zero for T—-0. Thus (47.4) is in general agree- 
ment with experiment for the limiting cases of high and low tem- 
peratures. Also, (47.4) shows that a rise in w is equivalent to a 
fall in temperature; w should be higher for solids in which the 
atoms are more firmly bound to their equilibrium positions, 1.e., 
the harder solids, so these should tend, from (47.4), to have a 
lower thermal capacity at any given temperature. This is actually 
so (e.g., for diamond), but (47.4) still deviates from experiment. 


Debye extended the theory oi the specific heats of solids. 
Formula (47.4) represents the energy of a system of 3L indepen- 
dent harmonic oscillators all having the same frequency; but the 
atoms of a crystal lattice are very firmly bound, so their vibra- 
tions cannot be considered as independent. In fact, the crystal has 
to be considered as a system of coupled particles vibrating as a 
whole. In any case, the number of possible modes of vibration in 
such a system equals the number of degrees of freedom of the N 
particles, i.e., 3N; quantum theory gives the mean energy of any 
one mode as dependent only on frequency in accordance with (47.3), 
so the energy of a volume V must be deduced from the number of 
possible modes. The number between w and w+dw is dN,); the 
total energy is then the sum over all possible frequencies: 


u= | e, dN, af a NON 2, (47.5) 


elto/kT 
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In deducing U we may follow Debye and use a phenomenological ap- 
proach in place of a microscopic examination of the modes of the 
coupled atoms; the crystal is then treated as a continuous elastic 
medium, and the spectrum of the proper modes of the individual 
atoms is replaced by the spectrum of elastic oscillations for the 
crystal as a whole, in which we consider only the low-frequency 
modes, whose wavelengths are large relative to the distance be- 
tween atoms (acoustic waves). The discussion is usually simpli- 
fied by considering a body in the form ofa cube of side A. The 
proper modes consist of all possible standing waves that can per- 
gist in this cube. A standing wave will be set up by a wave travel- 
ing parallel to an edge A if this length contains an exact number of 
half-wavelengths; a wave normal nof any other direction requires 
that the projection of an edge on n be an integral number of half- 
wavelengths. This leads to the following conditions of periodicity 
at the faces of the cube: 


mA=hy, mA=hy. mA=l;>, (47.6) 


in which (nj, Ny, ns) =n, and 14, 1), and 13 are positive integers. We 
introduce the wave vector 


k= a= 7% (47.7) 


to put (47.6) as 
A 


Consider an elementary volume (dk) =dk,dk,dks in wave-vector 
space; from (47.8) we have that this corresponds to the following 
number of proper modes: 


3 
dN, = dl; dl; dly = 4, dhy dhy dky = +; (dk), (47.9) 


n which V =A? is the volume of the body. By analogy with (47.5) 
ve get the energy of volume V as 


: V 
u= fe aNe= a. sar (47.10) 
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Converting to spherical coordinates in space k, we have 
O 
(dk) =k? dk dQ = 0? dw <. (47.11) 


Here we have used the fact that the phase velocity v=v(n) 1s a 
function of the direction of the wave normal according to (15.21) 
and (15.22) but is independent of w (i.e., we neglect dispersion, 
which causes Ajkjm to vary with frequency). Then dk=dw/v for a 
givenn. Further, for any given n there are three isonormal waves 
differing in velocity (v,, vo, and v3) and in polarization, so the total 
number of proper modes must be found by summation over these 
three. Then the energy of (47.10) is replaced by 


V = l l l 


The factor 1/8 appears because the integration is carried over one 
octant for positive integers 1,, 15, 13. We put 


2 
1 1 ] 1 ») l 


s=0 


to give (47.12) the form 


U= Vi fe? ie, (47.14) 


The integration with respect to frequency here runs from zero up 
to some maximum frequency, which is found from the condition 
that the number of proper modes equals the number of degrees of 
freedom. Let Ny be the number of molecules in volume V; then 
there are 3Ny degress of freedom, provided that each lattice node 
is filled by a complete molecule of the substance (molecular crys- 
tal). The parts of the molecule lie at different nodes in an ionic 
crystal, so the number of degrees of freedom is increased by a 
factor equal to the number of nodes per molecule. This is obvious, 
because the parts of the molecule at the various nodes (atomic 
groups, ions) may be considered as separate particles. Lets be 
the number of distinct structural nodes per molecule; then a vol- 
ume V has 3sNy degrees of freedom, and from (47.9) with (47.12)- 
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(47.14) we have the condition for the maximum frequency as 


GQ) max 
f dvys=shVl / w? dw = 3sNy, (47.15) 
or 
[8n2sN_ \"%s 
Orage (4) (47.16) 
Then (47.14) becomes 
GQ) max 
as hw® do 
U= 5, vif =n. (47.17) 
0 


We introduce the new variable of integration x=hw/kT and put 


Q = rome (47 18) 
to get 
0 
_ (kT)* xi dx 
U= VIS | a: (47.19) 


This © is known as the characteristic temperature (Debye temper- 
ature); from (47.16) and (47.18) 


18x7A°sN_, 
(RO)SV ' 


(47.20) 


so (47.19) becomes 


0/T 


u=9sn,er (Z)' f oe. (47.21) 
0 


The upper limit in the integral increases without limit as 


T-—- 0; since 
co 
le ot 
= 
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so we have that (47.21) for low temperatures gives us the energy 
of one mole of the substance (Ny =L) that 


U =. (47.22) 
The molar ther mal capacity is 


This Cy tends to zero as T—0, in accordance with experiment. 


Also, ®/T «1 for high temperatures, and the integral is ap- 
proximately (@/T)/3, which gives Dulong and Petit's rule. Thus 
Debye's theory agrees well with experiment for the limiting cases 
of low and high temperatures; but Debye's formula (47.21) is how 
exact, because the wmax of (47.15) has been defined on the basis 
that the set of modes corresponding to the degrees of freedom is 
represented solely by low frequencies starting at zero. This as- 
sumption becomes more accurate as the temperature falls, since 
the proportion of high-energy (high-frequency) excited quantized 
states increases with temperature. This means that measurements 
of specific heat and elastic constants near absolute zero play a 
special part in testing Debye's theory. 


The quantities in (47.21) dependent on the properties of the 
substance are s, Ny,and ©. Let Ny=Ny/Vbe the number of mole- 
cules (atoms) in unit volume. Then we may put 


l 
Nay (47 .24) 
in which Vg is the average volume per node (the atomic volume). 
Then from (47.20) and (47.24) we have the characteristic tempera- 
ture as 


__ A (18n2sNy \Vs__ hh [ 18K? \%s 
@=¢(— 4) =4+(a-] ; (47.25) 


The phase velocities are independent of direction in an isotropic 
solid, so the average of (47.13) is not needed, and we get, since 
Vi-Vo> that 
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Le ee 
fot. (47.26) 
Up vj 


However, it is a complicated problem to determine I for crystals, 
and this is considered in the sections that follow. 


48. Computation of the Debye Temperature 


This theory shows that any given solid has its own specific 
Debye temperature, which is given by (47.25) as 


8=CiIV,) (48.1) 
in which C is a function of universal constants only: 
h Rel 
C= (18r*)", (48.2) 


while the I of (47.13) equals the sum of the inverse cubes of the 
phase velocities averaged over all directions for the wave normal: 


'=(a tata) (48.3) 


Section 15 gives the squares of the velocities as expressed via the 
reduced elastic moduli A, =(1/p) cya - The ¢yg listed in the tables 
are in units of 101! dyne,; cm’, while p is in g/ cm’, so the velocities 
(and also I~/*) are in units of 1011/2 em/ssec. If Va is put in cm?®, 
we get C as follows: 

1.05439 10727. (1822). 10" 


—5 
1.38014. 10-1 ees 


C= 


Alternatively, for Vg in 10-*! em’, we get from (48.1) that 
8 = 135.78 (/V,)~ *. (48.4) 


However, the tables do not always give Vg, but these can be deduced 
from p, Avogadro's number L, and the molecular or atomic weight 
A via (47.24): 


_ ls 48.5 
Va an ~ esl’ ( ) 
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Then instead of (48.4) we have 


@ — 1146.8 (-8)". (48.6) 


Hence a theoretical derivation of the Debye temperature reduces to 
derivation of I from the known elastic constants. It has always 
been the case that the derivation of I for a crystal has involved 
cumbrous calculations, which recently have been deputed to com- 
puters [40]. Several methods have been proposed [43-50] for I, in 
view of its considerable interest, but detailed calculations have 
been performed only for a few cubic and medium-symmetry crys- 
tals, for which the symmetry simplifies the calculations. The en- 
tire calculations must be done afresh for each crystal because 
numerical methods are used with particular values for the elastic 
constants. 


Sections 29 and 30 of Chapter 5 present general approximate 
methods for the phase velocities of elastic waves in crystals of all 
types, which not only very greatly reduce the volume of computa- 
tion for I but also give general expressions for I in terms of the 
elastic constants for each system. 


The simplest but roughest method for I is to replace the crys- 
tal by the isotropic medium on average most similar to it by the 
method of section 26; (26.12) and (26.13) give the elastic constants 
of this fictitious isotropic medium as 


Cm = An + On = (nan), a, => (CA,) —(nAn)), (48.7) 


or, from (26.18) and (26.19), 
l l 
Cm = 75 (hike + rier)» aim = 39 (Shreve —)iipe)- (48.8) 


We introduce the components of the six-row matrix Aap (section 6) 
in place of the Aik/m in the latter equations to get 


l ; 
Cm 15 [3 yy hoo + hg) -+ 4 (hag Ass hgg) ae Qi hog ds)]. (48.9) 


l 
Om = 5 [Arr 1H Aga 33) + 8 (hag EAs + Age) — Ago —-b hag + gn] (48.10) 
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For an isotropic medium with the parameters of (48.9) and (48.10), 
Uj=42,+b,=t, ova, (48.11) 


so from (47.26) 
f= 1, = ch 2aq*h, (48.12) 


There is no difficulty in computing I from this [41], but the result 
is of low accuracy. 


Values of I as accurate as may be desired may be obtained 
by using the approximate methods of sections 29 and 30 [53], but a 
modified form of the methods of those sections is more convenient. 
In sections 23 and 30 we used an isotropic medium most similar to 
the crystal for a given n, which gave a better approximation, but 
with parametersa and b dependent on n, We have to average over 
all n to find the I of (48.3), so the dependence of a andbon ncom- 
plicates the problem. In other words, vo, vj, and vy are obtained 
more accurately if the parameters of the isotropic medium are 
functions of n, but then the averaging must be done approximately, 
which means that some accuracy is thereby lost, while the expres- 
sions become much more complicated.* 


Therefore we consider an approximate theory entirely analo- 
gous to that of section 29 but based on the isotropic medium on 
average most similar to the crystal [54]. We represent tensor A 
for the crystal via (26.2) and (26.3) in the form 


A=A, +A, =a+ b-n+a), (48.13) 


in which a and b are defined? by (26.13) or (48.7), where by analogy 
with (27.24) 


a= (1/b) Ay, = (1/5)(A-A,,) = (1/b)(A-a- nen), (48.14) 


Then the following weaker conditions [see (26.11)] are obeyed in- 
stead of (27.25): 


* But they are then much simpler [53] than when all other methods 
[43-50] are used. 
1 Subscript m to a and b has been omitted for simplicity. 
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<a> = an = 0. (48.15) 


This feature alters the relationships somewhat from those of sec- 
tions 27 and 29. By analogy with (27.45) we put 


visas be (48.16) 


but the derivation that gave the characteristic equation of (27.46) 
now gives 


&_ (lia, &4+ (a, - n+ 3,)&- (nan + lal) = 0. (48.17) 
From (48.13) and (48.16) we reduce Au=v-u to the form 
(Q-N +a) = Eu. (48.18) 
As in section 27, we substitute 
u-n+u’, un=0 (48.19) 
and multiply scalarly by n, getting instead of (27.49) that 
&€=-1+Nan+nau’. (48.20) 


We use (48.19) and (48.20) to give (48.18) the following form, which 
is analogous to that of (29.1): 


(l+Man+m“qyu' =k — kui’, (48.21) 


in which the vector 
k = (nfan, mn] = (1/8)(n[An, n]] (48.22) 


is analogous to the h of (27.24) and (27.27) but differs from the lat- 
ter merely in that the denominator b of (48.22) is constant and 
given by (48.7), not (27.7). By analogy with (29.2) and (27.57) we 
introduce the tensor 


] : - 
B= (1+ wis way? = eee, (48.23) 
(1+ Mon)(1 + Noh + 7.) +7, 


in which 


Pew a2 MDa, r= Mall =, (48.24) 
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Then (48.21) may be given a form corresponding to (29.3): 
u’— Bk — ku’. Bu’. (48.25) 


Obviously, we may now repeat all the arguments of section 29 that 
give approximate expressions for the displacement and velocity of 
the quasilongitudinal waves. The first iteration gives 


uy = Bk; (48.26) 
while the second approximation gives 
Uo) = Bk - KBk. B?k (48.27) 


and soon. From (48.20) we have for £, which defines the velocity 
of the quasilongitudinal wave, that 


€&=1+6, €=nam+ naw’, (48.28) 
while from (48.26) and (48.27) we have 
Eq) = Nan + Na Bk., (48.29) 


Eq) = Man + maBk - kK Bk -Nap’k. (48.30) 


The expression for €;) is correct up to terms of the third order in 
a, inclusive; that for e(,) is correct up to the fifth order; and that 
for €(k) 18 correct up to order 2k+1 in q@ (see section 29). From 
(48.23), (48.29), and (48.30) we have, retaining the terms of the ap- 
propriate order, that 


Eqy= a+ k*+ kak -ok* (@=Nhan) (48.31) 
Ea) = Eq) + k*(o? ~ 7, — k*) — (20 + 7) Kak 4 Kak(307 + 307, + (7,)° — 7) + 
+ K?(7a3 + 12077, + 6o0(7,)? + 30% 4+ 75% 4+ (GZ) - 3kak + 3ck?). (48.32) 
From (48.16) we have for the I of (48.3) that 
l= ((a+ b&,)3/2 + (a+ bE.) 3/2 + (a4 b€,)" 3/2 = 


=a 3/2 (14 r&,) 3/2 + (1+ 4€,)°3/2> + 073/72 (1 + FS eee (48.33) 
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in which 
c=a+b, r,=)b/a, 1,= b/c. (48.34) 


The binomial theorem gives us for the first approximation that 
3 15 , 35 
i, = a-s/2 <2 a) r(é, + é,) a 8 on Cary a &,) ae 16 re, # EE) af 


3 15 35 7 
Py oie Ge ene ge a eras co seme ee oa (48.35) 
¢ , 2 3 2 16 2 » 


and for the second approximation 


I= I, + = gate 10ri (EF * f>) va lin(é; + Se 


: =. c-3/2 C10rke* - 11rse>. (48.36) 


The relation between the roots of an algebraic equation and the co- 
efficients gives us from (48.17) that 


&+€,+é& = Lt+ae E(6,+&)+ G44 +a, - Ms 
so from (48.28) 


P= 6, +6,=0,— 6 p,=€6,=4,~7, = +O0G@ = 6. (48 .37) 


The symmetrical functions of the two variables ek and as in (48.35) 
and (48.36) can be expressed in terms of p, and py, i.e., in terms of 
€ via (48.37). In fact, 


ce 7m a. = pi ~ 2P., 
ee + a cad p; = 3p,p, a ele; a Ey =“ P2)s 
, + a = pi = 4pip, 7 20; = (fy + an) - 29,, (48.38) 
and, in general, we have the simple recurrence formula 


gee one és ml on (aes + &*) a ron Cay rea Ex —T). 
From (13.37), (48.24), and (48.37) we have 
an a ay = (2,)° ~ er 4 2(a = o> ai), (48.39) 


f+ &) = (a, - Slaca,+ 6 - 3(e-6 +4,) - 267), (48.40) 
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and so on. We substitute an approximation for e to get eS aek in 
the same approximation, where the k-th approximation is correct 
up to terms of degree 2k+1 in a, inclusive; unwanted terms are 
deleted from (48.39) and (48.40). For example, in the first approxi- 
mation we get from (48.31) that £74) =o°+2oK’ and E(1) =0°, so from 
(13.37) we get that (48.39) and (48.40) become 


fy + &) = (2’), - (man)? — 2(K? + Kak), (48.41) 


EP ~ E&P = (a, — Man)(a,(a, + man) - 3(kK? + 3) — 2(many’]. (48.42) 


We see from (48.33)-(48.36) that, once « and eka gk have been 
found, the problem reduces to averaging the expressions appearing 
in I over all directions of n. We see from (48.14) and (48.22) that 
the tensor 


1 
res ~ a- bn-n) 


contains the components of n as their squares, while o =nan con- 
tains these to the fourth degree, k* contains them to the eighth de- 
gree, and kak contains them up to degree 12. Thus the expressions 
in I in the first approximation contain homogeneous polynomials in 
the nj of degree up to 12; the k-th approximation similarly contains 
them up to degree 4(2k+1), inclusive. This means that we must 
envisage calculations of means over products of various numbers 
of components of the unit vector in the final calculation of I. The 
next section deals with the covariant solution to this problem. 


49. Averaging of the Products of Components 
of Unit Vector 


The I of (48.18)-(48.31) has to be found via the means of prod- 
ucts of large numbers of nj. Here this problem is discussed in 
general form via a covariant approach. 


Section 11 shows that the set of products n,n for all k and l 
forms a dyad (a tensor), and the averaging over all directions of 
n cannot alter the tensor character of this quantity, for an average 
is essentially a summation, and a sum of tensors is still a tensor. 
Hence we can say that <n,gnj> = ay or 


<n-n>=a, (49.1) 
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in which a is some tensor, which should not alter in response to 
any orthogonal transformation of the coordinates. Such a transfor- 
mation S (with s=s7}, see section 11) converts n to n'=Sn, while 

@ becomes a! =SqS7!, and (49.1) becomes q@'=<n'-n'>. But <n'- 
n'> =<n'-n>, since in both parts we have an integral over all di- 
rections of nor n'. Therefore a' =Sas7! =a, so a remains un- 
changed under any transformation S. There is only one tensor 
(leaving aside scalar factors) that has this property, namely unit 
tensor, so w must be proportional to unit tensor: a,y=cO,z;. Thus 
we have 


(11 ,M)) = Oar (49 .2) 


The constant c is readily found by taking the trace of both parts. 
On the left we have <n,n,> = <n*> =<1> =1, for the result of aver- 
aging a constant quantity is to leave it unchanged. On the right we 
have 3c, so c=1/3, and we finally have 
(1M) = 7 yy (49.3) 
Similarly, the mean of the product of four components of n 


can be expressed only via combinations of unit tensors, there being 
three such combinations in this case: 


(1M MyM) == 3; 98 pm_ + 081849 + OOlmrne- (49 .4) 


The left side of this is unaltered by any permutation of the sub- 
scripts, soonthe right we must have a=b=c. To find the common 
factor c we put i=k, l=m; on the left we get <n;nj> =1, and on the 
right 64j91] + 265703] =15, soe =VY15 and* 


1 
(1M pN{Nm) aa 715 8; 251m ae 88am a Simon: (49 5) 


These arguments are clearly applicable to the mean of the 
product of any number of n,; here no calculation is needed in order 


* Direct calculations of the mean via <ngnj...> =1/4rfnynz...dQ, in 
which nj =sin vd cos ¢g, no =sin ¥ sing, ng3=cos 4, naturally gives 
the same results, but via far more cumbrous expressions. 
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to see that the mean of the product of an odd number of n,; is zero, 
because in that case the result of averaging cannot be represented 
as a combination of unit tensors. This can be seen in another way, 
since to every term njny,...ng there corresponds (if the number of 
nj is odd) a similar term with the reverse sign, which corresponds 
to the direction of n reversed (i.e., to reversal of the signs of all 
the components of n). These terms therefore cancel out. 


Subscripts i, k, Z,... take only the values 1, 2, 3, so any pro- 
duct of the components of n may be put in the form n; inkenks. Here 
the corresponding mean is zero if any of the integers k,, k,, and kg 
is odd, for then all the products of the components of the unit ten- 
sor into which the mean is resolved will contain the factor dss! 
with s=~s', which is zero. 


This shows that the mean of 2s components n, may be put as 


2s 


M,, = (te Ne, iat Nk.) = Co.) ‘ (49.6) 


2s 
Here Cog is a numerical factor, while is the sum of all possible 
distinct products of s components 6),;,.: of unit tensor, in which k 


and k' are taken from the set kj, ko,..., Kyg. Similarly, 
2542 
Mg ($+1) = (npr, cae Nos Mos +1Mos +2) == Cos40 ps . (49.7) 
2s+2 


It is readily seen that for > we have 


2542 2S 2s 25 2s 
/ 


y1 N) 4 =) N : ‘ a5 
2 OR as 4 oh as 4 ha + PRog 10h un, + Chas 1 2ke Let st Rosy oho, Ze, (49.8) 


23 2s 
in which .y, denotes the & of (49.6) with k replaced by kyg +4. In 
(49.7) and (49.8) we put kyg49=Kyg+ 4 and sum (convolute) with re- 


spect to these indices; then MGs dn koe. and the left side of 


(49.7) becomes equal to Myg. On the other hand, (49.8) shows that 
25+2 2s 


>; becomes (2s-+ 3) >. Then comparison of (49.6) and (49.7) 


with Ko 49 = Kog +4 gives 


25 2s 


Cy, = Co,49(28+3) Dd. (49.9) 
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whence we have 


Co in I (49.10) 


From (49.3) and (49.5) we have C,=1/3, C,=1/15 =C,/(2 -1+3); 
from (49.10) we get the following series of values for Cys: 


| I I 


= 3% __ —_ a ees ee 49.11 
= at a5 6 56 7 ee Fetes el) eet) 


For the products of successive odd (or even) numbers we have 
1-3-5... (2sf+1)S=(2s+1)!, 2-4-6... 285 = (2s)! (49.12) 


SO 


! 
Crs = Us (49.13) 


and 


‘“ 


2s 
l 
Mos = (My Ne, cee te.) = DEED Ou (49.14) 


From (49.8) we readily obtain the number of terms of the form 
2s 
Ok ko Okgk, °° Skog skye in 4) ; let this number be Pog: Then from 


(49 .8) 
Pay 4p = (28 = 1) Py,. (49.15) 


Now po =1 [see (49.3)], so py=1 X38, pg=1X3%X5, and so on. In 
eeneral, 


Do, = (28 — 1) (49.16) 


Then we readily obtain explicit expressions for the means 
< neki nko 2ks > tnat differ from zero. From (49.6) and (49.13) 


2(R,+R2 + R;) 


] 
[2(A; aot ks) +1]! cd 


Caras tanthe\ = 


(49.17) 
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2 (k14-8y + Ry) 2 [(Ry4+1) +24 ks] 
ryN ° ° a 
Yo find » , we use (49.8) and consider pes > here 


Kos +2=Kog41=1, and in the terms of (49.8) the Kronecker symbols 
to the 2 , will differ from zero in 2k, cases. Here we have 
=> , SO we get 


2((Ri +b) + Rath] 2 (ky + kz +3) 


—(2k,t+1) (49 .18) 


The k,, ky, and ks are equivalent, so analogous formulas apply for 
k, or k3; changed by unity. From (49.17) and (49.18) we have 
2 [CR 41) Re gl 
(n3 bt pBsnds) — ; 


l 
se ee 
2 (hit ka ks) 


= 2k, +1 
~ 2(k, tke ths) +3 (2(k, tho +hyy tI 


= fe 7 ot 1 2 a 
= Oh Thy 3 (" nsensks. (49.19) 


Here we put ky = k,; =0; then <ngkit?> = (2k, +1)/ (2k, +3)<noK15, SO 
with k, =0, 1, 2,..., we get 


l 
(nth) = 5 (49 .20) 


Of course, this is true also for ny and n3, So we can put 


: | 
(nb) = (49.21) 


in which there is no summation with respect to k. From (49.19) 
and (49.20), with the roles of k, and k, interchanged, we get for 
ks =0 that 


(2k, — 1) "31! 


px. (22, — 1)! 
(2k, + 5)Il 


— — = 
iy) op og Or) oe ay i) 


and so on. It is readily seen that the corresponding general formu- 
la is 


op nr _. (2Ri — 1) (2k. — IM 
(nn) = “De by ET (49 .22) 
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Here it is assumed that 


(—1)tt 1. (49.23) 


The equivalence of k,, k,, and kg gives us from (49.21) and (49.22) 
that in the most general case 


ie Ve ee 
[2(k, 4 Ap -+ Ra) + IY! 


(njtinsten) = 


(49.24) 


To illustrate these relationships, and also with a view to ap- 
plication to cubic crystals, we calculate the means of various pow- 
ers of the quantity of (36.4): 


N nn =") al en) a (49 .25) 


From (49.21) we have 
3 
eee 49.2 
(N) == = 0.6. (49 .26) 


Consider power 7 of (49.25): 


arl fy yf »y lr isp Weve ls 
No =z(njta,+a)) = Tiptree Ty”. (49 .27) 


[+l +f el 


The nz, with different subscripts are completely equivalent in the 
averaging, so the mean <nj tnglopt!3> is dependent only on how lis 
split up in the sum 1;,+/,+13, not on which nj, the 1,, 1., and 13 re- 
fer to. Let AjijoJ3= cnt inglont!s > ; the result is unaltered if on the 
right in this we perform any permutation of the subscripts to the 
components of n(while leaving unchanged the triplet 1,, 1,, Zs). 
Therefore <N/> will, in the general case, contain terms of six 
types, in accordance with the distinct ways of splitting 7 into the 
sum 1, +1, +s: 


lt 
. ieee as Sipe Ate 
lt 
HI lly, ly==0 6 
ve Ts Migi A (49 .28) 
IV ee ee ea Ve 
l 
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(49.28) 


V. 1) == 1, # I, 3 Ap tylys 


L! 
(11)? Lg! 


VI. L #1) # ly 6 Aria. 


‘a 
Ei lgtls! 


For instance, for [=5 we have the five possible ways: 1=5+0+0= 
4+1+0=3+2+0=3+1+1=2+2+1, of which the first is of type I, 
the second of type III, and the fourth and fifth of type V. The re- 
Sult is 


: oO! o! 
(N*) = 845 + 8 Gy Aa + 6 Bp5p Ae + 
o! oO! 
+ 8 airy Aan 8 sporq7 Ar (49.29) 


This may be verified by using the property that the sum of the co- 
efficients to the Aj, ALL? AL bl, mustbe3/. Once the separation 
as of (49.29) has been performed, the Aj, Aljly> Al,ll, are found 


from (49.21), (49.22), and (49.24). The means <|p [N! >= <njngngnl> 
are found similarly, the separation of (49.28) persisting, but with 


each Aj,],1, replaced by nfl t pile Fandls Fey | 


50. Debye Temperatures of 
Cubie Crystals [53, 54] 


The method and formulas of section 48 are entirely appli- 
cable to any crystal. In this section we consider cubic crystals, 
where thea, b, c of (48.35) and (48.36) take the following values; 


a=c,+0.2c,, b=c,+0.4c,, | (50.1) 


c=a+b=c,+ c¢, + 0.6c,. 


From (36.3), (36.20), and (48.14) we have 


n' 00 
a=, [v Lies) y= (: n; | (50.2) 
S 00n; 


= (50.3) 


in which 
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From (48.22) and (48.24) we have 


Gs = QO, 7. >= Non =-g = lo(N = 0.6), 


2 4 4 4 
N =n = (*), =n, +7, 4+:9;, 


(50.4) 
k = r,[n[vn, nj] =r, @ — Vn, 
k? = r2(nv?n — (nvn)’) = p(n? + n§ + n§ - NV’) 
and from (36.21) 
(a?) = - 2&, = (1/25) (1 + SN). (50.5) 
Further, we need the following quantities in (48.31) and (48.32): 
7, = (W2q), = Nan = nan + G, = (win + ma (50.6) 
kak = ri (nv?n — 2Nnv?n + N?). (50.7) 
The Hamilton-Cayley theorem for v?=v*—v,v +|v|, so we can put 
the latter relation as ‘ 
kak = r3[|v] + (1 — 2N)nv?n+ (1/2) NBN - 1)). (50.8) 


To find I we take an incomplete second approximation, re- 
taining in the &(2) of (48.32) terms up to the fourth degree in a. 
Then 


Ea) = Eq) + K*@? — 7% — k?) - 3ckak. (50.9) 
Correspondingly, we take in place of (48.36) that 
I, = 1, + (630/256) <a32nés + Ef) + c32 RS). (50.10) 


Then the following means appear in the I, of (48.35) and the I, of 
(50.10), which may be found by the methods ofthe preceding section: 


<N»> = 3/5 = 0.6 <N?» = 41/105 = 0.390476 
CN®> = 274.2/1001 = 0.273926 <N*> = 498.2/2431 = 0.204936 
<nv’n> = 3/7 = 0.428571 <(nv*n)’ > = 241/1001 = 0.240759 


<Nnv’n> = 23/77 = 0.298701 CNnv’n > = 61/273 = 0.223443 
<\v|> = 1/105 = 0.009524 <Nlvl> = 1/231 = 0.004329. (50.11) 
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Substitution of the above expressions in (48.31), (48.35), (48.37), 
and (48.38) gives as first approximation for cubic crystals that 


I, = a°9/2}2 + rary (0.11, (1 — 0.061) + (57.2 ~ 8.4r, + 0.484, /1001)]} 


+ 673/241 — (rer, /1001} (57.201 - r,) + 0.54, — 1,(7.2 — 6.78,)]}, (50.12) 


in which 


f.=¢,/a, = ¢,/c. (50.13) 


Then (50.10) gives in the incomplete second approximation that 


I, = 1, + [r#/1001] |a-3/2(0.177, + 0.267 + 4.18r3 + 5.721*)~ 


— c°3/2(0,17r, + 0.74) + 5.86r> ~ 5.28r%)]. (50.14) 


These formulas will be tested by derivation of the Debye tempera- 
tures of some cubic crystals whose @ and elastic constants have 
been measured near absolute zero [40], i.e., for the conditions 
where Debye's theory applies most closely. Table VII gives the 
results; the first line gives the result from (50.12), while the sec- 
ond one gives the second approximation of (50.14). The third gives 
the observed Debye temperature, while the fourth gives the range 
of values computed by other workers. It is clear that (50.14) gives 
results as accurate as those listed in the last line of the table [40], 
which were obtained by extremely lengthy and laborious calcula- 
tions, often performed by computer. In the case of lithium (one of 
the cubic crystals of highest anisotropy), the results from the pre- 
sent formulas are in considerably better agreement with experi- 
ment than those obtained by other workers. 


Table VIII gives the Debye temperatures calculated from 
(50.12) and (50.14) for all cubic crystals whose elastic constants 
are known* ; the penultimate column gives Ay (relative mean- 
square elastic anisotropy). The order of approximation needed for 
the wave velocities increases with this quantity. The I have been 
calculated from (50.12) for crystals with Ay = 0.10, but (50.14) 
was used for more anisotropic crystals. 


* Apart from certain alloys, for which data on the densities are not 
available. 
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Table VII 

LEE 

Al Au LIF Ag NaCl Cu KBr Li 
a i a 
O;. °K 428.4 163.8 (Boece 230.1 322.4 351.4 177.9 382.6 
Oo, K 428.4 162.4 134.6 227.9 321.4 347.3 172.0 366.4 
Gexp 375- 164,6- 122- Z220,0- 320 343.8 - 174 369 

426 164.8 143 226.5 346.7 
Q 427.4- 161.6 134- 226.4- 321- 344,4- 171.7- 334.6 - 


428.1 162,2 734.6 26 bak 321.9 3495,4 172.8 338.4 


err eee 


The first approximation appears adequate for 60 crystals out 
of the 82 (73%), while the second approximation gives a correction 
of only 0.1-0.2% to the 6, from the first approximation for crystals 
of anisotropy from 0.10 to 0.14. This correction is meaningful 
when the elastic constants are known very precisely (LiF, Au), but 
in most cases it lies below the limits of error of the elastic con- 
stants (GaSb, GaAs, Ge, NH,Cl, Ba(NO3)o, etc.). The correction in 
the second approximation becomes substantial if the elastic an- 
isotropy is higher than this; e.g., the values of the anisotropy for 
KBr, RbI, Li, Th, and Na are, respectively, 0.29, 0.30, 0.33, and 
0.34, and here the correction is 3-5% of 6,; but even here the cor- 
rection sometimes fails to exceed the limits of error of the elas- 
tic constants. For example, for KI (An, =0.26) the correction 
should be about 3%, but this is not significant, because the elastic 
constants are known only with an accuracy sufficient to prove two 
Significant figures in the result 6=100. Sometimes the literature 
gives conflicting values for elastic constants (C, V, W, NH,Cl, 
NH,Br, RbCl); several values for the Debye temperature are given 
in the table for these. 


51. Debye Temperatures of Hexagonal Crystals 


The general method of section 48 may be applied tothe Debye 
temperature of a transversely isotropic medium; but this type of 
medium has the specific feature of a purely transverse wave for 
any n, whose phase velocity in terms of the elastic constants is 
given as a rational expression by equation (32.3). This means 
that much simpler and more precise relationships can be derived 
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for 6 than those given by direction application of the method of 
section 48. 


From (32.3) we have v4=Aget (A4q—A eg) DS, SO 


1 dQ 
dn 


i 


277 7 1 
40 vi 2 Nee + (Ay, — Nee) xy 
Q=0 §$=0 -1 


in which x=cos ¥J=ne=n,. This integral is elementary, and we get 


K1/¥i> = 1/AgeVAaa)- (51.1) 
This for a hexagonal crystal 
T= <1/ve+ W/vi + 1/ve> = 1/AceV Mag) + Loe, (51.2) 


in which Ip, denotes the average sum of the inverse cubes of the 
phase velocities for the quasilongitudinal and quasitransverse 
waves: 


I,. = <1/v3 + 1/v;> A (51.3) 


The squares of these velocities are eigenvalues of the tensor of 
(32.28): 


A" =c,+c,N-+c,e-@, (51.4) 


in which 
C= 8, + gn}, C, = 83, Cc, = 8+ Ns. (51.5) 


Correspondingly, the displacements uy and u, are solutions to 


Anu = v"ll. (51.6) 
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Therefore the problem here becomes two-dimensional. 


We will use the method of section 48 (comparison with the 
most similar isotropic medium), but this will be applied to the two- 
dimensional tensor A. We thus seek the tensor 


No = dy + bolt N, (51.7) 


most similar on average to the tensor of (51.4), the averaging be- 
ing extended to all directions of n lying in the meridional plane P. 


By analogy with (26.11) we get the relations 


CA" ~).>,=0, <M" — dA, )M> = V, (51.8) 
which, however, here give 


2a,+ b= <A>, G+ b= CMA, (51.9) 


which differ from equations (26.12) for the three-dimensional case. 
We seek solutions in the form 


ag = CAP - MAND, by = C2MA™N —- AP. (51.10) 
Use of (51.4) and (51.5) gives 
Oy = 6, + by + (2/15) 84, 9 = 8; — (1/3) 6, + (1/15) &,- (51.11) 


These relationships differ substantially from those of (33.2). 
Then the tensor of (51.4) may be put as 


7 =a, + b,(N-N + a), (51.12) 


in which 9 
a= (1/5,) (A” = Ao) ae (J.0 = n:) 1 is i.) + 


+i (is 5 fmm he pnzye-e. (51.13) 
3 : 
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The notation here is 


fa = 82/59, fa = B4/ bo. (51.14) 


Tensor a characterizes the relative difference of A® from Ay. As a 
measure of this difference we use, as before, the quantity 
Ka?>, = (4/225) (35 f3 + 30 f, f, + 8 f2). (51.15) 


From (51.8) we have 


<ar> = <nan> = 0. (51.16) 
We put 
v=a, + b€. (51.17) 


From (25.23) we have 


vi = Atv? a [An| = 0. 


(51.18) 


\ 


From (51.12) we get 
A? = 2a, + 5(1 + a,), (51.19) 
JA7| = (1/2) (A?) - (A7’),] = a2 + ayb(1 +a,) + ba, - mans laf). (51.20) 


We Substitute (51.17), (51.19), and (51.20) into (51.18) to get 
€?-~(l+a,)E+a, — Man + fal = 0. (51.21) 


As in section 48, we arrive at the equations 


(N-Neau=éu, U=neu’, u’n=O, (51.22) 
€=14+ mane nau’, (51.23) 
yu =k —ku'u’, (51.24) 


y=1+mon+(n-m- Da, k=an—fan-n, (51.25) 
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but here all the vectors, including u' are two-dimensional and lie 


in the (e, n) plane, So we can use the formulas of section 14 for 
two-dimensional tensors, which give 


Then (51.24) becomes 
u’= Bk — ku’. Bu! (51.27) 


and the first and second approximations for the displacement of the 
quasilongitudinal wave are 


Win = Bk, Wey = Bk - kBk- B’k. (51.28) 


From (51.23) we have for the quasilongitudinal wave that 
€,=1+6€, €=nan+ naw, (51.29) 
in which, from (51.28), 
Eq) = Na+ MBK,  €g) = Eq) - kBk- nap’k. (51.30) 


From (51.21) we have that the sum of the roots is )+&)=1l+tat, 
1.@., 


Eee (51.31) 


Thus we may find £ to the same accuracy when £) has been found 
to a given accuracy. 


Now from (51.17) we obtain for the Ip, of (51.3) that 
I, = <(a, * biG) > am Ca, T b,€,) 3/2 = 


=a,73/2 C1 + 4&3 + 053? C1 + 1, €) 3/25, (51.32) 


in which 
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The binomial expansion gives us fer the first approximation (i.e., 
up to the third degree in © and é,) that 


I == (y7 3/2 <1 = 16, As = ae _ ~ Le.» + 
- og3/2 C1 - ; r,€ + = re? — ~ es (51.33) 


The second approximation gives 


2) 1) — Gs Cl0ries — 11K ESS + 05°? C10r8et = 11 “)]. (51.34) 


From (51.13) we have 


a, = (2f,+ f4) (np - 1/3), Man = 2f,(n} — 1/3) + f,(n} — 1/5). (51.35) 


Now from (49.20) 
Cry") = 1/2k +1, (51.36) 


SO (51.16) is obeyed. 


Taking only the first approximation, we have from (51.25), 
(51.26), and (51.30) that 


Egy =o + k*/(1 + 20 -a,)=0 + K*(1 - 20 + a,). (51.37) 


Here the expressions have been shortened by putting o =nan. To the 
Same degree of accuracy we get from (51.31) that 


a = (a, - o)’ + 2K’@, - 0), &> = (a, - oa)’. (51.38) 
From (51.13) and (51.25) we have 


k=(f, + f.ndn,(@- nym), k= (f2 + 2f, fun? + f2n’ni( — m2), (51.39) 


CK?> = fir, + 2f, far, + f 2p, = (2/315) (21f2 + 18f, f, +542), (51.40) 
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in which 


2 


ae (51.41) 
(2s + 1)(2s + 3). 


= Cn°(1 - 3) 


From (51.2) and (51.33) we get for the first approximation that 
l=1,+ G/2)(,a9 = 5677) (o> + 
++ (5/46) rage”? C6E? - 77,E2> + (5/16) r209°? (6c? - 717,62. (51.42) 
Here I, denotes the zero approximation: 
L217 Osa de ee (51.43) 


From (51.35)-(51.41) we get 
[= 1, + (t,a9°? — 1,09°7) (A, + 2A, - 24,) + 
rs ran (A, = 5A, cs r,A,) # r2cy” 2(A, 4 5A, = r,A,), (51.44) 


in which 


= (3/2) <k?> = (1/105) (21 f2 + 18f, f, + 5 fa), 
4 » 34 
(3/4) (ae - 0) > = ($175) (fi 8 fi f+ > fi) 


A, = (3/4) Cok’? > = (2/105) (f3 + - 2 = fi fat — f i We =f) 


= (15/8) <(a, - 0)’> = f2/70, 
A, = — (35/16) <(a, - 0)’ = 19 f5/96525, 


A, = (18/8) Co"> = 2(= F242 fafes = Hi) 


, 19 a 
A, a (35/16) <a» -( j,) + — oe 33 fe So = 65 fi) (51.49) 


The second approximation is restricted to terms of fourth 
degree in a, as in the previous Section, So from (51.30) and (51.26) 
we get for &) that 


Eq) =o + k?/(1 +20-a,)- k?. naB?k/[(1 + o0)(1 + 20 - a4). (51.46) 
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From (14.8), we have for a two-dimensional tensor that B°= B48 — 


IB |, so 
naB’k = B,NaBk - |A|nak = BAW?/( + 20 - a,) - k?/lyl. 


But 
2+ 30 -a, 


Br = ye/lyl = Gs 2 0a=a) 


SO 
na3’k = k?/(1 + 2a -a,)*. 


Retaining terms up to the fourth degree in (51.46), we have 
(2) =ort+ k7(4 = (20 = A) fe (20 = a,)’] = k* = Eq) te k*[(QQoa = ore = k?]. (51.47) 


This has terms of fourth degree additional to those of (51.37), and 
these must be incorporated in (51.33). Moreover, (51.34) gives the 
terms 


(630/256) [ag?*r? CES > + cp? C4). (51.48) 


Then, denoting the second approximation for £ by £5, we have in 
this approximation that 


Coy = Eby + KK? - 20(Q2e - a,)], 

foy = €4) + 30°K?,, Egy= o) 

€& 22 [Oesay aor), € i =é) 4 Wk? 42 =o) Ce=a,)], 
bet 23 eayk., 6 aiGese. (51.49) 


Then (51.42) and (51.48) give the addition to (51.44) arising from 
the second approximation as 


['= rao. 1B, (Sr, — 4) + BY(8 — 20r, + 35r-) + 8B, + r, By] 


+ C9" [By(Sr, + 4) - B,(8 + 20r, + 35r3) - 8B, + r}B,], (51.50) 


in which 
B, = (3/8) Ck?[k? + 2o(a, - DD, | 


1 = (3/16) (a, - 0)’k*>, (51.51) 
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B= (3/16) <a'k’ S; (51.51) 
B, = (630/256) (a, - «)'>, 
B, - (630/256) <a’. 


Table IX gives the calculated Debye temperatures for all hex- 
agonal crystals whose elastic constants are presently known. Col- 
umn 9 gives §6= <a*>t, which characterizes the relative anisotropy 
of the A® of (51.4). Comparison of columns 9 and 10 shows that the 
zero approximation is adequate for barium titanate, beryllium, 
yttrium, and cadmium sulfate; the first approximation is almost al- 
ways adequate for the others. In fact, even for a crystal as aniso- 
tropic as zinc (6 =0.146) there is only about 1% difference between 
the Debye temperature given by (51.44) and that obtained by labori- 
ous numerical methods [40]. 


The mean volume per lattice node must be known in order to 
calculate the Debye temperature from (48.1). This is given by 
(48.5): 


in which A is the atomic (molecular) weight, p is the density, L is 
Avogadro's number, and s is the number of structural nodes per 
molecule; the last is easily deduced from the lattice structure for 
simple compounds, but ones of complicated structure present dif- 
ficulties, and it is not always possible to determine s unambigu- 
ously. Examples are cancrinite and beryl, for which no @ are given 
for this reason. Of course, these simple methods for I provide a 
means of deducing s for complicated molecules; the numerous ex- 
amples of Table VII (cubic crystals), and also the examples of mag- 
nesium and zinc (Table IX), show that this method gives very good 
agreement with experiment [40], the discrepancies being 1-3%, al- 
though any change in s produces a substantial change in 6. Hence 
the observed 4 and calculated I enable us to evaluate s when other 
methods are difficult to apply. In fact, we have from (48.1) and 
(48.5) that 


s = 1A0?/135.78'pL. (51.52) 
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Then s is the integer closest to the value of the right side. Thus 
measurement of @ and calculation of I together provide a solution 
to this difficult problem in chemical crystallography. 


The @ for cobalt is of particular interest, since this can exist 
in cubic and hexagonal modifications. The result (Table VIII) for 
cubic cobalt is 6=4387°K, while for the hexagonal form (Table IX) it 
is §6=454°K. The change from cubic to hexagonal form thus causes 
a 4% change in @. 


The formulas for the Debye temperature of hexagonal crys- 
tals provide a means of substantially simplifying the calculations 
for crystals of lower symmetry, since we can use the method of 
section 34 (comparison with the most similar transversely iso- 
tropic medium). 
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Absolutely elastic body 8 
Absorption coefficient 308 
Acoustic axes 94, 102, 190 
Adiabatic elastic moduli 13 
Amplitude normal 307 
Amplitude plane 307 


Anisotropy parameters of a cubic crystal 


247 
Antipode 149 
Antisymmetric matrix 40 
Atomic volume 338 


Basis of n-dimensional space 39 
Biaxial tensor 72 

Bilinear form 40 

Booth’s elliptical lemniscate 155 
Boundary conditions at surfaces 8 


Canonical ellipse 3138 
Canonical vector 322 
Christoffel’s equation 89 
Circular polarization 321 
Commutating matrices 41 
Complete tensor 52 

Cone of acoustic axes 104 

Cone of longitudinal normals 101 
Cone of special directions 98 
Congruent matrices 40 
Convolution 37 

Control systems 20, 2] 

Cubic system, elastic moduli 32 


Debye temperature 337 
Dual tensor 59 

Dummy subscript 38 
Dyad 00, 78 

———, left vector of 51 
——, right vector of 51 


Eigenvector, normalization 69 
Elastic-modulus tensor 9, 12, 17 
Elastic potential 12 

Elements of a matrix 36 
Elliptical polarization 135, 136 
Elliptical vector 322 


Flexibility constants 18 
Free boundary 284, 290 
Free energy 11 

Frequency of a wave 86 


Generating elements of a symmetry 
group 21 


Hamilton-Cayley theorem 73, 97 


Hexagonal system, elastic moduli 31 


Homogeneous plane waves 308 
Hooke's law 8 

—, generalized 9 
Hypercomplex numbers 37 


Induced anisotropy 169 
Inhomogeneous plane waves 308 
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Instantaneous ray-velocity vector 139 


Internal conical refraction 134 
Internal stresses 3 


Invariant criterion, circular polarization 
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s 


linear polarization 313 


Inverse matrix 17, 43, 56, 80 
Inversion 20, 147 
Inversion center 20, 23 


Isonormal waves 90 
Isothermal elastic moduli 13 
Isotropic tensor 71 

Isotropic vector 319 


Kronecker symbol 7 


Linear polarization 321 
Linear space 30 

Linear tensor: see dyad 
Linear theory of elasticity 8 
Linear vector 322 
Longitudinal normal 92 


Matrices, commutating 41 
——, congruent 40 
—, equivalent 40 


—— 
Pd 


product of 41 


——, sum of 40 
Matrix, antis ymmetric 40 


characteristic equation 67 
characteristic polynomial 67 
condition of orthogonality 47 
elements of 36 

invariance 40 

inverse 17, 43, 56, 80 
minimal equation 75 

minimal polynomial 75 
multiplication by a number 40 
positive definiteness 16 
principal minor 16 

projective 83 

reciprocal: see inverse matrix 
scalar 42 


“symmetric 40 


trace of 46 


transformation in n-dimensional 
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——, transposed 38 
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Mean-square dielectric anisotropy 174 
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——, transverse 233 
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Orthogonal second-rank tensor 49 
Orthogonal transformations 47 


Periodicity conditions for the faces of a 
cube 335 

Phase normal: see wave normal 

Phase of a wave 86 

Phase plane 86 

Phase-velocity surface 149 

Planal tensor 02 

Plane of incidence 286 

Pode 149 

Principal refractive indices 170 

Projective matrix 83 

Pseudoscalar 213 

Pure rotation 49 


Rayleigh surface waves 291, 330 

Ray~-velocity surface 148 

Reciprocal matrix: see inverse matrix 

Reflection at a point: see inversion 

Reflection-rotation axis 19 

Refraction surface 146 

——, general equation of sheet L 202 

Relative mean-square dielectric anisotropy 
174 

Relative mean-square elastic anisotropy 
174, 250 

——, transverse 234 

Rigid contact 284, 290 

Rigidity constants: see tensor of elastic 
moduli 

Rotation with reflcction 49 

Rule of dummy subscripts 38 

Rule of free subscripts 38 
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Scalar matrix 42 

Special directions 95, 185 
Stress tensor 9 

Sum of matrices 40 
Symmetric matrix 40 
Symmetry axes 19, 24 
——, infinite order 32 
Symmetry Class of a crystal 20, 21 
Symmetry formula 20, 21 
Symmetry of a crystal 18 
Symmetry plane 19, 23 


Tensor, biaxial 72 
——, complete 92 

——, deformation 3 

——, diagonal form 71 

—, dual 59 

—, eigenvalue and eigenvector 66, 82 
——, elastic-modulus 9, 12, 17 

——, invariants of 67 

——, isotropic 71 

——, A, cubic system 107 
——, —, hexagonal system 108 
—-, ——, isotropic medium 106 
——, ——, monoclinic system 110 
——, — , orthorhombic system 110 
—, —, tetragonal system 108 
—, — , triclinic system 110 
—, —, trigonal system 109 

——, Levi-Civita 53 

——,, linear: see dyad 

——, orthogonal second-rank 49 
—, planal 52 

——,, principal axes of 67, 70 

—, stress 0 

———, transversely isotropic 71 


Tensor (cont) 

—, uniaxial 71 

—=, unit 7 

Tetragonal system, elastic moduli 26 
Trace of a matrix 46 

Transposed matrix 38 

Transversely isotropic medium 32 
Transversely isotropic tensor 71 
Trigonal system, elastic moduli 27 


Uniaxial tensor 71 
Unit matrix 42 
Unit tensor 7 


Vector amplitude 86 
Vector, canonical 322 
——, displacement 1 
—, elliptical 322 

——, energy-flux 120 

—, —, cone of directions 133 
—, extinction 308 

—, group-velocity 121 

—, index 126 

——, isotropic 319 

— =; linéar 322 

——, nonlinear 322 

——, phase-velocity 87 

——, ray-velocity 139 

——, reciprocal-velocity 126 
—, refraction 126, 306 

——, slowness 126 

——, wave 87 


Wavelength 87 
Wave normal 87 
Wave vector 87 
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